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PREFACE

This book is a reproduction in somewhat more detail of a course on
Alternating Current Networks which I have developed and taught almost
yearly since 1944 to sophomores and juniors in the fields of electronics
and electrical engineering, together with several chapters (XIII, XVI, and
part of XVIII) which correspond to lectures given now and then to gradu-
ate students, and also some extra details which are included in order that
the book may later serve the student as a reference source, and for the
sake of completeness.

The book starts almost from scratch and presupposes nothing beyond
a working knowledge of differential & integral calculus roughly the rule
to obtain the derivative of a composite function and the notion of a definite
integral. The rest of the mathematics needed in the text are supplied
almost completely and (except for the last part in Ch. XVIII) are quite
elementary; however, they are extracted from various fields not used
much ordinarily in existing treatments and so may seem a little strange
at first,

This book differs from all other books on the subject of Circuit Theory
mainly in that it is simultaneously elementary (except for the last part
of Ch. XVIII) and completely general, this being its chief motivation. It
is the result of turning back to the original work of G. Kirchhoff on the
flow of electricity through a network (Poggendorf’s Annalen der Physik,

Vol. 72 [1847], pp. 497-508) and H. Poincaré (Analysis Situs, Journal de
I'Ecole Polytechnique, 1895; Rendiconti, Palermo, 1899 & 1904; Proceed-

ings, London, 1900), as was done by H. Weyl (who kindly supplied me
with a reprint of an article of his in the Revista Matematica Hispano-
Americana, 1923), and making a critical revision of the methods employed
by subsequent writers, who seem to have disregarded such work to a great
extent. With the modified methods, complete proofs have been obtained

for the generally accepted results which were only proved in very simple
cases or not at all.

The contents of the book can best be appreciated by reading the table
of contents. Volume I covers the basic parts of the subject and volume
IT extends the coverage to a point from which it is easy to pass into the
more specialized or advanced literature. One feature of the book is that
it provides easily understood clearcut rules to obtain the equations of any
network whatsoever and their use. Another feature is that it shows how
collections of basic elements of ever increasing complexity may be taken
as the units of the network with a corresponding simplification in its
combinatorial structure. The chapter XVII on three-phase networks is
perhaps the only difficult one from a technical point of view; but anything



PREFACE  (continued)

much less would have been too simple as to be of much use in practice.
The last’ part of chapter XVIII on multifrequency networks is the only
difficult part from a mathematical point of view, and usually I only mention
the results and show their use in the undergraduate course; however,
complete details and proofs are given in order that the reader need not
plunge into an ocean of mathematics to obtain them.

In concluding, I wish to express my appreciation to all the Professors
I had at Princeton, without whose teachings I probably could not have
written this book, and to Ing. Juan Manuel Ramirez C. for his encourage-
ment. T also wish to express my gratitude to Ing. Jesis Castillo C., who
let me have his notes of my 1945 lectures, and to Ing. Wilebaldo Lara C.,
for his notes of my 1947 lectures.

Enrique Bustamante Ll.

Mexico City,

September, 1961.
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MODERN ANALYSIS OF ALTERNATING CURRENT NETWORKS

CHAPTER I: FUNDAMENTAL CQNCEPTS

We shall assume that the reader has an elementary idea of what
iz meant by an electric charge, an electric current (essentially a
£low of electric charge), an electric field and its intensity, a
sagnetic field and its intensity, and the fluxes of these quantities
tnrough any area of a given surface, These concepts are usually
obtained in general courses (like physics) given before & special
course on alternating currents is offered.

We recall that a voltage drop between two points,; along a cer-

tain path in a given sense, is the work done by the electric field
in taking a unit charge between the two points along the path in

the given sense (for fixed time). A& voltage rise is similarly de-

Tined as work done against the electric fleld, per unit charge or,
in other words, as the work done by the negative of the electric
field intensity. Thus a voltage rise is a voltage drop with a
cnange of sign or, in other works, a voltage drop in the cppo-
site sense (and viceversa).

The absolute value of & voltage rise or drop will be
called simply the voltage, sometimes, however, the word ,yoltage"
will also be used as a generic term for a voltage rise or 4rop.

The basic constituents of an electric circuit or network are

certain things with two ends or terminals, called (two-terminal)

elements., We will always assume that for any such element & sense
given

{or reference direction) is defined gfrbitrarily) along a path

/
tarough the element besiween the two ends, usually indicated by an
attached arrow. This reference direction between the two terminals,

2 and b (say),will serve fer both the current and the voltages,
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If the attached arrow 1s directed (or oriented) from terminal & to
terminal b then & positive value of the current through the element

(at a certain instant) will mean & positive rate of flowpggiéisﬁkric
charge into terminal & and (since we will always assume the elements
to be,lumped") an equal rate of flow out of terminal by and & nega-
tive value of the current will mean a positive rate of flow into b
and out of &, Similarly, a positive value of the voltage drop (and
a negative value of the voltage rise at & certain instant) will mean
an actual voltage drop from terminal a to terminal b (i.e. positive
work done by the electiric field intensity), and & negative value of
the voltage drop (8nd a positive voltage rise) in the element will
mean an actual voltage rise from terminal a to terminal b (i.e. nega-
tive work done by the electric field intensity) or, in other words,
an actual voltage drop from terminal b to terminal a.

We shall now proceed to review the fundamental characteristics

of the basic elements, namely, resistors, condensers, coils, and the

so-called voltage (or ®mf) and current, sources.

§1. THE RESISTOR OR RESISTANCE ELEMENT,

The essential thing about a resistor is that it is a (two-ter-
minal) element, associated with which there is aquantityR (called its
resistance); such that the voltage drop V and the current I through

same
it (both referred tO'umAarbitrarily given reference direction) are

related by the following equation:

V = RI. (1)
If the refeerence direction is changed, both V and I change Sign-only;so
that Eq. (1) remai:: the same. This means that this equation, which
characterizes a8 resistor, does not depend on the assigned reference

direction.
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IZ R # 0, we can define the conductance G of the resistor as the

cal of its resistance R, and Eq. (1) can then be written:
(2)

R

I =GV,
The symbol used to represent a resister is shown in Fig. i(a),

that
wi-~ an attached arrow to indicate»}he reference direction for the
~

and voltages is to be taken from the terminal marked & to the

- -
- o was W

“sr—inal marked b.
—

) ;Ll ,“w ©)

—»
2 —AWA—ab
(b)

(a)
Frg-4. Symbols used to represent pesistors (a), condensers (b) anq co/ls (¢

§2. THE CONDENSER OR CAPACITANCE ELEMENT.
' ' " {also called & capacitor)
The easential thing about a condenseiafs that iffgs"a {two-ter-
=in&l) element, associated with which there is & quantity C (called its
1&wq? :
st in through one

cazaczitance), such that the net electric charge gwp
s and out the other b up to a certain instant is related with the

v-.tage drop V from & to b at that instant by the following equation:
(1)

Q =CV.
Since current is the rate at which charge passes, we have for th:

csarrent golng in through terminal a, and going out through terminal b,

<te following equation:

I= 3'%, 2)

wzere t stands for time (measured from an arbitrary instant to be tak-
Therefore we also have:

(3)

2z as the origin 1=0).
t
Q =JIdt = det + Q.
[~
where Q, is the net charge having past into the element through ter-

T
al a up to t=0; and is called the initial charge. .£ Idt is the

-
— s b

~el charge that has past afterwards.
If C # 0y we can define @ quantity £ called the elastance of the
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condensear as the reciprocal of gg and then Eq. (1) can be written thus:
Vo 8Q = %L&c (4)

This is the equation that must be satisfied by the voltage drop
and the current (referred to the same direction) hetween the two ter=
minals of something in order for it to be a condenser, I the refer-
ence direction is changed, clearly both V and I only change sign and
hence the Eq. (4), which characterizes a condenser,remains the same.

From Eqs. (1) and (2) we have: |

I =ﬁ(cvn or I = cg%.’ (5)
if the capacitance is constant.

In general a condenser will have two reservoirs of electric charge
(one connected to each terminal of the condenser) arranged in such &
way that & charge Q in one of the reservoirs induces a charge -Q in the
other (e.g. two conductors separsted by a dielectric)., These reservolrs
are called the plates of the cendenser, and the symbol used to represent
a condenser is shown above in Fig.4(b)§4. The uge of the word, 1ates
for the reservoirs is purely conventional andfzgk intended to mean that
they must be plane, even if they are so drawn in the figure.

If the reference direction is taken from the terminal a to the ter-
minal b (as shown by the arrow in Fig.{{$)$§) then Q must denote the
charge un the plate connected to the terminal a. The charge on the
other plate, connected to terminal b, shall then be -Q.

The mechanism by which current goes through & condenser can be ex-

piained as fsllows. If an electric charge Q goes in to the plate con-

D

oted Lo the end a; this charge induces at the same time & charge -Q
af the same time
on the plate connected to the end b. This means thagﬁa charge =-Q has

I

[

{

gone into the element through the end b, which is eguivalent to say
that a charge +Q has gone out through the end b. Therefore & carrent
entering the eslement through one end will make &vequal current go out

through the other end.
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3t coil (nlso call

slement associated

an Jncuvvoz is

ofé
with wnich there is
+

0il is econccived os severzl turns of z

1 rfinitely conducting pathk with two ends wourd slong
the boundery of & two-sided simsly connected surface. An crbitror
loned refersence cdirection from onz ¢nd to the other =lons the

i
1l will define [in the vsunl wnyv) =1 associzted posi e dizection

tiv
through the twe-sided surfzee, ¢s shown in Fiz. 1. Suppos
ic flux crosses ilie surfece in the a: e
Connletin- ¢ cloged pnt:h with o liné (shown dotted) tou

s : hing each
consecutive turn in reverse order =2adé sfeplying Farsday-dHeumann's law

ES

n electromornetic induction to each turn closed witn the correspond-

5

ing part of thz dotted
ed referrnce direction (for Tixed

line we infer that the work done in the assizn-
vothe eglectrie field
unit charse tazken sround such patis will 211 bE equel

4

@)
o

excapt for =z

o

{
astant fector taken =1) to the negotive tirze derivati

0 ve of ¢; hence,
if I¥ i the tot2l number of turns in the complete wnnth, we obtzin by
2ddition thet the totsl work done olonz the complets path in the as-
siganed reference direction will be -Nd¢/dt. But the electric field
assm.Pas.dfr. v-nishes within ths infinitely conducting

% ? poth; hence the tot~2l work will be done en-
1 T he dotted line frowm b to 2.

woe will then haeve for the

o}
= U ot

rom o to %: ;-

~ = -_— -

a il
1. V== ;0 (2)

thus sucéh & thing will be & coil with the flux linkxcege ¥ = Nep.

The symbol nsed to represent 2 coil is shown in ¥ig, 1 (c¢) of &1,
with a2n attached 2rrow to indicate that the reference direction for
the currents and voltages is arbitrarily chosen from end g to end b.
If the reference direction is changed then the sizn of V is changed,
but since the associated positive direction is also changed, the
sien of ¢ is nlsoc chaunged; thus eq. (2) remzins the szme, independ-
ent of the sssigned reference direction.

In case the coil is magnetically isolated, the magnetic flux @
end the flux linkege yf dencnd only on the current I through it
{ignoring residuel effects) and so, by the rule of differentiating

= composite function, we will then have in such cases that
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dY_ dV I 4 ADPAL
ag’f ALAE o 2? = JTI?
Therefore Egqs. (1) and (2) become:

aﬁ'_ 20 Ar .
V=g NIr 727
so that, if we put:

L= sz NT’ (3)

V=L%%. (4)
The quantity L defined by Eq. (3) is known as the (goefficient

we will have:

of) ipnductance of the coil, and since the magnetic flux in the asso-

ciated positive direction increases with the current in the reference
direction we shall always have L 2 0, by Eq. (3).

When L # O, the invertance (or inverse inductance) I” of the coil

is defined as the reciprocal of L, and we also have L' 2 0. In terms
of I, Eq. (4) can be put intvthe following form:

I= fI’WL‘ =] SV%L" =['J:t{/a’2.“ + 1, (if [” 1s constant)  (5)
where I, is the current in the coil when t = O and is called the ini-

———

tial current.

Problem 1,Show that in a magnetically isolated coil of constant
inductance and with no magnetic flux through it when there is no cur-
rent we have ¢=7L71 and W=LI,ond I=I'Y=rné.

Problem2.I1f a single conducting path (like 2 fine insulated wire)
is wound with N, turns around the boundary of a surface S, and
with N, turns around the boundary of a surface S, and so on till final-
ly it is wound with N, turns around the boundary of a surface §, , and
if ¢k (k=1,2,..,,n) denotes the magnetic flux through S, in the asso-
giated positive direction through it, then the flux links of the wire
with 95,@ are N ¢§_ and the voltage drop along the part of the wire
around the boundary of S& is &WAQ Hence show that the tntal veltage
drop aleong the wire is: ﬂ_;"f‘%%_.. i;%% Thus such & winding

will be & coil with the flux llmcabe» W= ﬁ(ﬁ +!‘v2¢ + *flnu
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Let us now consider a system of n coils, numbered 1,2,... yny to
cach of which a reference direction has been assigned arbitrarily.
Let Ny be the number of turmns in coil k(=1,2,...,n), Q the magnetic
flux through it in the associated positive direction, % its flux link-
age, and V& the voltage drop between its terminals in the assigned
reference direction. Then by Eqs. (1) and (2) we have:

%:‘%:%%’%, (k=12 n) (6)
In this book we shall only consider the case of stationary coils,

in which the magnetic fluxes % are produced alone by the currents in
the coils. We shall then have [by¢he rule of d"fk""t"“ﬁng « function of sriats functins);
n
dY%_ g% 4% , 4P ac% 21y
7 L 22 7Z= Y DI, J€

Therefore Eq. (6) becomes

0% 4L 28 4T, |
V/‘ ;prg—l 31}2—

So that if we put:

2Y 2 '
L»éé = ari - Aé 9‘% ) /é{’:// 2, ) n) (7)
we get:
I,
/ ZLéﬂd [ ()g://Q/;u/)z) (8)

The n?® quantities L“ (&,t’: /,2,»,n ) defined by Eq. (7) are called

the (coefficients of) mutual inductances of (or between) the coils of

the system. LM. is called the mutual inductance of coil k with coilﬁ;

but when 4=. one speaks more frequently of the (coefficient of) self

inductance (or simply inductance) of the coil _Lg(inst.ead of the mutual

inductance of coil k with itself), In practice Lyy is usually denoted

simply by L-k and, as in the case of a single coil, we always have LAgO)

for all k. When Ly, = 0 for all #4 , coil k shall be magnetically

isolated from the other coils and its self inductance will obviocusly

be the same as its inductance as defined before for an isolated coil.
Since the flux linkages ?4” depend on the relative positions of

the coils and on the permeability of the intervening medium, so shall

the (self and mutual) inductances LH o
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Problem 3. For a system of coils, some of which &re moving as e rigid
Lady arcund an axig, fixed with respect %o the others, 2% an angular ve-
locity w:d? , the fluxes éé and the flux linksges ¥ (k=1,2,...,n)
sre funciions of the currents Iﬁ (k=1,25...40), of the angle » , and
perhaps of the time i (explicitly). Show that the voltage drops in the
colls are given bygthe following equations:

V= bR rwSh S, (he1,2000)
{When the fluxes are not explieit functions of the time the last term
may, of course, be omitted.) These equations find application in
elec¢trical machinery.

Eqs. (8) (for k=1,2,...,n) can be used to give an abstract feormu-
lation of the idea of a system of n stationary coils in which the flux
linkages are produced alene by the currents in them. We say that n things,
gach with two terminals, associated with which there are n® quantities
L&fj=é§gﬂg2 called their self and mutual inductances), constitute a sys-
tem of n stationary cbils,when the currents I, and the voltage drops
\/A (k=1425...,n) 1in arbitrarily assigned reference directions between
their terminals are related by the system of equations (8).

Let us now suppose that the determinant, det(L&l), of the (self
and mutual) inductances is not zero (see note 2, below). Then Egs. (8)
can be solved for the derivatives of the currents, in terms of the volt-

age drops, as follows:

n
di-35y, (=200 9
where IZ£ is the cofactor of Ly (denoted cof Lyg ) in the determinant
of the {self and mutual) inductances, divided by the determinant. (In
the older literature, i& is sometimes defined as the miner of L, , di-
vided by the determinants had it been so defined here, the faclor (=1)
wsuld have had been introduced in the summation, which weonld be rather

slumsy. )
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BQ<. (9) may at cnce hs writien as follows:
e R Wi

L= éf%e@dﬁ” “‘f?*wd’“ Y (k=1,2,, 1) (10)

where Top, is the initial current in the coil k (i.e. the current when

1=0), If all the (self and mutual) inductances are constant, these
equations may be put into the following familiar form:
= STyt #=1,2,..,7) ()
The quantities:

Cﬁ? Lﬂ \
= Tty t=i, ) e
will be called the mutual invertances or (inverse mutuel induet-

ances) of the system of coils. I}l is called the mutual invertance of

coil k with coill , in the presence of the other coils of the system;
(0/' inverse (sell}/ndacfa”ce)

but if =4, it will be called the self invertance 40f coil k, in the

presence of the other coils. In practice 12& will be denoted simply by

Z;, and as a direct conseqguence of Lenzis law we havelzgwo for all kg
because if all the ceils are short-circuited except the generic¢ coil k
then the current in this cgil must incerease in the direction of the
voltage drop in order to oppose the changing flux.

It should be noted that, in spite of the name, Jg is not in gen-
eral the reciprocal of Lgp - We may even @iiw have, for example, Lap =0

(and viceversa)

and [y # 0 for some k and %4’ In general, two coils k and £ with Ly=0
may have Zzﬁo if there is a chain of magnetically coupled coils
linking them.

In a system of colls where only a few mutual inductances are not
zero, it is customary to indicate the non-zerc ones by drawing arcs

!$ = 5.9 15,04l
T A iy oS
g . . s me
between the corresponding coil s The same is done teo indicate the non-

i35
zero invertances when [ 's are used to characterize the system of coils,
But naturally the set of arcs when [11's are used is not in general the
same as the set of arcs when L's are used; even for the same system of

colls. Therefore it shall be important in practice to mention explicitly
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which system of arcs is being used, especially if changes from L's to
T 's are to be mede (or viceversa),

Note 1, If the coils are windings immersed in a medlum of con-

stant permeability throughout all space, 1t can be shown that the 1*[

are all constant and that Lyg = L‘&g (for all k and_ﬁ? )« In fact, these

equaticns can be shown to hold if we only assume that all the (self and

mutaal) inductances are constant. (oee L.Page & N.Adams: Principles of Elec-
ity, van Nostrand, 1931, p.3267 & z278.)

Rote 2. Ino practice, the det,erminanm det(Ly,) , 'for a system of’
colles with constant (self and mutual) inductances, is never zero, Be-
cause in this case 1t can be shown that the magnetic energy of the sys-
tem (which is never negative, and is zero only if the magnetic field
vanishes everywhere, since it iz, essentially, the integral of the square
of the magnetic field intensity taken throughout all space) is given by
théiggngrath form (-Homogeneous polynomial of the second degree):

7 :YJ\ mes

This means that this quadratic form is positive definite, and this im-
plies that the determinant of the_inductances is never zerg, For if det(L, j)=0

then I, exist, not all O, such uQﬂtAZZL I,=0 for all k, and so‘Z:ZZ klIkIl=o
ﬁbte 3. The coupling coef‘f‘:l.clentq Kég? between any tiwo coils

o))

)

i of a system of coils, is defined as the positive square root
Prob,3

¢ the gquantity ILHLM/Z—L’Q, . (It can be shoun (cf’oA§9) that Ly, and

L.;; are elways of the same sign, so that the absolute value in this

cefinition is not really necessary.) As an immediate consequence we

have K, = K, . Substituting the inductances according to Egs.(7),

we get for the coupl:ng coefficient:

.;,/2_’ 12__&&&( a¢é N, ?_Q_ 9@6 99?4 / | 7 | 4, ('bl? drﬁé_/ (13)
# Iy Te Moy, M, Y75 Al 7.4’
whers J/k: 34ﬂU% denotes the partial differential of $ with respect

to Z& > -tv, Now, any given increment I, of the current in coil |,
alone, will produce a differential in the flux ?z in coll k at most
equal, in absolute value, to the differential in the flux ¢ in coild

1

Y

itself (and in reality ithe equality XX can never Dz 2iilal
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Therefore we will have idg‘&/dzegé 4; 2l@in,d similarly ldlﬁéo/dxﬂéelé 1
Zonsequently, by Eg, (13) we have KN £4 , or in other words,

0

ILylul=Lyly. (14)
¥hen the mutual inductances are symmetric (i.e. when Ly = LM)g as when
all the inductances are constant, we have

13, £ L, L. (15)

Note 4. The (partial) leakage flux (which is sometimes also called

e
stray flux ), of coil k with (respect to) coil i:;ﬁ{, for given values of

the currents I, , ... , I, 1in the coils of the system, 1s defined as
that part of the flux g through coil k which does pot link with coil /.

If we denote it by ¢£'£ . we shall have:

! /
k- 2L 121,
Hence, by Bgs. (7), we get:
OBy Lyt _ Lol

2L " N ;
(52 Egs,?)

In analogy with the definitien of an inductancel\ﬁ the leakage induc-

tance (which is scmetimes calied the stray inductance)of coll k with

(respect to) coil f is defined to be the following quantity:
i

Y0y
) 2

The term 7/3/&/[%/ , which is the difference between the self inductance L,
y _
of coil k and the stray inductance of coil k with coil ¢ , may be call-

[or usf)“tl/)

ed the working A inductanceglmédy)a of coil k with (res;;ect to) coil Z .

Prablem 4., Show that the coupling coefficient ILgy Lpgl cerresponding
- ? Ly Loy
to the working inductances of two coils (i.e. their self induectances
diminished by their stray inductances with each other) is always unity.
Probliem 5. If the mutusl inductance [L,| is & bilinear function,
(I\I%-I\Ti /ﬁé)g, of the esil turns Nﬁé and N,Q s where /JQM is essentially

) . ¢
the _,irelactance' of the flux path linking coils k and ) 3 and the self

o e I, = ‘s quadratie i v 2 s e 1
inductanze Ly = LMi is quadratic in N& 4, Say 1\3’é :ﬁf& , where % is
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egzentially the /,relucmncd’ of the flux path linking coil ks show that

i

PP LRT I gt g ey €1 o B & £n oy g e gm e s s £ gt 5 L@
RS RO NS indopoténee and the gupray i inductanee of ooll k with cpil 4

&re quadretic in Ny . Also show that Ja‘tr'ay inductance 1s given by:

o= W= G = -2 Z

N Ly
The quantity in brackets, n&mel,, the coefficient »f Lﬁ o may well be

cadlled the giray ceefficlent, {or the legkage coefl ntlef coll k with

(respect to) coil £ . ®inslly, if L., = L,, and *&“é’.u.-cm show that:
SIS, ipapm gg é é & ¢

Ly =ba(- k), ‘ 08

and hence that, in such & case, the stray coefficlent of coil k with co:[l_g
;e eomplement o unity of the coupling coefficient; and that the
working inductance of coil k with respect to coil { is equal to %L&) the
product of the coupling coefficient by the self inductance of coil k.

Problem 6. Show that if two coils, of self inductances L, &nd L,
with a mutual inductance M, have a coupling coefficient K> O, then tws
goils with self inductances KL, and EL,; and the same mutual Inductance
M, have a coupling coefficient = 1.

Problem 7. Show that if two coils of self inductances L, and Ly ,
with a mutual inductance M, have & coupling ceoefficient K > O, then two
coils with self inductances o KL, and KL, /x (O¢»>0), and the same
mutual inductance M, have & coupling ceefficient = 1. In particular,
then, we have the pairs: K2®L, and L, (when «= K); L, &and K*L, (when
n=1/k)y and, 1f K # 1, the pair: K(1-K)L, and KL, /(1-K) (whenx=1-K),

Problem 8, If we define, for & system of coils 12500090, the

{total) leskepe, or stray, £iux, , of eoli k,as thet part of which
? 9 2 9 s s 'é

§

does not link with any other coil of the sysiesm, show that:
28 a4 /é %
= ot " 5

Hence; if we define the (tct&l) le alca: ze, or strey , inducisnee of

,&u

coll k to beiL}] = !‘w ?Q? o Show that]

) 27,
74)
‘{"é =l Z/u‘ fLﬁ%fi 4
fiaptrons 1 e stedy oF

{TRe concepts and refatiins sstadliched i the pf@cedm;g aotes and probiems And fjﬁ‘iigﬁimﬁﬂ‘ o machinghy. )
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< [ S 4 T - & .
Problem ©  Jdsgume thet 211 the colls of & ¢

P

@

&5 o 2 g 8 3
[df:’%m @ f €0 i E.. b3 ’;’-;i e

.'3',._

§
i

1eft open (i.e. with their %terminals loose), except coil k whieh is
short-circnited (i.e. its terminels are connected together), and coil)
which is connected to & battery supplylng & c¢onstant voltage E. Show
thet: £ = (L;“égé?ﬁ:)f%ﬁ,

From this equation deduce Bg. (14), by showing that on applying the
voltage E to coll { (by elosing an inserted switch, for example), the
current in this ecoil sterte Increasing. The cosfficlent Le-v;‘:‘ﬁ&'ﬂ.—

2 (espacially inshe older litpraters)
Le(" /@) in the above equation ia knownﬁas the leakege inductance of

the pair of coils k and £ , referred to the coil £ , and should be
distinguished from the leaksge inductance of coil k with (respect to)
coll :g (or viceversa). On the other hand, the quantity ( 1-K%, ) is
almost always called the leakage coefficlent of the Mfﬁg_};& k g@_{.’;

{(by definition}, and shonld be dletinguished from the leskage, or

stray, coefficient of coil ¥ wilth (respect tc) coil £ (or viceversa),
bowaver -

ag defined previously (in problem 5 )§ it could also be called the

digpersion coefficient in an effort "0 avold confusion.

Problem 10. Consider & system of n ceils (with arbitrarily assigned

reference directions). Let denote the contributisn of the flux

22
produced by the current in coil / is the totsl flux through coil k (im

the associated positive direction), and assume that this contributien
depends only on the current Ig producing it {for &1l k and Z“:lgzgo A ) N
Then we sh&ll have %:%‘,MH-“""%(J;@) . Show that in such a system,

v 2 ¢ do - i e S e T 9 e L PO SO
L G 32 o In particular, this will

<

is irmersed in & medium of

the inductances are given by

be the sitvation when ihe system of colle

. 1

constant permesdility (thrcughout all aspace), and then ithe Inductiances
are constant., In this cuse show that the flux linkages are given by:
%
! / s g-‘ lf T 3 H N
W= =g byl +tmery. thzt2, un) (z0)
Problem 11. Computie the self and mutual invertancee (inverse in.

¥

duetancea) for the syatem of ¢oils shown in the figure 2 . Ts [,; = 0F
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Lig= Ly =00¢ Lsa=L3p=~003

Fig. 2.

Compute the varigus coupling and leakage (stray and dispersion) coef-
ficients, as well a3 the leakage inductances. Also, assuming equal
rambers of turns in each csil, compute the various (total and partial)
gtray (or ieakage “, and working., inductances. Express the flux
linkages 1’,42 (k=1,2,3) in terms of the currents as variables, assuming
that there are no fluxes when all the currents are zero.

Problem 12. Show that for a system of coils with constant (self
and mutual inductances we have: ‘ZZI = 2 ¢ for all k and 2 E"’"’*“ /w'la-]

Problem 13. By considering all coils of a system short-cireuited
except coil k, which is left open, and coil ﬂ, which is connected to
a battery, show that ,‘f,;fl;‘lgfé Iy Hence, if Ij =[;£ then ]Zzélzzz. (Q&Q)

Problem 14. Foi- a system of coils with constant (self and mutual)

inductances and witi: no fiuxes when there are no currents, we have:

n
Y=th=Le Ty (b=i2,37) (20)
n =t
Hence show that; Q=;1;gd§ =f‘f‘/\422!9?’ (4=1,2,.., n) (2/)

Also show (using the notation of problem 10) that: %,=LypL /N,

and that for the coupling cogefficient we therefore have:

2 _|Lgylop |_ | Puo i
/(‘“ 1 Puse 10

Lk Lo
Thence, since @p is only a part of 4’/1 , and (é@ is only & part of

2
¢3& 3 infer that /C“ £ 4. This is the way this result (obtained in
all generality in Note 3, p.10) is usually established for the case
of constant (self and mutual) inductances.

Probiem 19. If the det(y, ) # O, show ihat:

Leo= Ol /24T,

T A
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& 4. THE VOLTAGE SOURCE.

rs
fe

The essential thing about & voltage source (abbreviated vs) is
that it is & (two-terminal) element, associated with which, relative
to an arbltrarily assigned reference direction, there is a fun:tion, E(t),
of the time t, called its electromotive force (or value), such that
this thing 1s compdled to have a voltage rise = E(t) vetween its ter-
minals in the reference direction at the time t, for all t. Thus the
voltage (rise or drop) between the terminals of a voltags source is
obliged to follow some prescribed function cf the time, and this must
happen no matter what current passes through the source, as long as
1ts terminals are not short-circuited (i.e. connected together). In

" ° o P 4
the literature, such a contrivance is also called an ,infinite bus.”

Practical voltage sources are usually called (voltage) generators.
Such are, for example, the ordinary battery (a perfect.battery would
be a source of constant value), and the common alternator.

In general, practical voltage sources are not true voltage sources.
However they can ususlly be approximated very closely by an appropri-
ate combination of basic elements. Thus a battery is well represented
by a constant voltage source (i.e. a vs of constant value) connected
in series with & resistor (its ,internal resistance”). A simple al-
ternator is well represented by a vs in series with & resistor and a
coil (its ,internal resistance and inductance”), for many cases.

The symbol used to represent a voltage source is shown in Fig.l(a).
The arrow is attached to indicate the reference direction in which the
value E(t) of the source is to be considered as the voltage rise (from
terminal & to terminal b in the figure). When the value of a voltage
source is constant, the symbol shown in Fig.l(b) is sometimes used.
(This symbol is also used to represent a battery.) The + and -~ signs

are attached to indicate the sense in which the voliage rise is pesi-
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tive (from end 8 %5 end b in the figure)y or in sther werds, the sense
from the ferminal with the - sign to the terminsl with the + sign is
taken ag the reference direction. At any instant &t which the value,
E(t); of & source is negative, there is & negative voltage rise in the
reference direction which means that the voltage actually drops in that
direction. If the reference direction for & voltage source is changed

then the sign of its value must also be changed.

B &
(4) (b) €)

Fig. 1. Symbols used to represent sources.
& 5. THE CUREENT SQURCE.

The essentlal thing about & current source (abbreviated ¢s) is
that it is a (two~terminal) element, assoclated with which, relative
to an arbitrarily assigned reference direction, there is & function,
I(t), of the time t, ealled its current (nr wvalue), such that at the
time 1 the current through it in the reference direction is compeled
to be = I{t), for all t. Thus the current through a current source
is ebliged to follow some prescribed function of the time, and this
must happen no matter wﬁ&t voltage appears between its terminals, as
long as they are not left”cpenncircuitedf’

The symbol used to represent & current Source 1is shown in Pig. 1
{¢) $4. The attached arrow is intended to indicate the sense between
the terminals of the element to be taken as the reference direction
(from end 38 to end b in the figure). A negative value of I(t) at a
certein instant will mean & flow of negative Cherge In the referencs
direction or, what is equivaleni, a flew o positive charge in the
opposite direction, at the instant in guestion.

If the reference directisn for & currsent scurse I1s changed then
the sign of ite value must also be changed, or. in other words, tlhe

valus of & current source in an opposiite refersnce directlen is -I(%].
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..............

There iz & distinet difference between the first three basic
elements we have considered in 661 to 3, and the last two we con-
sidered in §§4 and 5. To be more explicit, in the cases of tle
resistance, capacitance, and inductance, elements there are explic-
it relations between the voltages and currents, and these hold no
matter how they are connected in & circuit. In other words, the
relations between voltages and currents for the® elements are in-
variant to changes in thelr connections. On the other hand, in the
cases of voltage and current sources, the situation is quite dif-
ferent. A definite relation between the voltage and the current in
the source shall only be present once the source is connected in a
definite way, and this relation shall depend e;nt,irely on the way
the source is connected.

The first three element, namely, resistors, condensers and coils

are called passive elements, and the values associated with passive

elements, namely, resistances, elastances, (self and mutual) induc-
tances,; conductances, capacitances, and (self and mutual) invertances

{(or inverse inductances), are called network (or circuit) parameters.

The other two basic elements, namely, voltage sources and cur-

rent sSources, are called active elements, and the values of active

elements are called ,activation, or driving, forces (or sometimes
77)0

, exciting functions

In short, an element shall be a passive or active element ac-
cording toc whether or not (respectively) there is a relation between
voltages and currents which does not depend on the way the element is

connected,; that is, which is invariant te changes in the connections.
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§ 7. POWER AND ENERGY.

The (electric) power absorbed by an element with a current I(t)
through it in a certain direction and a voltage drop V(%) between its
terminals in the same direction can be obtained as follows. Let an
electric charge AQ be carried through the element in an interval At
of time. Then since V(t) is the work done, for fixed time t, by the
electric field in carrying a unit charge through the element, the work
done on the charge AQ is VAQ, where V is the average, or mean value,
of V(t) in the interval in question. Consequently, the average rate
at which energy is consumed by the element is T-AYAt. The limit
of this when At-»D, that is, the instantaneous rate at which energy is
consumed by the element (from the circuit) is known as the absorbed
power, If we denote this by W(t), we will therefore have:

W = Ln T-22= veo)- g2 = v 1w, (1)

Had the voltage rise E(t) in the direction of the current been
used instead of the voltage drop V(t), the result, namely, E(t) -I(t),
would be the (electric) power given out by the element (to the circuit),

known as the supplied power.

We need not continue to stress the distinction between absorbed
and supplied power, becau<e a negative absorbed power will mean a sup-
plied power, and a negative supply will mean an absorption. In gen-
eral, when dealing with passive elements we will consider absorbed
power, and when dealing with active elements we will consider supplied
power,

Once the power is known, it is easy to compute the electric ?n=
ergy taken in any interval (from t, to t,) of time, namely: U =J;‘ff‘/(1-‘)d‘li

In a resistor the absorbed energy is transformed into heat. In
a condenser it is transformed into energy of (or stored in) an elec-
tric field, and in a coil, into energy of (or stored in) a magnetic

f'ield.
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Problem 1. Show that the power absorbed in a resistance is:
W = RI? = GV, (2)

Problem 2. Show that for a condenser, the absorbed power is:

W= %S g-t-_q"‘., (3)
and if its capacitance is constant:

W =4 (fov). (3)

Problem 3. Show that for an isolated coil, the absorbed power is:

W= L £, (4)
and if the inductance is constant: 2

_d NP _ LTrYy?

s == 4

Problem 4. In a system of n coils show that the power absorbed

by the coil k is:

dl
W‘ V= ZL‘[/‘Z;G;J (%)
Then show that the total power absorbed by the system of n 00113 is:
‘N_dé 2ZZL@I£1:Z) (s7)

if all the inductances are constanto Would this last result be true
for any system where Lié # L“ , for some band £ 2

Problem 5. The mean value, or average, of a periocdic function
f(t), of peried T(#0), is defined as the mean value of f(t) in the
interval 0 £ t £ T, namely: —'{S;P(t)dt . Show that the mean value
of the power W =VI in the case that V = A-sin(wt +o/) and I=B-s-in(wf+/e),
withw# 0, is: 24B.cos (f-o¢). [Take T=2I, although T=Z will do.]

Problem 6. Show that for a constant resistance in which the
current. is I=A.sin(wt+ o), the average power is RA®/2. 4lso show
that for a resistor of constant conductance G, in which the voltage
drop is V=A-sin(w t+ ), the average power is GA%®/2. (Here, of course,
we assume that w# 0,) Notice that the average power is independent
of the angle & . Notice also that a constant current or constant volt-

age (as the case may be) which would yield the same result is |A\/f2- o
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It can easily be shown that this value ig the positive square root of
the mean value of the square of the sine funetion. For this reason the

effective value of a sine function is also known as its root-mean-square

{abbreviated rms) value. (See Ch. XII, &2, p. 294)

Problem 7. Show that the absolute value of an inductance Ly, can
be obtained by applying to coil k a sine voltage, & sin (wt+«), and plac-
ing a voltmeter between the terminals of coil ¢ in order to measure the
effective value of the induced voltage (leaving all other coils open-
circuited), and inserting an ammeter in coil k in order to measure the
effective value of the current in it. When g;,ﬁ, this gives the self
inductance, Ly , of <20il k. (Assume all currents and voltages to be
sine functions of the same kind as the applied voltage.)

Problem 8. Show that the invertance (inverse inductance) [z can
be obtained, in absolute ‘alue, by applying to coil £ a voltage source
of (known) sinuscidal value, and inserting in coil k an ammeter in or-
der to measure the effective value of the current through it, and short-
circuiting all coils except coil / . (Assume all the currents to be
sine functions of the same kind as the applied voltage.) When A=1 R

the
this gives the self invertance of coil g_(inAppesence of the other coils).

§8. THE MKSC SYSTEM OF UNITS,

So far nothing has been said about the units for the various quan-
tities we have spoken about. It should be understood that any conven-
ient consistent system of units may be used. However, we shall be more
specific about the matter, and we shall now consider a definite system

called the meter-kilogram(mass)-second-coulomb (abbreviated MKSC) sys-

tem, one of the systems due to G. Giorgi (Unita Razionali di Elettro-
magnetismo, Atti dell® Assoc. Elet. Italiana, 1901). This system is

now being used in many modern books on engineering (rationalized or not).
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In this system, a unit of lenght (the meter, abbreviated mt), a
unit of mass (the kilogram, abbreviated kg or kgm), a unit of time
(the second, abbreviated sec), anda unit of electric charge (the cou-

lomb, abbreviated coul or clb) are taken as fundamental units.

The unit of area is the mt?, the unit of volume is the mt®, the
unit of speed and velocity is the mt/sec, and the unit of accelera-
tion 1s the (mt/sec)/sec or mt/sac®, by definition. From Newtan's
law; the unit of force is the unit of mass by the unit nf accelera-
tion, namely, the kg(mt/sec®) or kg-mt/sec®, and this unit is call-
ed the newton. The unit of work and energy is (by definition) the
unit of force by the unit of length, that is, the newton-meter, which

is the same thing as the kg-mt®/sec®, and is called the joule. The

unit of power is the joule/sec, known as the wait, since power is the
rate at which work is dene.

Since an electric current is measured by the rate of flow of
electric charge , the unit of current is the coulomb/sec, known as
the ampdre (abbreviated amp). Also, by definition, a voltage, a po-
tential difference, and an electromotive force, are work per unit charge,
so that the unit of these quantities is the joule/coulomb, which is
known as the volt.

By §1, the unit of resistance is the unit of voltage divided by
the unit of current, i.e. the volt/ampére, known as the ohms and the
unit of coenductance is the ampére/volt or inverse ghm, known as the

or siemens
o (ohm written backwards)( By $2, the unit of capacitance is the

coulomb/volt, which is known as the farad; and the unit of elastance

is the volt/coulomb, or inverse farad, known as the daraf (farad writ-

ten backwards)., By $3, the unit of inductance is the volt/(amp/sec) =
volt.sec/amp, which is known as the henryj; and the unit of invertance

{or inverse inductance) is the amp/frolt.sec), or inverse henry, known
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as the yrneh (henry written backwards).

Problem 1. Show that a volt is a (kg.mt?)/(ceul.sec?).

Problem 2. In §3 (p.5) we mentioned that the censtant factor of
proportionality between the electromotive force around a closed path
and the rate of decrease of the magnetic {(induction) flux through it
(in the associated positive direction), expressing the law of Faraday-
Neumann on electromagnetic induction, was te be taken = i, In the MKSC-
system this constant is alse taken to be dimensionless (i.e. an abstract
number), From this show that the unit of magnetic flux (in the MKSC-
system) is the volt.sec = (kg.mt®)/(coul.sec), which is known as the
weber. (Note. The unit of flux linkages is converfionally called the

weber-turn, even if oniy te indicate that one is referring to flux link-

ages, and not simply to fluxes, when it is used instead of the weber,)
Nete 1. Consider the function f{t) = A sin(z-.,—’.'--t +6¢), where

A; T, and X are constants., For all t we have f£(t) = £(t+T), and for

this reason T is call a (the) period of £(t). The number ¥ of perieds

T per unit of t is called the freguency of the functien; hence 2 = 1/T.

Also, the quantity w=2—_;.1'=2711/ is called the angular 1"."r>equencx9 or more

simply the Z7-frequency, of the function. The unit of £(t) is that of

A; and ¢ is dimensionless; of course., For 2/ and w the unit is the
inverse unit of i3 hence if L is time, the unit of both 2 and w is
the inverse secand (sec™ ), in the MKSC-~system. Nevertheless, in re-
ferring to frequencies e conventionaly say cycles per second (abbmﬁ-

or Hertz, abbreviated Hz. or hz,,
ated cyc/sec, or cps, or simply ~AJ )Ato indicate this, and in referring

1o angular frequencies we cgnvenientlysay radians per seceond (rad/sec).

Problem 3. The magnetic flux through a surface is the surface

integral of the magnetic induction B (a limit of a sum of values of B
mu}ttplied by portions of .
areas). Show that the unit of magnetic induction is the weber/mt®.

A
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Problem 4. The line integral of the magnetic field intensity H taken

around a closed path (called the magnetomotive force of the path, and

abbreviated MMF or mmf) is equal, except for a dimensionless factor
(in a Giorgl System of units), to the total electric current enclosed
by the path (including the displacement current), in accordance with

the law of Ampére. The unit of mmf is thus the ampére, although it

is usually expressed as the ampére~-turn in order to indicate that one

is referring to a mmf and not simply to a current., Show that the
unit of magnetic field intensity, H, is the ampére-turn/meter.
Problem 3. From B=¢H show that the unit of permeability, H# ,

(also known as the magnetic inductive capacity) is the henry/meter.

Problem 6. The electric field intensity is defined as the force
per unit electric charge. Show that the unit is the volt/meter.

Problem 7. In an isotropic medium the electric energy in a di-
electric is the volume integral of the electric field intensity multi-

plied by the dielectric displacement (except for a dimensionless fac-

tor). Show that the unit of dielectric displacement is the coulomb/mt3

Problem 8. Considering that the dielectric displacement is equal
(esrecially if it (s constant)
to the permittivityr(also known as the dielectric constantAor as its

(g’[g%{ﬂ%) see nate on p. 25
Aln uctive Qgpacip%% multiplied by the electric field intensity, show
that the unit of permittivity is the farad/meter.

Problem 9. Show that the unit of energy is equal to the unit
of mass mutiplied by the unit of velocity squared.

Problem 10. Show that the unit of permeability multiplied by
the unit of permittivity, in a Giorgi system of units, is the inverse

unit of velocity squared.

Problem 11, In the practical (also called”technical") system of

units known as the meter-kilogram weight-second system, a unit of

length (the meter), a unit of force (the kilogram weight, abbreviated




Ch. I, §8, 24,

kgr); and a unit of time (the second), are taken as the fundamental
units, The kgr is defined as the weight of a kgm (the unit of mass
in the MKS€-system), so that i1t is a unit of force which depends up-
on position on the earth. In this system; the unit of mass 1 call-
ed the geo-kilogram, abbreviated gkg. At a place on the earth where
yStendard ized to 9.80665,

the acceleration due to gravity is.;ﬂ(mt/seca), show that:

1 kgr =g newtons and 1 gkg =§_ kgm.

Problem 12. The magnetic moment of a current locp, or magne-
tic dipole, 1s defined as the product of the current in the loop
by the area of the loop, Show that the unit of magnetic moment 1is
the amp.mt?. What can you say about the unit for magnetic poles?
(See stratton's book on Electromagnetic Theory, Mc Graw-I71111 Book
Co.; pp. 241-2.)

In the following, wien no mention is made of a unit, in speak-
ing of the magnitude of a quantity, it shall be understood that 1t
is the corresponding MKSC-unit. Otherwise the unit should be stated.

For many practical purposes it shall be found convenient to

construct auxiliary units with the following prefixes and abbreviations:

mieroc... = 1d%o,=fzn,o megl.o.. = 10600 = M.oo
millie.. = 16°..2 m... Kilo,.. = 10°.. = Keu. OF k...
centis.. = 10%,,= Coo. hectoes = 10 o0 = Hoos
decicooo = ldi°°= doso decaco. = 10coo = Doso

For example, ﬂ¢(=/lfarad)= 164’farads, and f¢¢= 10 * farads, are

frequently used as units of capacitance; and the kilowatt (abbrevi-

ated Kw or kw) = 10 % watts is frequently used as a unit of power,
Unfortunately the abbreviations mentioned above are not used

uniformly in the literature.
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In practice, the very frequently used unit
of resistance (ohm) is often denoted by the capital greek letter
0 , and the mho , also called a siemghs, vy U .

There is a question about rational and Iirrational systems of
units which the reader should consult, for example, in the origin-
ator's own paper: O, Heaviside, The position of 47 in Electromag-
netic Units (Nature, 1892); or in Appendix C of the book on Elec-
tric Circuits, by the E.E. Staff from M.T7.T. (Wiley and Sons)j or
in Stratton's book mentioned in preblem 12. Eséentially, in a
rationalized system a 47 is introduced in the denominators of
Coulomb's laws to begin with, whereas in unrationalized systems
this is not 29ne. 1In this way the factor 47 is avoided in many
formulae in rationalized systems. In the unrationzlized MKSC-
system of units; the mmf taken around a closed path is taken as
47w multiplied by the enclosed current, and the energy in a
dielectric is taken as half the veolume integral of the electric
field intensity by the dielectric displacement, divided by 4m .
In rationalized systems these 47 are omitted.

We shall not go into these matters any further because the
question of rationalization is irrelevant to the units of the
quantities with which we shall be concerned in this book.

Note. A generic name for permitiivity and permeability is

»

pinductive capacity The ratio of an inductive capacity (of a

substance) to that of free space is called the relative inductive

capacity (of the substance). Thus; the relative magnetic indue-

tive capacity or relative permeability(of a substance of permea-

bility M ) is /97% , where & is the permeability of free space
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(= 107 in the unratiopalized, and = 4710~/ in the raticnalized,

MKSC-system of units), and the relative electric inductive capacity
or relative permittivity (of a substance of permittivity K ) is x/x,

where X, 1is the permittivity of free space (= 1/c3/4, where ¢ 1is

8 mt/sec approximately).

the speed of light in free space = 3°10
The relative permittivity is frequently called the specific (elec-

tric) inductive capacity, and some authors even reserve the name

,dielectric constant” for this term.

”

Procblem 13. In the ,English System of units, also called

the foot-pound-second (fps) system, a unit of length (the foot =

1200/3937 mt), a unit of mass (the pound = 0.4535924277 kgm), and
a unit of time (the second), are taken as fundamental units. (In
(british) (britick)
England the,foot is taken = 1200/3937.0113 mt, and the,pound is
taken = 0.45399243 kgm.) The unit of force in this system is
called the poundal. In technical work, a derived unit of force

callied ihe pound-force (or pound-weight) is extensively usedj; it

is defined as the weight (and therefore depends on position on the
earth) of a pound of mass (the uniézzssthe fps-system). Alongside,
a derived unit of mass, called the slug, is also used; it is defined
as the mass to which a constant force of one pound-weight would give
& unit acceleration of one ft/sec®. Show that,at a place on the
earth where the acceleration due to gravity islg_(ft/seca), we have;

1 pound-weight = g poundals and 1 slug = g pounds (of mass),
{By agreement, the acceleration due to gravity has been standardized
to the value of 32.1739 ft/sec®.) In the fps-system, the unit of
energy is the foot.poundal,; and the unit of power is the foot.poundal

derived
/second. The foot.pound-weight (= g fcoot.poundals) is aﬁgnit of

energy frequently used in technical work; and alongside, the horse-

power (abbreviated HP), defined as 5950 foot.pound-welght/second is

used as a unit of power. Show that 1 HP = 746 watts approximately.
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&§9. THE SIGN OF A MUTUAL INDUCTANCT AND PCQLARITY MARKS.

Let us again consider the system of n coils of §3. We suppose
that reference directions have been assigned to these coils so that
for each coil there is determined an associated positive direaztion
for the magnetic flux through any surface bounded by that coil. Now
assume that the mutual inductance Lyp between the generic coils k
and { is not zero. Then, if there is a clearly defined magnetic
patn linking these coils, it shall be easy to determine the sign
of Lgp bY inspection., The rule is that it shall be positive if the
assoclated positive directions for the magnetic fluxes of the two
colls are in the same sense along the magnetic path, and negative
if they are in opposite senses. Thus, for the coils 1 and 2 of
PMg. 1, the mutual inductance is positive, and for the coils 1 (eor
2) and } the mutual inductance is negative. The reason is that a

A wh T hs positive increment of the current through one of
3J5E the colls in its reference direction shall produce
4

\‘ N
v
‘f‘
’°~£L‘a a positive increment of the magnetic flux through

/

- 2.’ the other coil in its associated positive direction
v ‘r' Fig4. (and hence a positive L,,, in sccordance with Egs. 7,
p.7), if and only if the two coils have associated positive direc-
tions in the same sense along the megnetic path linking them,

& convenient method of indicating that the currents in certain
directions around two coils produce magnetic fluxes in the same sense

through each other ie to place equal marks (like dots, asterisks,

crogsea, plus signs, letters, etc.) called polarity marks or, more

properly, inductance or L~polarity marks, at both entrance, or at

both exit, terminals. Thus, in Fig. 1, + signs could be placed as

instead
shown. They ceould all be placed,at the other terminals, also.

Problem 1. Deduce the rule of signs, given above, from Lenz's law,
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The use of polarity marks is very convenient for drawing
purposes where winding senses are hard to indicate. Moreover, un-
like the signs of the coefficlents of mutual inductances, polarity
marks have the advantage of belng independent of the reference di-
rections assigned to the coilsy because currents entering both coils
through the equally marked terminals produce magnetlic fluxes in the
same sense no matter how the reference directions are assigned or
whether they are changedy whereas upon changing the reference di-
rection of a single coil, the signs of all the mutual inductances
of this coil with other coils change.

We may summarize the above in the following rule ggigfgggfgﬁéihm

The mutual inductancﬁi%etween two colls with assigned reference di-

rections and givenfpolarity marks is positive if the two reference
directions are (both) directed towards the polarity marks, as in Fig.
2(a)y; or if both are directed away from the polarity marks, as in

Fig. 2(b)¢ and negative otherwise, as in Figs. 2(c) and (4).

R R )

Fig. 2, exhibiting the rule of signs for mutual inductances.

The method of polarity marks is practically indispensible when
the coils are concealed or when the magnetic path linking them is
not clear. In this case the polarity marks can be determined by
the following simple experimental method, for each pair of coils.

A battery (a practical constant voltage source) is connected, through
a switch,between the terminals of one of the coils and a d-c volt-

(i.e. adirectional voltmeter; an instrument that indicates the sense of 4 vollaga rise, besides the veleg)
meter,is connected between the terminals of the other coil. Upon

A
closing the inserted switch a current begins to flow from the +
terminal of the battery into the former coil, with a positive rate

of increase, and a momentary deflection shall be indicated on the
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d-c voltmeter connected to the latter. In this way the direction
in which the induced voltage drops (or rises) may be observed,
The polarity marks for the pair of coils are then placed at the
terminals towards which the voltage rises or, in other words, at
the terminals from which the voltage drops; in particular, one of
the marks is placed at the terminal which is connected to the +
terminal of the battery., Naturally, both polarity marks could be
placed at the other terminals instead. In this way we are sure
that a positive rate of change of the current in the reference di-
rection through one of the coils shall produce an actually positiée
voltage drop through the other coil in the reference direction if
and only if the mutual inductance (as given by the rule exhibited
in Pig. 2) is positive, as can be checked by cases easily.

In carrying out this experimental method for a pair of coils

belonging to a system of coils, it should be understood that all

the other coils of the system are left open-circuited in the mean
while, and that none are changed (relatively) in position.,

In a given system of coils thereshall be need in general of
different polarity marks for each pair of coils. In some special
systems, however, things can often be arranged in such a way that
only one kind of polarity mark is needed and with at most only one
mark being necessary for each coil. Such is the case; for example,
with a system of coils all wound on a single magnetic path (e.g. a
cammon iron core). For then there are only two possible senses,

of the mapnetlcfl,
along the magnetic path, for the associated positive directions, g
and so any two directions in opposition to a third must necessarily
be directed in the same sense, and so consistency in the markings

necessarily results,

But this is not always the case, as the simple example of Pig.3
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shows. The polarity marks that result from a
consideration of the pairs of coils (1,2) and
(1,3) do not serve for the pair (2,3). In

fact, it is impossible to use a single type of

polarity marks because coil 3 has marks at
both terminals.

Problem 2. Consider two coils connected as shown in Fig. 4.
— TS

TS TN g d me !
sw}ﬁ"'s “ Fig. 4. Y f""E—_

Show that for equal voitages the current in case (a) is smaller

than the current in case (b). This result gives another method
for the determination of polarity marks and the sign of a mutual
inductance. If a voliage source of sinusoidal value A.sin@t+x)
were used instead of a battery, show that the effective value of
the current in (a) would be smaller than in (b).

Problem 3. By Lenz's law, show that for any two coils k and_,@,
the sign of L is equal to the sign of L,, .

kL R

mutual
Let us now take up the question about the sign of a A inver-

tance (or inverse mutual ir;c}uctance?. For this let us again con-

sider the system of n coils, each with an arbitrarily assigned

{ and with alf -i;/'ﬂq/ currents =0) self and
reference directi oD, Of course, if all theAmut.ual inductances L#I

are known (in absolute value and sign) then one may go ahead and
compute the invertances [ by Eq.(12) $3, sign and all. But

just as the |Ly| are experimentally determinable, so are the |T‘J,
and it shall then be important to be able to determine the signs

mutual
of the, invertances lze directly, by experiment.

A
This may be done by inserting in coil k (see Fig. 5) a d-c
ammeter (i.e. a directional current instrument, one that net only

indicates the value of the current but also its sense) and in coil_l_
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; +
[:E%l o Of L o :wﬁf%_f 5‘ o {:}%L
d-c ammeter b

Fig. 5
a battery and a switch, while all the other coils are short-circuited
(i.e. their terminals are connected together); but no coil is to be
changed (relatively) in position. When the switch is closed a posi-
tive voltage drop shall appear in coiIJQ in the reference direction

assigned tjo it and a momentary deflection on the ;hmeter (if at all)
induced
shall indicate whether the,current in coil k increases, or not,in the

reference direction assigned to it. If the induced current in coil

k increases in the reference direction, the sign of I, is posi-
- does
tive, and if it A Rot, the sign of I;, is negative. (If there is

no deflection then the invertance, ]2@ , is zero.) For under the
drops .
hypotheses made, all the voltage , are =zero except VZ which is posi-
we will heave
tive and hence, by Eqs.(9) § 3, dIp/dt = I},V, , so that, if dI/dt>0

then [3p>0, and if aIp/at< 0 then I[;5<0 .

Mutual } R :
AInvertance (inverse mutual inductance) or I -polarity marks

can also be introduced. In the experimental method just explained,
this is done, in pairs,by putting equal marks at the terminals where,
upon closing the inserted switch, the currents enter into the coils
of the pair. In Fig. 5, a mark (a + sign, say) is placed as indi-
cated on coil‘! , and the same mark should be placed at the terminal
a of coil k if the induced current is observed to grow in the ref-
erence direction assigned to it when the switch inserted in coil Y

while all the other coils are shorteds
is closed, and at the terminal b if not (if at all)y\ We shall then
B Autual
have the following easy rule of signs for theAinvertances Z;:

mutual
The yinvertance (inverse mutual inductance) Z, between two coils

with assigned reference directions and given Z’-polarity marks is

positive if the two reference directions are directed towards the
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the polarity marks or 1f both are direcled away from the polarity
marks, and negative otherwise. (This rule is just like the rule of
signs for a mutual inductance but, of course, the I"-polarity marks
are in general different from the L-polarity marks. Hence, Fig, 2
can also be used to gxhibit the rule of signs for mutual invertances
if the polarity mark§i§¥2 considered as I -polarity merks and if /,,
is substituted for M .)

It should be noted that the sign of a mutual invertance between
two coils depends essentially on the reference directions assigned
to these coils; but not on the reference directions assigned to the
other coilsj however it surely depends on the presence of the other
coilsy unless they are not magnetically coupled with them. As a
consequence, if the reference direction of a single coil is changed,
the signs of all the mutual invertances of this coil with other
coils also change.

Problem 4. In a system of only two magnetically coupled coils,
show that the Zﬂ=polarity marks can be obtained from the L-polarity
marks by changing only one of the marks from one terminal to the other.

Problem 5. Consider a system of n coils together with their
assigned reference directions and the mutual inductance polarity
marks (not the [ -polarity marks). Consider two coils with a single
simple chain of magnetically coupled coils linking them (much like
an ordinary chain with two ends), with a mutual invertance Z;‘# 0.
Let_g_denote the number of magnetic links of the chain whose coils
have their reference directions both directed towards (or both di-
rected away from) the corresponding mutual inductance polarity marks.
Show that the sign of Z; = (=-1)p . Why is this not a very practical

rule in general? (Help yourself with a figure.)
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CHAPTER II: KIRCHHOFF'S LAWS AND RELATED TOPICS,

An investigation of the currents and voltages in any intercon-
-~zcted collection of basic elements is founded upon two laws known

zs Kirchhoff's Current and Voltage Laws. The Current Law (called

“Zondition of Continuity” by Maxwell in his Treatise on Electricity
znd Magnetism) states that the (algebraic) sum of all the currents
“lowing away from (or towards) any junction point (a terminal,

whether common or not) is zero at each instant. The Voltage Law

states that the (algebraic) sum of all the voltage drops (or all
the voltage rises) taken in a given sense around any closed path
through elements of the collection is zero at each instant.

An electric circuit or network is defined as any collection

of basic elements consistent with Kirchhoff's Laws (i.e. collec-
tions in which, for every junction point and every closed path,
the corresponding Kirchhoff Law is satisfied). These skall be

the only Akind of collections we will consider in this bock.
To solve a network will mean to find all the currents & voltages through
elements of the network (for all time). In terms of these, all charges, fluxes,
§1. GENERAL ELEMENTS energies, powers, etc., can
then be computed.

In practice it shall be found conventent to consider certain

collections of basic elements connected in definite ways as the

units of the electric circuit. These, we shall call general eile~-

ments, or simply elements. One such collection is shown in Fig. I.

L @Gt 1 & Tb%—%

A /:7 L, The ?"nom( series element, Frg. 2. l a 7he feﬂen:/ f’%'.{f’;

Any basic element may be considered as one of these elements with
the other four basic elements missing, so that this is, indeed, a

generalized element. Instead of assigning arrows to each of the
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basic elements, a single arrow is attached to the generalized ele-
ment which is to serve as a common reference direction for all the
basic elements constituting it both for currents and voltages. By
Kirchhoff's Current Law, applied to each of the intermediate junc-
tion points (common to two of the basic elements of the general el-
ement), we infer that the currents in all these basic elements in
the common reference direction are the same and, therefore, equal
to the current entering it at the end g and leaving at the end b.

eneral
flor this reason we call the element shown in Fig. 1 qqseries ele-

ment and we speak only of a current through it, entering at end g
and leaving at end b. (In general, element;rﬁ?th the same cur-
rent through them and connected together are said to be in series.)
We then ignore the intermediate junction points and speak of ends
a and b as the terminals of the generalized element and allow con-
nections with other elements only at these terminals.

The voltage drop V between the terminals in the reference di-
rection, being the work done by the electric field in carrying a
unit electric charge through'the basic elements which compose it,

in the reference direction (for fixed time), is equal to the sum

of the voltage drops VUS’,KS§’.Z@’ KE, Kéf in the voltage source,

current source, resistor, capacitor and itnductor, respectively.
We therefore have for the total voltage drop in the series element:

V = Vvs + Vg + Vgt VS + V. (1)
Wihen a tusic element is missing /n any slaalc/f’ic case, the coresponding fepm in this equation is tobe omittad, of course.

Another such collection is shown in Fig. 2 (above). Any bas-
ic element is one of these with the other four basic elements ab-
sent. Here too a single arrow is arbitrarily attached to the gen-
eralized element which is to serve as a common reference direction
Sfor all the basic elements composing it, both for currents and volt-

ages. By Kirchhoff's Voltage Law, applied toc each of the "interior”
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closed paths (namely, the paths formed by the vs and cs, the cs and
resistor, the resistor and capacitor, and the capacitor and induc-
tor) we infer that the voltage drops (or rises) in the basic ele-
ments composing the generalized element, in the common reference
direction, are all the same. For this reason we speak only of a
voltage drop (or rise) in the reference direction from one end of

a common lead on one side to the end of another common lead on the

other side of the element (the terminals g and b in Fig. 2), and we

call this element a general parallel element. (In general, elements
connected together and always with the same voltages are said to be
in parallel.) The "interior” closed paths are then ignored and the
structure (s taken as a unit with the terminais a and b.

By Kirchhoff's Current Law, the current-entering the element

through the terminal a must equal the sum of the currents Iﬁsﬂ Ics”

IG’ IC’ In, tn the voltage source, current source, resistor, capac-

itor, and inductor, respectively; and again by the Current Law, this
sum must be equal to the current leaving through the terminal b.
Therefore the current entering at one terminal is equal to the cur-
rent leaving through the other, and we may speak of a current I
through the generalized element in the reference direction given by:
I=IUS+IC+IG+IC+II,,, (2)

* k] . ’ ’ . S 4 .
ffwﬁ«% o ﬁ%ﬁ}i&“,}’ju’fsg Spacific. instance of the typicl general elewent, the carresponding Lern in ths eguation sheuld be

When dealing with series elements we shall usually speak of
resistances, elastances and inductances of the basic passive ele-
ments; because in a series connection it is found that resistances
are added together (whereas conductances are not), and the same Iis
true of elastances (but not of capacitances) and of inductances.
Similarly in dealing with parallel elements we shall usually speak
of conductances, capacitances and itnvertances (inverse inductances);

because in parallel elements it is found that these are the para-
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meters that add up (and not the resistances, elastances and induc-
tances). However this is just a matter of conventience.

In Fig. 3 are shown several other structures that are some-

(igezcal or generic
times also convenient to consider a unl S of a network. The struc-

- "@5@% 31

(a). The mixed Sepses element, &) The A,,/ paralle] element.

.__@_M,—fm—-ll—- T ]
— — — ;—@—L*@_j—"HW
a () ‘
~ @>.

*'“-@_“ e).
] Fig.3.

tures (a) and (b) are the more important ones. The others can

be shown to be reducible (by interchanging sources according to

certain results that éan hardly be explained at this point) to

particular cases of the general series or parallel elementsgé?&ﬂn§i
The series and parallel elements, like the basic elements,

are examples of two-terminal structures (i.e. elements with only

two terminals where connections can be made with other elements).

N-terminal elements are structures (i.e. definite interconnected

collections of basic elements considered as units) with N termin-
als where connections with other elements can be made. Ffor exam-
ple, the structure shown in Fig. 4(a) is a 3-terminal element,
while the structures shown in Fig. 4 (b) and (c) are 4-terminal
elements. The structure 4#(b) is known as a (single phase) trans-

former, and the structure 4(c) is known as an auto-transformer.
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N M

)
(b) Transformer. (c). Auto- 'l'r'ans/'o rmepr.

/:%?.‘1.

—

Problem 1. Try to express the voltage drops between the ter-
minals ¢ & b and @' & b' in terms of the currents flowing between
these terminals, for the two structures shown in Fig. 4 (b) & (c).
(In a general sense, any two of the four quantities: the two volt-

age drops and the two terminal currents, can be expressed in terms

of the other two.)

So. THE GRAPH OF A NETWORK AND ITS COMBINATORIAL STRUCTURE.,

Let us assume that a certain type of two-terminal element has
been chosen. In any network of such elements a node (or "junction”
point) is defined to be any terminal of an element (of the kind
chosen) whether common or not to several elements; and a mesh is
defined as any simple closed path (i.e. a closed path without
"crossings”) through elements of the network. By "without cross-
ings" we mean that no element and no node is traversed twice by
the path, and it has nothing to do with how a network is drawn.

To be a little more formal about the concept of a mesh, as-
sume that all the generalized elements of the network are number-
ed 1,2,...,N. Then any closed path through elements of the net-
work can be defined by a sequence of numbers: kjk,...ky (MEN),

such that consecutive numbers of the sequence belong to elements

of the network with a terminal in common and such that the ele-
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ments kl and kH also have a terminal in common. (Of course, it is
to be understood that any cyclic permutation of the above sequence
defines the same closed path.) Then a mesh is defined as a closed
with no repeated elements and

path through elements of the networﬁufuch that no three elements in
the sequence defining the closed path have a terminal in common.
The idea is that if we traverse the elements kl, k2,°uo, kM in suc~-
cession we do indeed go around a closed path in the intuitive senseg
and if in so doing no element is traversed twice and no three ele-
ments traversed have a terminal in common then the closed path will
have no crossings (i.e. the closed path will be a mesh).

Now assume that a line (or arc) segment (to be called an edge)
is substituted for each generalized element of a given network.
The result, which is an interconnected collection of edges and
Junction points (also called vertices), similar to the given net-
work, ts called the graph of the network. If, furthermore, we ar-
bitrarily assign reference directions to the elements of the net-
work, we say that the network and its elements have been oriented,

. (and should)

or directed, and similar reference directions ma%‘be assigned to
the edges of its graph. In this way a one-to-one correspondence
between elements and edges and between nodes and vertices can be
established which preserves orientations and the relation of inci-

dence (i.e. of being connected to). For this reason the network

and its graph are said to have the same combinatorial strusture

and to be isomorphic (in this sense). One then takes the liberty

of using the terminology of a network and of its graph indistinct-
ly, and many a time a reference to a network is made by a refer-
ence to its graph (in order to save time, mostly).

By agreeing, as s often done in practice, on understanding
that all terminals with the same mark are really connected into a

common node, l.e. itdentified, one need not actually araw a graph
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slways itn the strict sense of the word but only a collection of line
“or arc) segments with the appropriate identification of the termin-
zis (i.e. with the proper terminal marks). No restriction is neces-
sary on the kind of terminal marks to be used as long as they are
»sed unambiguously. Of course, the same technique may be used for
z network also; thus a network may be completely specified by giving
the details of the separate elements with the proper identification
sf the terminals. (A commonly used mark is:'%;‘; in generai this
mark is used for a common solid connection to earth so that it is
usually referred to as ground; but this need not always be the case..
A word of caution is at place in connection with the conver-
tion on the identification of terminal marks. In a network in
which the convention is used one must always pe careful in connec-
tton with Kirchhoff's Current Law to include the currents in ali
the elements with the same terminal marks.

The combinatorial structure of an oriented network or graph

is defined formally by certain functions of two variables whose

values are called incidence numbers. In order to define these,

let us number all the-nodes, the elements (of the kind chosen), and
all the meshes of the network. Let us further assume that each
mesh has been oriented (or directed, it.e. that a reference direc-
tion has arbitrarilzzzgsigned to each mesh); this may be done in

Q@ convenient way by assigning to each mesh: klkgouokM, the sense

in which this mesh is described in gping through the elements of
this sequence in the order given (orZZny cyclic permutation there-
of), if the sequence has at least three members, or by assigning to
the mesh the sense defined by the reference direction of the first

element in a specific sequence defining the mesh, for example.

The incidence number of element k with the node n, which we
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shall denote by (k,n) (omitting the functional letter, as in F(k;n)),
is defined as follows:

(k,n) =+1, if and only if the element‘k has exactly ocne

terminal at the node n and is directed away from it;

(k,n) ==1, if and only if the element k has exactly one ter-

minal at the node n and is directed towards it;

(k,n) = O, otherwise, i.e. if the element k has both terminals,

or none, at the node__n_..
Note that the first argument in the function (k,n) is the number of
an element and the second argument is the number of a node.

When (k,n) # O for some particular k and n, i.e. when (k,n)=+1,
we shall say that the element k incides on the node n, or that the
element k and the node n are incident.

The incidence number of an element Kk with a mesh_m_(defined by
a sequence k1k2...kM of elements), which we shall denote by [kym_],
is defined as fqllows:

[k,m] =+1, Uf and only if the element k belongs to the mesh_n_z_

(i.e. the element k is one of the elements in the
sequence of elements Kk k,...k, defining the mesh m)
and the mesh m is directed through the element k in

the same sense as the element hk;

[, ”'J

]
1
~
-

if and only if the element k belongs to the rneshﬁ
and the mesh m is directed through the element k in
the sense opposite to that of the element_}i,-
[k,m] = O, otherwise, that is, if and only if the element k
does not belong to the meshﬁ.
Note that the first argument of the function [k,m] is the number of

an element while the second argument is the number of a mesh. Note

also that we are here giving a mesh the character of a face (which
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-2y be considered as a generic surface bounded by the mesh), as
small become even clearer later on.

When [k,m] # 0, l.e. when [k,m] =+1, for some particular K
:1d13, t.e. when the element_é-belongs to the m93h123 we (also)
say that the element k incides on (or with) the mesh m or that the
¢lement k and the mesh_@_are incident.

We shall now prove the following important theorem.

In any network the sum of the products (k,n)[k,mJ taken over
2ll elements k is always zero, i.e.

; (#,2) %, m]= O (1)

for all nodes_ﬁ_and all mesheslzf

The proof is as follows:

1°). If the node n is not on the meshlz (i.e. if the node n
is not the terminal of an element belonging io the mesh m) then (k,n)
= 0 for all_ﬁ for which Ek,m] is not O. Therefore all the terms of
the sum in eq. (1) are zero and consequently the equation holds.

2°). If the node n is on the mesh m and this mesh has a sin-
gle element kl (say) then this element must have {ts two terminals
on the node:E: so that (k],n) = 0. Furthermore, for all k # k, we
have [k,m] = 0, because no other element belongs to the mesh_m.
Consequently all the terms in eq. (1) are O and the result holds.

3°)., Finally, if the node_ﬁ is on the mesh m and this mesh
has more than one element then the node_ﬁ_shall be the common ter-
minal of exactly two elements of the mesh_ﬂ, the elements kl and k2
(say), and we shall have (k,n) # O only for k<k, and k=k2::o tha?
the sum in eq. (1) reduces to: (kl,n)[kl,m] + (k2,n)[k2,m]° Now if
k1 and k2 are both directed towards, or both are directed away from,
“the no;;iﬁ then (kl,n) = (k2,n) while one of;[kl,m] and [k2,m] is

equal to +1 and the other is equal to -1, so that the sum is zero.
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On the other hand, if one of the elements k], k2 is directed towards

—— —

the node n and the other is directed away from the node n then (kz,n)

= -(k2,n) while Ckl,m] = [k2,m] so that the sum is again zero.

Thus we see that eg. (1) always holds and the proof is complete.

In practice, when a mesh is specified by a sequence of elements
composing it, it shall be found convenient to complete the informa-
tion by indicating which elements are traversed by the mesh in the
reference directions assigned to them and which in the opposite
sense. This may be done by placing plus and minus signs (respec—
tively) above the numbers of the elements in the sequence defining
the .mesh (and actually the plus signs could be omitted while the
minus signs are retained, as indicative of the situaticn). Thus

if the element kl in the mesh m given by the sequence kloaok7oaukﬁ

L

—

is directed in the same sense as the mesh we would leave kL as it

stands, but if it were directed in the opposite sense we would in-

dicate this by placing a minus sign above kl’ so that as far as kl

— ——

is concerned the mesh would be specified as: klnoi—slo“}tm° In this
way, once the mesh is given completely in the above sensé, the in-
cidence numbers [k,mJ can be called out without further reference

to the network under discussion. For example, i{f a mesh m were

—

given as: 125, we would infer that [3,@] = -1, [2,m] = +1, [B,@]:—J,
)

ment 3 does not belong to the mesh m (as well as all other ele-

m
while [3,m]= O (as well as,for all k # 1, 2, 5) because the ele-

ments k distinct from the elements 1, 2, and 5).

§ 3. KIRCHHOFF'S CURRENT LAW.

The basis of Kirchhoff's Current Law is the fact that elec-
tric charge cannot accumulate at a node, which means that the

(algebraic) sum of all the instantaneous currents entering (or
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always 3
Szzving) a node must,be “zero. Actually all this goes back to Max-

s:tg Electromagnetic Theory, as a direct consequence of the (for

-.. practical purposes) divergenceless character of electric cur-
-znts itn homogeneous isotropic conductors. Of course, in Electric
~irouit Theory one assumes tdealized nodes (in which one postulates
-xgt no charge can accumulate) and just up to what point one can
zssume an actual Jjunction point to be an idealized node depends on
“ust how small the displacement current vec-
;or tn a conductor is. In any casé, mrx actual junction poinbk may
system of

very well be represented by mm idealized node and a,condensers 50
:hat one is again led back to the éoncept of an idealized node.

Problem 1. The densityfof electric charge in a homogeneous
isotropic conductor of permittivity x and conductivity ¥ can be
shown to satisfy the equation: K§%3+-XP:=O. ‘Show that at each
zoint at which f3= O at any one instant is always = O.

Problem 2. Let Ik be the electric current through the element

—

X in the reference direction assigned to it. If this element k

—~——

has only one terminal at a node n and is directed away from the
node then the currenf leaving the node n through the element k i3

Ik; but if the element k is directed towards the node n then the

—
——

current leaving the -node n through the element k is —Ik; while in

—
—

any other case the current leaving the node n through the eclement

——

j&is zero (when the element_ﬁ has both its terminals or no termin-
al at the node_ﬁ). Show that in every case the current leaving
the node n through the element_f_is always given by: (k,n)Iko

Let us now consider an oriented network with all its nodes
and elements numbered. Kirchhoff's Current Law for any node_z'can

be conveniently expressed analytically with the aid of the inci-

dence numbers (k,n) between the elements k and the node n. For

—



this purpose let Ik denote the current through the element_ﬁ_in the
reference directi;; arbitrarily assigned to it. Then (k,n)Ik is
clearly the current leaving node n through the element k and there-
fore the sum of all the currents leaving the node n through all the
elements is: %g:(k,n)fk taken over all elements. By Kirchhoff's Cur-

rent Law this must be zero; hence the Current Law for the node_g

can be expressed analytically as follows:
;(k,n)Ik = 0. (1)

We will now define a few terms to be used later on. W#e shall
say that two distinct nodes n' and n" of a network are mutually ac-
cessible (or that one is accessible from the other) if and only if

a path joining them defined by)

there i%Aa sequence of elements: k1k2,.ukM such that consecutive
elements of the sequence have a node in common and such that the
node n' is a terminal of the element kl and the node n" is a ter-

minal of the element kM“ A set of elements is said to be connected
if and only if all the terminals of the elements of the set are ac-
cessible jrom a terminal of one element of the set. A non-empty

connected set of elements of a network is called a part of the net-

work. Two parts of a network are said to be disjoint or detuched
(or separate) if and valy if no node of oae gart {: accessible from

a node of the other gpart. A part ¢f u network which is detached

,2.6. a mavimal part,

from all other parts (not includad in the giuven part%ais called a
a (connected)

component (oc\detached or separateApart) of tne network. An ele-

-

ment of a network is called inessential 17 and only if it has «

loose terminal or if it has its two terminals at two distinct nodes
of a componant which splits into two componrents upon removal of the

element in guestiony; otherwise it (s called and essential element.

Problem Jj. Show that an inessentiul element of a network can-

not belong to a mesh of the network. Also show that there always
is u mesh contuining any given 2s8sential element.

Froblem 4. If two nodes of a netwcrk are mutually uaccessible,
show (by deleting the parts between crossings of a path joiqing
them) that they can be joined by a path without crossings (i.e. by
a simple path). (See §2. p. 37, for the meaning of "crossings.")
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Assume now that Kirchhoff's Current Law (eq. 1) is established
“zr all the nodes_ﬁ_of a given component of a network. Considering
.1 currents as indeterminates (i.e. as arbitrary variables) we shali
zhow that exactly one of these equations is superfluous for each com-
zonent (and may thus be omitted from consideration). Thence Kirch-
soff's Current Law need only be established for all nodes of a net-
-ork except one in each component and we shall be sure that the cor-
responding equations for the omitted nodes hold implicitly.

Without loss of generality we may assume the nodes of the given
component to be the nodes 1, 2, ..., N. Let us denote the left mem—
Ser of eq. (1) by K . (Then Kirchhoff's Current Law for the node n

would be expressed K = O ) We shall then have:

2 K, Z 2 (%)l —;/Z #, n)) (2)
sce for all eleme%ﬁg_ﬁ_we ha%f

D (k,n) = 0; (3)
)?:.1.
because 1°) if the element k has both its terminals at the same
node then all the terms (k,n)=0, and 2°) if the element k has its
terminals at two distinct nodes n', n" (say) then all the terms

—

(k,n) are zero except (k,n') and (k,n"), one of which is +1 and
(and fence eq. .(2))
the other -1 whose sum is zero, and SO eq. (ja\holds for all k.
Consequently we have: K ,+K,+...+K, = O, so that if any (N-1)
terms in the first member are simultaneously zero then the remain-
ing term is also zero. (Physically this means that if no charge
can accumulate at the nodes of a component of a network with the
possible exception of one node then no charge can accumulate at
this node either.)
Next we must show that Kirchhoff's Current Law for more than

one node of a given component of a network cannot be deduced from

the corresponding equations for the other nodes of the component.
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To do this let us assume the contrary, t.e., let us assume that
of the given component
there are two nodes n' and n" (say&\such that the corresponding

Kirchhoff's Current Laws: Kn' = 0 and Kn" = 0 follow from the
others: Kn = O, for the other nodes of the given component. Then

since the nodes n' and n” are on the same component there is a

— —

sequence ,0of elements klkga.okM (say) of this component such that
consecutive elements of the sequence have a terminal in common and

such that the node n' is a terminal of the element k] and the node

—

n" i{s a terminal of the element kﬂ (in short, there is a path join-

—
———

ing the nodes n' and n"). Without loss of generality we may assume

all the elements of this sequence, k1k2oookﬂ, to be oriented agqlong

(Fig. 1)
the path through them in the same sense, from n' to n” sagv If we

now add a quantity AZ0 to all the Ik of the elemente of this se-

quence (i.e. for the k = kyy Koyeney ky only) then none of the K,

corresponding to nodes other than_gf and n" are altered, whereas Kn’

—

and Kn” become A -and -4, respectively, which are # O. Thus it can

not follow that Kn' =0 and Kn” =0 from Kn =0 for all n # n' and n".

FZ?.i,

(Prof. Hermann Weyl has given another proof of this result by show-
ing that a single linear relationship exists between the Kn corres-
ponding to the nodes of a giuven component of a network; ;;:-Reuista
Matemdtica Hispano-Americana, Tomo V, Madrid, 1923.)

On account of the result just establ.shed one usually says

that the number of independent nodes in each component of a given

network is one less than the number of nodes in that component, and

that the total number of independent nodes in the network is the

number of nodes, n, (say), minus the number of components, n, (say).

— ]
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By this we mean that the number of linearly independent Current Law
equations of the network is precisely n,-n, which we shall denote
systematically by né. But it must clearly be understood that not
any né Current Law equations are linearly independent. One must
include all the equations corresponding to all the nodes except
exactly one node in each component and not, e.g., leave out the
equattiors corresponding to two nodes from one component and include
those of all the nodes of another component.

In the following, when a network is given, we shall under-
stand that exactly (any) one node is to be omitted from each com-
ponent wher. Kirchhoff's Current Laws are established for the net-
work. If the network has n, elements; n, nodes and n. components,
let us number the elements consecutively from 1 to n, and, upon
omitting exactly one node in each component, let us number the
rest of the nodes consecutively from 1 to né: n,=n,e Ther. a com-

ylete set of independent Current Law eguations muy be written thus:
Ne

(k,n)Ik = 0, for n=1,2,oga,né(=nn_nc). (4)

(The n, nodeszgmitted in the enumeration, one in each component or
separate part of the given network, shall be dencted by Oa’ Witk
a=1,2,,.°,nc, and we shall call O_ the base node of the part a.)

Kirchhoff's Current Law (eq. 1) can be used to establish the
following important theorem.

The (algebraic) sum of all the currents leaving (or entering)
a given (not necessarily connected) portion or section of a net-
work is always zero.

Proof: A portion or section of a network is specified by
giving the set_i of its elements. All the terminals of elements

inz shall be called the nodes of the portion or section. All ele-

ments not belonging to S but with terminals on nodes of the section
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may be divided into three classes: K= the class of elements not be-
longing to S but with exactly one terminal on a node of the section,
K'= the class of elements not belonging to S but with two terminals
on the same node of the section, and K"= the class of elements not
belonging to;g but with two terminals on different nodes of_§}

The currents leaving (or entering) the giuven section do so
through elements of_E,_f', or,jfﬁ but since a current entering
through an element of K' or_f? also leaves through it, the total
current leaving (or entering) the given section shall reduce to the-
sum of all the currents leaving (or entering) through the elements
of K only, i.e., only through the elements with exactly one ter-

minal at a node of the section_ S, but which do not belong to S.

Now, by eq. (1), we have:

Zgz(k,n)Ik = O (taken over all elements k)
for every node n, and in particular for every node n' of the section.

Consequently, summing over all the nodes n' of the section, we

get: ZZ(k,n')Ik = ; (z (k,n')Ik\= 0. (5)
Now, if_f_is nb? cﬁnnected to a nodenof the section_i, i.e.,
if the element k does not have a terminal at a node of the section,
we shall have (k,n')=0 for every node-ﬁj of the section. Hence
these elements may be left out in eq. (5). Morecover, if k is (the
number of) an element of the class_fj then (k,n’)=0, because these
elements have both their terminals at the same node; therefore
these too may be left out in eq. (5). Furthermore, for all the
elements_ﬁ_of the section_g or of the class_ff the sum EZ:(k,n')
taken over all the nodes_z} of the section is zero; beca;;e for any
such element_f_all the terms (k,n') are zero except possibly for

exactly two of the nodes n' of the section, in which case for one

of them it is +1 and for the other it is -1 sc that the sum is zero.
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Therefore all the elements of the section S and of the class K" may
also be left out in eq. (5).

In this way eq. (5) reduces to the following equation:
!

% :L:(k,n’)Ik -0,

[}
where ‘%3 indicates a swmnation over all the elements of the class
K only. Ffurthermore, for each element k of the class K there is
exactly one node né of the section for which (k,né) # 0, so that

the above equation immmediately reduces to the following equation:

I
(k,né)Ik = 0. (6)

Now, (k,né)Ik is precisely the current leaving the node né of
the section_§ through the element_ﬁ:of the class_f_(see Prob. 2, on
p.43); hence the left member of the above equation (6) is the sum
off%he currents leaving the given sectionig, which is thus zero.
Changing signs in both members of eq. (6) yields the same result
For the sum ofﬁihe currents entering the section_ﬁ; and this com-
sletes the proof of the theorem.

On account of this result we see, as is often stated, that
slectric current in a network behaves like the flow of an incom-
cressible fluid. (In an incompressible fluid the amount of fluid
soing into a given region of space through its boundary is always
zqual to the amount going out.) All this can, of course, actually
Se traced back to the assumed divergenceless character of electric
current itn a network, as was stated at the beginning of this sec-
tion. In fact, from a physical standpoint, the above theorem is
Z rather immediate consequence of this. For if electric charge
s "incompressible" then it cannot accunmulate in any portion of a
~2twork and consequently as much charge going in must go out, which

~z2ans that the (algebraic) sum cf the currents leaving (or enter-

img) the portion must be zero always.
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50.

Several results of practical importance follow immediately

from the preceding theorem:

Corollary 1.

If two sections of a network are connected by

n conductors (see Fig. 2) then the (@lgebraic) sum of the n cur-

—_—

rents through the conductors,

the sections to the other,

I1+I

is always =zero:

2+.

'.+In = Oo

taken in the same sense from one of

(7)

This result can also be stated thus: The sum of the currents in any

of the (n-1) conductors is equal to the return current in the other.

SGE E EE aﬁn—

igection B
(not neces-

4 — A
2 i,
Section 4 )
(not neces- : P
n
n e

_sarily connected)

F,;, 2,

In particular, for n=1, we see that when two sections of a network

are connected by a single element,

Thus we infer that the current

the current through it is zero.

in every inessential element is zero.

For n=2, we see that when two sections of a network are connected

by exactly two conductors, the current in one sense through one of

the conductors is equal to the current in the opposite sense through

the other (see Fig. 3).

IZ+I2+I‘3 = O; and for the network shown in Fig. 5 we have:

IO =

Ia+ Ib + Ic°

Z,
T
-«

|

B A

FT?.B,

—> 4

—» Iy

=23

F/'g.4.

for the network shown in Fig. 4 we have:

L
4

A

/-7?, 5.

To conclude this section cn Kirchhoff's Current Law we may as

well add that when several elements are connected in series,

a graph as shown in Fig.
a unit (called a branch)
elements of the branch with a single symbol, as is Justified by
intermediate nodes of the

Kirchhoff's Current Law applied to the

I g »
.
.

branch.

A
. -— —

with

the whole series may be considered as

/??.6.

connected

If we denote all the currents through the

e graph of elements

n series,
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§4° KIRCHHOFF'S VOLTAGE LAW.

In a sense, Kirchhoff's Voltage Law (s form of the Principle

of Conservation of Energy: The total work done by the electric
field on a unit charge in taking it around any closed path, for
fixed time, is zero at each instant. Now the work done by the elec-
tric field on a unit charge in taking it through a two-terminal
slement, in a given direction, is the (algebraic) voltage drop
5etween its terminals in the given direction, and the total work
Zcne in taking it around any closed path, in a given direction,
through elements of a network is the (algebraic) sum of the volt-
zge drops in the traversed elements in the given direction. This
wust be Zzero according to the statement given above; and this Is
crecisely the statement of the Voltage Law.

As a matter of fact, however, the situation is somewhat ﬁore
complicated than it seems, principally due to the idealized charac-
ter gitven to the basic elements, especially the coils. In reality,
then, one actually postulates the Voltage Law of Kirchhoff.

In order to appreciate just how exact this is and at the same
time to see what limitations there may be in practical applications,
tne can go back to Maxwell's Electromagnetic Theory, and more spe-
tifically to Faraday's Induction Law (which states that the line
integral of the electric field intensity, i.e. the work done by the
t.ectric field on a unit charge, taken around a closed path for
Jixed time, is equal to the negative (by Lenz's Law) time rate of
tthange of the magnetic flux linking with the closed path in the
Zssociated positive direction). If the closed path is taken to be
-7y oriented mesh of a network, the line integral taken around the
~z3h can be expressed as the sum of the line integrals taken through

322 elements of the mesh, due to the additive property of the inte-
gral.
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The line integrals taken through voltage sources, current sources,
resistances, and condensers, give the voltage drops in these ele-
ments, while the line integral taken through a practical coil is
the voltage drop in the resistance of the coil which, due to the
idealization, is considered apart. On the other hand, the flux
linking with the mesh is the flux ¢b(say) through the face bounded
by it and is thus practically equal to the (algebraic) sum of the
Fflux linkages ’;{'(say) of all the coils in the mesh (all taken in
the positive direction associated to the direction arbitrarily as-
signed to the mesh). Therefore the time rate of change of qb is
practically equal to the sum of the derivatives of %{ . The lat-
ter (¢f. Ch. I, §3) are the voltage drops in the idealized coils
of the mesh, which together with the voltage drops previously ob-
tained from the line integrals must add (algebraically) up to zero;
as can readily be seen from Faraday's Induction Law: the line inte-
gral = - g?z, when it is expressed in the form: the line integral +
%%L = 0. This is the Voltage Law with the limitation that the time
derivative of the flux through the face bounded by the mesh must not
differ appreciably from the time derivative of the sum of the flux
linkages of the coils in the mesh. In any case, an appropriate idea:
cotl may be inserted in each mesh to take account of the difference,
and in this way we are again led back to the Voltage Law as sta?zésre
As a consequence of the validity of Kirchhoff's Voltage Law
for all closed paths of a network there shall be a definite volt-
age drop between any two given nodes when they are in the same com-
ponent, l.e. when they are mutually accessible. Because, then,

there is a sequence of connected elements (a path Pl) Jjoining them

and the appropriate sum of the voltage drops in these elements is

a voltage drop between the given nodes and, moreover, any other
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zath P2 joining'them together with the former path PJ form a closed
zath (see Fi2;P£% for which Kirchhoff's Voltage Law assures us that
:he voltage drop V' (say) along P, from the node n, to the node ns
zlus the voltage drop V" (say) along the path P, from n, to n, is
zero, so that V' =-V" which is the voltage drop along P2 from n;
10 N, Thus the two voltage drops are the same and, consequently,
chere is a untique voltage drop from the node n, to the node Nos the
zame for all paths (through elements of the network) joining them.
On account of this, one can always speak of the voltage drop
‘or the voltage rise) from each node to any one particular node
in the same component. In the following we shall usually take this
carticular node in a component to be the arbitrarily chosen base
-zde in that component (c¢f. $3, p.47), and we shall then speak of
ke potential U, (say) of the generic node_g_(with respect to the
zzse node chosen in the same component) to mean the voltage drdp
“rom the node_E_to the base node in the same component. We shall
then have, in particular, for the base (or reference) nodes Oa

':=1,2,.,.,nc) that an; O. Any voltage drop or rise, SXWKKNNNNX then,

PERONORONOX may also be considered as a difference of potentials,

:» potential difference,as is usually said.

Problem 1. Show that the voltage drop Vn’n" (say, to use what

12 known as the double-subscript notation for voltage drops) from

%2 node n' to the node n'" in the same component of a network s

zzual to the difference: U_, - Un"’ The voltage rise &

n » (say,

n'n

-3ing what i{s known as the double-subscript notation for voltage

“:ses) from n' to n" (i.e. the voltage drop Vomyr From n'" to n')

4 In particular, when n' and n" are the

nl= n'n". A A
rminals of the same element k (say), show that the voltage drop

in

then: U_,-U
n

Y]

.= k (in a reference direction arbitrarily assigned to it) is
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equal to the sum Z (K, n)U taken over all the nodes of the network

(and also that it is equal to the sum Zii (k, n)U taken over a giv-

en complete independent set of nodes 1,2,0,.,nn in the network).

' P2
@o(, N A

Let us now consider an oriented network with n, two-terminal

elements numbered consecutively from 1 to n,- Kirchhoff's Voltage
Sfor any oriented mesh m

Lae«can be conveniently expressed algebraically with the aid of the
incidence numbers [k,m] between the elements:ﬁ and the mesh_@ (cfo§2):
If Vk denotes the voltage drop in the element Kk in the reference
direction assigned to it then clearly [k,m]-Vk is the voltage drop
in this element_ﬁ_in the reference direction assigned arbitrarily
to the mesh m, when_ﬁ is an element of the mesh _m, and is zero when
k is not an element of the mesh m. Therefore the sum.ézl [k,m] Ve
taken over all elements _k of the network is the (algebrazc) sum
of the voltage drops taken around the mesh_E-in its assigned refer-

ence direction. The Voltage Law for the generic mesh m may there-

Jjore be expressed as follows:
n
e
2 k,nlv, = o. (1)
k=1

Assume now that these equations (1) are established for all

possible meshes Mys Moy oo of the network. Any set {ma} of meshes

shall be called a linearly independent set of meshes if and only if

the corresponding linear combinations:

e
=Z\[k)m-aj Vk’ (2)
#=1

(considering the Vk as indeterminates or arbitrary variables) are
linearly independent. If these linear forms are .inczrly deperd-

S om = =

ant then the corresgonding meshes cre co.leld limzIZr . Z:zI:zimIzms
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.imchhoff's Voltage Law for the mesh m, may be expressed: fa= 0, and
_:z shall take a statement about the linear independence of a set of
sc;uations of the form fa= O to be equivalent to a corresponding
zzatement about the linear independence of the corresponding forms
f: (and therefore also of the corresponding meshes). We shall pres-
:~tly show that in each component, or separate part, of the network
-=ore shall only be a need of establishing Kirchhoff's Voltage Law
“sr a certain number of independent meshes equal to the number of

z.ements minus the number of independent nodes in that component,

:n the sense that these meshes form a complete independent set of

=eshes for that component, meaning that if Kirchhoff's Voltage Law
.2 satisfied for the meshes of this complete independent set then
“irchhoff's Voltage Law for every (nct necessarily simple) closed
z2th through elements of that component is also'satisfied.
Concerning the important concept of linear dependency we wish
:mly to mention the following results. (The reader may further
:tnsult standard texts, e.g., M. Bbocher, Higher Algebra (Macmillan)
Tn. III & IV; G. Birkhoff & S. MacLane, Modern Algebra (¥acmillan)

Tn. VII,§4-6; P. Halmgs, Vector Spaces (Princeton)$§4-6; or the

charming book by van der Waerden, Moderne Algebra (Springer, Berlin)
ed I'fd mb//'sg/'nj C’G- 3 How Ya vk

3, of which there is now an English translationAbyEUngaﬁ“

lso the append;x to chapber VI, pp. 185190, for a practical procedure of analysing linoar dependence.)

9. A linear form f (or a linear combination, i.e., a homogeneous

2 teby
\ N

¥

2iynomial of the first degree) in the variables Vk is satd to be
(finite) set of
--nearly dependent on the,linear forms fa (a=1,2,...,n) of the Vk

n
.7 and only if there are numbers A, such that f =) A_f,; or what
ax=l
.3 the same thing, if and only if there is a linear relation of
1n2 form: Af+A 1 f +ASf s+ o+ [ = O, with A # 0. Accordingly, the
ull” form f=0 is linearly dependent on every set of forms; and we
(for the saka of completeness)

21l also sayAthat it is linearly dependent on the empty set (contain-

-~g no forms). It can then be shown that if f is linearly dependent on
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the forms fl’ fé, ceo fn but not on fl’ f2, ces fn—l then fn s
linearly dependent on f, fl’ fé, e fn_l; and also that if_{ is
linearly dependent on the set of forms, ffag, then it is also lin-
early dependent on any set of forms including the set {f&}.

2°. The linear forms fq (a=1,2,...,n) are said to be linearly

independent if and only if no one of the fa is linearly dependent

on the others. It is then easy to show that if the forms fa are
- ”
linearly independent then (and only then) EZ:A fq = O implies that
all the 4 =O. In particular, a(set with @ single form f#0 is lin-
(or the sake of completeness)
early independent; and the empty set (with no forms) is always con-
sidered to be a linearly independent set. Also, if f]""’fn—l are
linearly independent but not fl,nno,fn then fn is linearly dependent
on the forms fJ"'"’fn—l°
39. It can be shown that every finite set (with a finite num-
ber) of forms fq OF the (arbitrary) variables Vy (k=1,2, ,ne) al-
(bul ot necessarily & /""0/79")
ways has a linearly independent,subset of forms on which all the
forms fa are linearly dependent. Such a linearly independent (max-
ima') subset is called a basis for (or of) the given set of forms.

49.  Two finite sets of linear forms zfa} and {gbf (not neces-

sarily linearly independent) are called equivalent sets if and only

1f each form f is linearly dependent on the forms 95 and, conversel:
each form 9 is linearly dependent on teiﬂigrms f It can then be
shown that two finite equivalent sets of independent linear forms
must each have the same number of elements (forms); also, all bases
of a given finite set of linear forms must have the same number of
elements (i.e. the number of elements in a basis is invariant under
a change of basis).

Problem 2. {Consider an arbitrary oriented network with n,

elements. Consider the totality of Kirchhoff's Voltage Law equa-
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n,

tions: fm= EgnﬂVk = O for all the meshes of the network. Show
that it is d?ways possible to choose a basis for the totality of
linear forms fm such that any particular essential Vk (i.e. a Vk
corresponding to an essential element) appears (with a non-zero
coefficient) in exactly one of the linear forms of the basis.
Show also that the linear forms corresponding to a complete in-
dependent set of meshes form a basis for the forms fm, and viceversa.
We shall now show by mathematical induction on the number n,
of elements in a component (i.e. a detached connected part) of a
network that the number of meshes n., in a complete independent sef
of meshes.is equal to the number of elements plus one minus the
number n, of nodes in the component, that is:
n,=n,+1-n =n, - (nn—l) =n, - né, (3)
where né:nn—l is the number of independent'nodes in the component.
(By the results mentioned above (the 4°) it is clear that all
complete independent sets of meshes of a given component (and also)

of a network have the same number of meshes, and so there is a de-

finite number that can be called the number of independent meshes

of the component (and also) of the network.)

The proof of the theorem mentioned before is as follows.

1°). If the component has a single element, i{t must either
have its two terminals loose (as in Fig. 2a) or connected together
(as in Fig. 2b). In the first case there is no mesh in the compo-
nent and Kirchhoff's Voltage Law for any closed path through the

element of the component is trivially satisfied. In the second
(essentially)

case there i%Aa single mesh for which Kirchhoff's Voltage Law is

V(=the voltage drop in the element) =0, and so Kirchhoff's Voltage
(per)ﬁz'bs gol'n; areund several f:'mes)
Law for any closed pat@Athrough the element is also trivially valid.
—v _ <OV
=) Fiq. 2. &)
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2°). Now assume the relation (3) to hold for any component C

with n e2lements and let a new element be added by connecting it to
- with (n+l1) elements

C to form the new component QA: This may be done in only three ways:
(1°) by connecting only one of the terminals of the new element to
one of the nodes of_C and leaving its other terminal loose (Fig. 3a),

(2°) by connecting the two terminals of the new element together to

(Fig. 3b)
one of the nodes oflgk and (3°) by connecting the two terminals of

the new element to two distinct nodes of C (Fig. 3c).

In the first case (1°) the new element is an inessential ele-
ment and no new mesh (and essentially no new closed path) is intro-
duced into the component C' so that n, {5 unchanged; but the number
of nodes has increased by one and this cancels the unit increment
of the number of elements in eqg. (3) which then remains val’d.

In the second case (2°) exactly one new mesh is introduced into

(which is clearly independent of the meshes in C and)
lthe componeneAfor which Kirchhoff's Voltage Law is V(=the voltage
drop in the new element)=0, while the number of nodes is unchanged.
Koreover, Kirchhoff’s Voltage Law for any closed path in C' can be

(by deleting the new element from the path and)
reduced to Kirchhoff's Voltage Law for a closed path in C,br placing

V=0; hence Kirchhoff's Voltage Law for any closed path i;«b' can be
obtained from V=0 and Kirchhoff's Voltage Laus for any complete in-
dependent set of meshes for C. This shows that n, has increased by
exactly one which balances the increment of n, in eq. (3), the
equation therefore remains valid in this case also.

In the third case (3°) the number of nodes remains unchanged
also and we propose tc show that the number of independent meshes

exactly

increases byﬂpne which shall then balance the increment in the num-

ber of elements and so eq. (3) shall remain valid tn this case too.

aY -
P, n'l W
Cf AF:2/ e #t:> Fﬁg.3.

(b) )
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To do this assume the new element to be connected to the distinct
nodes n' and n" of C (Fig. 3c). Then since C is a connected part
the nodes n' and n" shall be mutually accessible and so there shall
be a path through elements of C‘{oining them, and hence there shall

also (see Problem 4 in §3, p.
be a minimal (simple) path P joining them which together with the

Agew element shall form a new mesh jor which Kirchhoff's Voltage Law
ils VP + ¥V = 0, where VP is the voltage dropc{ggzdn" to n' along P.
Now consider any closed path in C'. If thi%«path is wholly in C,
the corresponding Kirchhofy's Voltage Law is already deducible from
Kirchheff's Voltage Laus for a complgtg Independent set of meshes in
Cy, and if th;igggz contains the new element (so that the path is not
wholly in C) the corresponding Voltage Law may be deduced from that
of a closed path in C (obtainable by substituting the path P for the
new element in the given closed path) by putting Vp = =V, .Hence the
Yoltage Law for any closed path in C' followé;EZe Voltage Laws for
a complete independent sei of meshes in C together with the Voltage
Law for the new mesh containing the new element, namely: V+VP =0,
while the latter is clearly independent from the meshes of C.

This shows that the number of independent meshes in C' {5 exactly
one more than the number of independent meshes in C. he incre-~
ments of n. and n, thus balance out in eq. (3) which, therefore,
remains valid in this case also and hence is valid in all cases.

If a network has n, components, which may be numbered con-
secutively from 1 to n_, we have, bu eg- (3), for the component
a(=1,2,...,nc), that:

noatthaea = 1, (a=1,2,...,nc) (4)

n,, are the number of independent meshes, nodes,
e

where n n

ma’ na’
and elements, respectively, in the component a. Adding corres-

ponding ‘ferms in the egs. (%) for all the n, components we get
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for the total number of independent meshes nos the total number of

nodes ns and the total number of elements N, in the network, the

following equations:

(5)

-n = =n - -n J=n ~n' or n _+n'=n
Nty e = or n=Ne (nn c) e n mtn

where né = n,-n, is the total number of independent nodes in the

e

network (= the total number of nodes less one node in each compo-
nent of the network).

Problem 3. Considering that the removal of an essential ele-
ment in a network decreases the number of independent meshes by ex-
actly 1, show that the following function: F = L O Rt N remains
constant with the removal of essential elements. After the removal
of exactly n, essential elements, then, the network shall be reduced

each component of
to a network without meshes (the graph o;\which is called a tree).
In a tree it is easily shown that the number of nodes is eqgual to
for a tree

the number of elements plus 1, so thaakthe number of independent
nodes (s equal to the number of elements (and so also for several
trees). From this infer that F=0 and hence egs. (5). (Cf. Prob. 4.)

Problem 4. For a collection of trees (i.e. a graph without

meshes) show that the following function: F'= n ~n,-n remains

n e

constant with the removal of the elements. By computing this con-
stant when no element (or only one element with its terminals
loose) is left, show that F'=0; thence infer that in the collec-
tion of trees the number of independent nodes and the number of
elements are equal, i.e. that: no=n.,=n.

The proof given above of egs. (3 & 4) for the detached parts
(components) of a network (and of eq. (5) for the whole network)
ls constructive in the sense that it supplies effective means of

constructing complete independent sets of meshes (for components

of, and for, networks). The procedure is this: Choose an essen-
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tial element and select a mesh containing it (in practice it is
advisable to select as simple a mesh as possible). The chosen cle-

imagine we
ment will be called the key element of this mesh. ThenAremoue the

key element chosen from the network. ﬁﬁﬁxx&ﬁﬁﬂyxi In the reduced

demolishing of removing essential elements.
network repeat thls“ogeration1 After nm=ne—né steps we shall ob-

tain a complete independent set of meshes of the original network,

and what is left is naturally a network without meshes (whose graph
demolition

is a collection of trees). Thgﬂgrocedure followed may be conven-

iently specified by the sequence of key elements chosen in the pro-

cess, In the sense that this sequence of elements taken as key ele~

ments in succession shall defined (but not uniquely perhaps) a com-

plete independent set of meshes (for each component of, and for, the
n'.gﬁif. .
network).

Once a complete independent set of meshes ls chosen in a gliven
with n_ general elements and n' independent nodes)
ortented networéx they can be (arbitrarily) oriented and nurkrzred

consecutively from 1 to nm=ne—n’ Kirchhoff's Voltage Law (eg. 1)

n.
may then be established for each of these meshes as follows:
ne

{k?m]Vk = 0, (m=1,2,°.°,nm) (6)
and, according Eo our previous results, all of them are necessary
and sufficient to ensure that Kirchhoff's Voltage Law shall be
satisfied for each closed path through elements of the network.

To conclude this section on Kir~rhhoff's Voltage Law we add
that when several elements are connected in parallel, with a graph

as shown in Fig. 4, the whole combination may be considered as a

unit (called a parallel branch) if all the voltage drops in the

________ I elements of the combination are denoted by
:iff:, E \S><: a single symbol, as is justified by Kirchhoff's
;3?‘4, THe ’%aﬁ of Voltage Law applied to the intermediate meshes

elements comnecte d of the combination.
i paralle/.



CHAPTER III: THE SYSTEN OF EQUATIONS OF AN ARSITRARY NETWORK.

With the preparation of the preceding chapters we are now in a
position to establish the complete system of equations necessary and
sufficient to analyse any given (stationary) network. Once the sys-
tem of equations is established the engineering problem is reduced
to a mathematical problem to which the whole machinery of mathematics
can be applied in order to study the performance of the network in
regard to all the currents and voltages in its elements (with the
help of which all such things as energies, powers, temperatures, and
the like, may be studied). Since any network may be considered as
a network of elements of the general series or parallel types it will
be convenient to develop both aspects Then in any specific case the
basic elements of a given network may be grouped into elements of the
general sertes type, or into elements of the general parallel typge,

in order to study the network in the more convenient way.

$1. THE EQUATIONS OF A (STATIONARY) NETWORK OF GENERAL SERIES
ELEMENTS.

Consider an arbitrary (stationary) network of n, general series
elements of the Kind shown in Fig. 1. Let us arbitrarily assign a
reference direction to each element and assume them to be arbitrar-
ily numbered consecutively from 1 to n,- Assume that the network
has n_ components (separate parts) which may be numbered consecu-
tively from 1 to n, in any way whatsoever. If the network has a
total of n, nodes we can obtain a complete independent set of nodes
by omitting exactly one node in each component; the rest may then

be numbered consecutively from 1 to né:nn-nc, in any way. Next let

‘ Py = g =Py, = Ne—Vin+ e
us choose a complete independent set oi\meshes in the network,

it ec demolition process, as
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explained in Ch. II, §4 (beginning at the bottom of p. 60), and let
us arbitrarily assign reference directions (orientations) to (around)
the meshes whiéh we shall assume to be numbered consecutive.y from

1 ton, in any way whatsoever. Then all the incidence numbers, (k,n)
(for k=1,2,...,n, and n=1,2,...,né) between the elements k and the
nodes n, and [k,@] (for k=1,2,...,n, and m=1,2,...,nm) between the
elements k and the meshes‘zb can be obtained from the network, by
inspection, for the complete independent sets of nodes and meshes.

Now let Vk denote the voltage drop and I, the current in the

k
element_5f=1,2,...,ne) in the reference direction assigned to [t.

> \\“}/1%5/:
; — e Fig. 1.
. ‘zzi ‘E!Q. %% L% Uty 7

If Ek denotes the voltage rise in the voltayge source and Dk denotes
the voltage rise in the current source in the element k (in the as-

signed reference direction) we shall have (see Ch. II, §1, eq. 1):

|/ = - - — > 7
/k = VRk+ VSk+ VLk Ek Dk’ (k_1,2,...,ue) (1)
where VRR VSA VLA denote the voltage drops in the resistor, conden-

ser, and cotl, respectively, in the element k. Denoting the resis-
tance in the element k by Rk’ the elastance by S,, and the induc-
- (coil in the)
tance by L k (or Lk), and the mutual inductance of thgxelement_ﬁ
(the coi% in)

witeAfhe typical element 1 by L,,, we shall have (by Ch. I,¢$61-3):

Vg
V. <RI V. = S |I at v, =Y L., e (k=12 n) (2
R, = Bulys 5.= Sp[Txdts L =7 Lre 2 =1,2,.00,n,) (2,
k K 4= T

Hence, substituting in eq. (1), we get the following voltage equa-

tions for the voltage drops in the elements of the network:

e Az
E : 2
Vi= Ruly + Sk.fIkdt + 4 Lyg el Ey = Dy. (3)
£=1 (k=1,2,...,n)

e
Besides these equations we have the equations expressing

Kirchhoff's Current Law for the complete independent set of nodes

(see Ch. II, §3, eq. &, on p. 47): SRy
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Ne
D (k,n)I, = 0; (n=1,2,...,n) (4)
k=i k n

and the equations expressing Kirchhoff's Voltage Law for the com-

plete independent set of meshes (see Ch. II, §4, eq. 6, p. 61):
e
;[k,mjl’k = 0. (m=1,2,...,n_) (5)
=/

In all, the equations (3, 4 & 5) form a system of n tnl+n
equations; but by eq. (5) of Ch. II, §4, p. 60, we have that n)en =
n,s hence the system has 2ne equations. Moreover, the system also
has 2ne unknowns; because, if the generic element Kk has a current
source then the corresponding voltage rise Dk in it and the voltage
drop Vk_between the terminals of the element are unknown (while the
current Ik in it, being the value of a current source, is assumed to
be known); and if the generic element k does not have a current
source then the corresponding Dk is absent (or if one prefers, Dk=O
and is thus known), but then the current Ik and the voltage drop Vk
in the element A are unknown; that is, in euch element there are

tw%gunkggiﬁ“gﬂg so/}n Lﬁf %hole g%twork (with n_ elements) thegf are
s 0gS. X ‘near relations en the np curren we 2 S /1 Lwork
énrn.?-g-"h; since aﬁ:"nw'sl: Somg of the current ~'=4"H'<‘,g would be S,llﬁﬂrmyuzfs:p ;mﬁfu';ﬁﬂ " "“(W)O/“Mt spurces 10 e

2ne unknownsnA Constidering the parameters of the network as indeter-
minates, then, the sysfem of equations (3, 4 & 5) form a complete &
independent system of 2ne equations with 2ne unknowns of the arbi-

(stationary)
trar%«network with n, general series elements. This system may then

be considered as the general equations of any (stationary) network.

Note. When several voltage sources of a network are connected
in parallel (so that their voltages must be equal in order to have
consistency and the combination of which is also a voltage source)
we shall always assume that they are replaced by a single (equiva-
lent) voltage source of the same value. Also, when all the ele-
ments inciding on a certain node of a given network have current

sources, we shall always assume them to have values consistent with
Kirchhoff's Current Law for that node. W#e shall ciso assume that
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~yrrent sources of the same values in series are always replaced by

(equivalent)
-z single,current source o0f the same value, and that current sources

A\
:n parallel are replaced by a single (eguivalent) current source of
-~ value equal to the (algebraic) sum of their values. Similarly, we
zhall also assume voltage sources in series to be replaced by a sin-
sle (equivalent) voltage source of a value equal to the (algebraic)
sum of their values. When an element consists only of a voltage
source E, the voltage drop V in this element is -£F and we say that
- - sand similarly wlen V=0

the voltage drop V is an immediately soluble unknowe{ and (f all
the elements of a certain mesh of a network consist only of voltage
sources we shall always assume their values to be such as to satis-
“y Kirchhofy's Voltage Law for that mesh, in order to be consistent.

We will now work out an example to show how the complete sys-
iem of equations of a rather complicated network can be established
~ithout difficulties, if we follcw the indications given above.

Example. Clonsider the network shown in Fig. 2. First of all,

3

-
4
A

T

% o mponent 3) 02 (crm/mm‘nt’ 2)

F/ﬁ. 2.

O' (cém,aantnz‘ 1)

che basic elements are grouped into elements of the general serles
type. Of course, this may be done in many ways, and, in general,

the number of elements of the general series type that result shall
depend on the way the groupina is done. In Fig. 2, the basic ele-

ments were grouped into twelve such elements, demarked in the fig-
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ure by heavy dots which are then taken as the nodes of the network;
the elements were then arbitrarily oriented and numbered consecu-
tively from 1 to 12 as shown. In the whole network there are six
nodes and three components so that there are only 6-3=3 independent
nodes. One base node was chosen in each component and these were
marked Ol, 02, 03 in the figure; the rest of the nodes, which form

a complete independent set of nodes in the network, were numbered

1, 2, 3, as shown. The number of independent meshes in the network
iz given by: nm=ne—né=12-3=9. To choose nine independent meshes we
first choose the key element 1, and as the first mesh the mesh form-
ed by the element 1 alone, which we take as oriented in the sense oOf
the element 1; next we choose the element 2 as key element, and as
the second mesh the mesh formed by the element 2 alone, oriented in
the sense of the element 2. In the third component we now take the
element 3 as the key element for another mesh which we choose as the
mesh 3,7, oriented in the sense of the key element 3 (the minus sign
over the / indicating thut the megsh traverses the element 7 'n a
sense opposite to that of its reference direction). Imagining all
the key elements chosen up to now removed, we choose the element 4
as a key element for another mesh which we take as the mesh 4,8, ori-
ented in the sense of the key element 4. Next we choose the mesh
5,9, with the key element 5; then the mesh 6,10, with the key ele-
ment 6; then the mesh 7,10,11, with the key element 7. Next, with
all the key elements chosen up to now imagined removed (and there-
fore only with the elements 8,9,10,11,12 left) we choose the ele-
ment 9 as a key element for another mesh which we take as the mesh
9,8,11, oriented in the sense defined by this sequence (which in
this case coincides with the sense of the key element 9). Finally,

after further removing the element 9, the network remains with a
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single mesh which we take as the mesh 10,12,8, oriented in the sense
Zefined by this sequence (which in this case is in the opposite sense
zs would be defined by the sense of the element 10 taken as the key

zlement of the mesh; a fact, furthermore indicated by the minus sign

:ver the 10 in the sequence defining the mesh). We can be sure that

the nine meshes chosen in this way, namely,

mesh 1: 1; mesh 4: 4,8; mesh 7: 7,10,11;
mesh 2: 2; mesh 5: 5,9; mesh 8: 9,8,11;
mesh 3: 3,7; mesh 6: 6,10; mesh 9: Ié 12,8

“orm a complete & independent set of meshes in the network of Fig. 2.

The voltage equations expressing the vnltage drops in the ele-
/n general
—ents of the network, give@aby eq. (3). are the following, in this

specific network (the only non-zero mutual inductances being indi-

cated by arcs between the corresponding coils):

\/,:P,I,+S,fI,5/t +/_§/£' ,33_:-!_,5

Vo =RyI, 5, §I24t+ L2#+/’1’4j£4 +/—23;—'

I L

oA
41: AZLs 41,
= +S fl‘df+ 4d{_+l-4g,g—+44x;:g"

Vv, =7,
l/5:7\?5I5+$;j'1:;¥f+ [;jf +Lsq ,7" - D5,
7

pay
=XiI‘+\S‘éf‘lédf+Z'éd ‘+L€/07_/_0_ 6

al dI
4 L. d1
\{?T—Fgl}-/\gfl}&/f'/‘[- 2—;+L; ;—4+[_82d-?2

= R L+ S St L5 1 Ly s %,
= Ryl +S, STttt Ly v 1, =
=R, I,+35, 1,4,
Vo= BoaLia+ S S Ladt,

where the Lkl are the (self and mutual) {nductances referred to the

X ;(

reference directions shown in the figure .
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Kirchhoff's Current Law equations are tne following:

node 1: }+I6 I7 +I12=O,
node 2: 3 5+I7+I9 Ill = 0,
node 3: 4—I5+I I9 112 = 0.

Kirchhoff's Voltage Law equations are the following:

mesh 1: V, = 0, mesh 4: V,-Vg = 0, mesh 7: VoV 4+V,4=C,
mesh 2: V2 = 0, mesh 5: 5— 9 = o, mesh 8: V9+V8+V11=O,
mesh 3: V}-V7 = 0, mesh 6: V6 Vln— 0, mesh 9: V10+V12+V8-O=

The above equations, namely, the 12 voltage equations express-
ing the voltage drops in the 12 elements of the n2twork, the 3 equa-
tions expressing Kirchhoff's Current Law for the set of independent
nodes, and the 9 equations expressing Kirchhoff's Voltage Law for
the set of independent meshes, constitute a complete & indevendent

set of 24 equations with 24 unknowns (the 12 voltage drops Vl""’VJE'

the voltage rises D, and DS’ and all the currents Il"“"I12 except

5
15 and I6 which are the values of current sources and therefore knowr.

To say a few words about the signs of the mutual inductances
the mutual inductances and
in this example, let us suppose that the colls have,the polarity

N\
marks' shown in the figure (2, p. 65). Then, according to the rule

of signs for the mutual inductances,given in Ch. I, §9, p. 28, we

have: L,.==2h, L,,=+2.5h, L.o=-3.6h, L

37 59 6,10 2
2g=*7.5h (for which the polarity marks are the x ).

=+4o7h’ L 4=+6'5h)

12

L, o=—15h, and L

48
Had the reference direction assigned to the element 4 (for example)

been directed from the node 03 towards the node 3, instead of as

shown in the figure, then L would be -6.5h and L would be +15h;

4o 48
and the voltage equation for the voltage drop V, (say) in the new

reference direction would be (where IA is the current in the new

reference directior and L), & L'sare the new mutual inductances):

&I, -,«-5' 5! dt+L4¢!+L423’£’- +_/_4_€ji'd’)
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: ' r__ [ | ’
but since V4- V4, I4 I4, L42 L42, and L48 L#B while all the other
quantities in this equation are the same as in the voltage equation
for.V4, we infer that there has only been a change of sign in both

members of the equation (which, therefore, remains essentially the

same). On the other hand, the terms L24dI4/dt and L84dI4/dt in the

!

voltage equations for V2 and V8’ respectively, become L24dI4/dt and
L84dI4/dt which are equal to the former; consequently the voltage

equations for V2 and V8 remain unchanged. Thus all the voltage
2zuations remain unchanged when the reference direction of the ele-
ment 4 Ls changed (and the same can easily be shown for Kirchhoff's
Zurrent and Voltage Law equations); and this may be done with ant
zlement of the network. The same reasoning given here can obviously
Ze used for any hetwork, so that the network equations do not depend
on the reference directions assigned to the elements. This 15 the
reason why the reference directions can be assigned arbitrarily.
Concerning the graph of the network of this example we would
like to say a few words too. The graph in the strict sense of the
vord is shown in Fig. 3a; the graph, considered as a collecticn of

line segments with the proper identification of the terminals, is

shown in Fig. 3b. The graph can also be exhibited in a more formal

0, O’_i 03 3 03 1 03 3 03 2 3
P4 eb 19
o 0,2 3 2 12 3 5 1 0 1.

,:l% 3a. Fig.3b.
vay by giving the incidence numbers of the elements with the nodes.
"hese may be suitably arranged in the form of a table, or n,.n, ma-

trix: =1 2 3 4 5 6 7 8 9 10 11 12 (elements)
o) 00 0 0 0 0 0 0 0 0 o0
_ o, 00 0 0 00000 0 0 O
h= 0 0 0-1 0 0 0-1 0 -1 1 O
(rodes) 1 0o 0-1 0 0 1-1 00 1 0 1
0o 010 1 01 01 0 -1 0
3 0 0 0 1-1-10 1-1 0 0 -1
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Returning to the general equations (3, 4 & 5) of an arbitrary
network we would like to mention that the number of unknowns may be
readily reduced to half by eliminating the n, voltage drops Vk upon
substituting their values as given by eq. (3) into the equations (5)
expressing Kirchhoff's Voltage Laws for a complete & independent set
of meshes of the network. Another reduction in the number of un-
knowns may further be obtained by solving eq. (%), expressing Kirch-
hoff's Current Laws for a complete & independent set of nodes of the
network, for né unknown ~urrents and then eliminating them by sub-
stitution in the previously obtained equations. In this way the
number of unknowns is immediately reduced to nn (the number of in-
dependent meshes of the network). g&here is another way of accom-

plishing this result known as the mesh method which consists in mak-

ing the following substitution (or change of variables):

P
I, :Z[k,m]Jm, (k=1,2,...,n,) (6)

. m=/
in terms of new variables Jm (m=1,2,.,,,nm), one for each mesh of a

complete & independent set, known as circulating (or mesh) currents,

first introduced by the great James Clerk Maxwell. The eqgs (4) ex-
pressing Kirchhoff's Current Law for the nodes of the network are
then automatically satisfied on account of the theorem expressed by
eq. (1) of Ch. II, 62 (p. 41), and thus drop out of the picture; but
we shall not go in to this method any further at this point because
it will be the object of another chapter.

Problem 1. Carry out the elimination process mentioned above,
in the case of the example given previously (concerning Fig. 2).

Problem 2. An electric machine may be considered as a network
of_ﬁ.elements of the kind shown in the Fig. 4, some cof which move
as a riglid body around an axis which is fixed with respect toc the

X L4
rest. rji<::ﬁ£Jwﬁ—me::i FTg.‘F,
—-V—-*’é\\‘LQM

%
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#ith the notation of Prob. 3, Ch. I, §}5\show that the general equa-

tions of an electric machine are the following:

N
Vﬁ'—' @J&-*?Lﬂ" +w__z§ _r_ﬁ_é:‘ @:/,2 . /N)

a’w
Z,‘(én)@ o, (r=/,2, ,)7,,) [ém] =0, bn=1,2,", ,,,)
and
where T is the torque on the rotor/\lgis the moment of inertia of

the rotor about the axis of rotation. In this system of 2N+1 equa-
tions with 2N+1 unknowns (the N voltages Vk’ the N currents Ik’ and
the angle of rotation,ii) the inductances Lkl and the itncidence num-

bers (k,n) and [k,m] vary, in general, with the angle 5.

§2. THE EQUATIONS OF A (STATIONARY) NETWORK OF PARALLEL ELEMENTS.

Consider an arbitrary (stationary) network of n, general par-
allel elements of the kind shown in Fig. 1. Let us arbitrarily as-
sign a reference direction to each element and number them consecu-
ttvely from 1 to n, in any way whatsoever. Assume that the network
has n, nodes and n, components (separate parts); then omitting ex-
actly one node in each component (which may be marked Ol, 02,..., On )
iet us number the rest consecutively from 1 to n'=nn—nc, arbitrarily.

n
Next, let us choose any complete & independent set of n_=n_-n' meshes

m ‘e 'n
in the network (as explained in Ch. II, &4), assign an arbitrary ref-
erence direction to (around) each, and number them consecutively from
1 to n s in any way whatever. All the incidence numbers (k,n) (for
k=1,2,...,n, and n=1,2,..°,né) between the elements k and the nodes

n, and [k,m] (for k=.7.,2,..°,ne and m=1,2,°..,nm) between the ele-

ments k and the mesheb _m, can then be obtuined by inspection from

‘ I'* Ik ‘I,_I, the network for all the nodes
Cp £kl
-—:: -\\\\ and meshes of the complete and
\\;' independent sets of nodes and

Ib’ ng IZ[ meshes chosen, respectively.

'll
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Now let Gk denote the conductance, Ck the capacitance, andZ"Jg
the (self) invertance (inverse inductance, in the presence of all
the other coils) in the element k; and letlz denote the mutual in- ‘
vertance (mutual inverse inductance) of the (coil in the) element k
with the (coil in the) generic element 1 (in the presence of all
the other coils). Also, let Vk denote the voltage drop and Ik the
total (terminal) current through the element;§(=1,2,,g.,ne) in the
reference direction assigned to (t; let Icsk denote the value of (i.e.
the prescribed current in) the current source, and let Iusk denote
the current in the voltage source (whose value, i.e., its prescribed
voltage rise will be denoted by EKL in the assigned reference di-

rection. Then we shall have (cf. Ch. II, §1, eq. 2):

I, = Ivsk+ Icskf IGk+ Ick+ QTR, (k=1,2,...,ne) (1)

where IG , IC , and Ipn , denote the currents in the resistor, con-
Kk k k
denser, and coil, respectively. Now, by Ch I §§1 -3, we have:

d 5 )
Igq= GV, ‘Ick= =7 (CV ), Zfl“ ydt. (k=1,2,...,n,)(2

Gy

Hence, substituting in eq. (1), we get the following current egua-

tions for the total (terminal) currents through the elements:

I, =GV, + -O%(ckvk) +Zf]20\;a/t + Icsk+ I (k=1,2,...,n,)(3)

vs,’?
k

or, if all the C, and all the ]ﬂ are constant:

134
I = GV, + C v, Z['-r\//t Tys, (k=1,2,...,n) (&)

Besides these equations we have the equations expressing Kirch-

k

hoff's Current Law for the complete independent set of nodes (see
Ch. II, §3, eq. 4, on p. 47): p,

%;:(%rv 8=0; (n=1,2, jry) (5)
and the equations expressing Ktrchhoff s Voltage Law for the com-
plete independent set of meshes (see Ch. II,§15 eg. 6, on p. 61):

i(&,mj\é=o , (m=42, <, p) (¢)
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The equations (3, 5, 6) form a system of ne+né+nm = 2n, equa-

tions with 2ne unknowns; if the generic element K has a voltage

source then the corresponding current through it, IUS , and the to-
k
tal (terminal) current through the element, Ik’ are unknown (while

the voltage drop V, in the element k is equal to the negative value
of the voltage source, -Ek, and i{s therefore assumed to be known),
and Uf the generic element Kk does not have a voltage source then
the corresponding Ivs is absent (or if one prefers, IUS =0 and s

K k

thus known) but then the voltage drop Vk and the total (terminal)

current Ik through the element k are unknown; thus, in any case,

there are two unknowns per element so that in all the n_ elements
[Since €9s.b)extablish fy Unear relztions betwien the ne veltages Vi, we muy assume the numbcr ny(say) of voltage «©ssources in the netword,
(=numbar of kspwyn Ne=Nia=Vy , since olherwise ssme of ge veltage sources wo?:dz_ }e sz;;lerf/um, or incensistent.]

. e

of the network there are 2ne unknowns. 4 element consists

only of a current source then Ik=Ics and we say that Ik is an im-
And similarly when Z,=0, k

mediately soluble unknownﬂ) Considering the parameters of the net-

work as indeterminates, them, the system of equations (3, 5 & 6)

Jorm a complete & independent system of 2ne equations with 2ne un-

knowns of the arbitrary (stationary) network with n, general par-

allei elements. This system can then be considered as the general

equations of any (stationary) network also.
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Example. Consider the network shown in Fig. 2a, the graph of
which is shown in (b), in the usual sense, and in (cj, as a collec-
tion of segments with the proper identification of the terminals,
after the basic elements were grouped into eight elements of the
general parallel type as demarked in the figure by heavy dots (the
nodes of the network). There are nine nodes and three components
(separate parts), so that there are 9-3=6 independent nodes, and
8-6=2 independent meshes. The set of independent nodes chosen has
the nodes marked 1,2,3,4,5,6; the omitted nodes (i.e. the base nodes)
are the ones marked 01,02,030 The only meshes of the network are:
the mesh 12345 and the mesh 78, as can be appreciated better from
the graph shown in (b), of Fig. 2.

The eight current equations expressing the total (terminal)

currents in the elements of the network, Ik (k=1,2,...,8), are:
d .
Losw G+ 70 (CV)+ [T dt + (1) dt + [T 1L J2,
Vet Lyt + [0,V dt + 1 de,

5 5

7=

Z=6

L= GVt £ )+ [Tt + [ T Yot
G

_ y . f
= L +Gy l + FGY)+ [T Yt + [T, 42,
— d 77
Zy= Gy‘{e"ﬁ@%)*ﬂy%ﬁ’
where the.ééoare the (self and mutual) invertances (inverse induc-
tances) referred to the reference directions shown in the figure 2.
Notice that the serie branch formed by the elements 4# & 5 cannot be

considered as a single element of the parallel type; notice also

that the basic elements of the component 3 (the one with the base
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node 03) have to be grouped into two elements of the parallel type
(which of course can be done in several ways) unless the whole par-
allel branch is first reduced to a single parallel element.

The equations expressing Kirchhoff's Current Law for the nodes

1 to 6 of the complete and independent set of nodes are:

node 1: -I2+13 = 0, node 4: IJ-I5 = 0,
node 2: —I3+I4 = 0, node 5: I6 = 0,
node 3: —I4+I5 = 0, node 6: I7+I8 = 0,

as can be appreciated better from the graph shown in Fig. 2(b).

The equations expressing Kirchhoff's Voltage Law for the two

meshes of the complete & independent set of meshes are:
mesh 1: V1+V2+V3+V4+V5 = 0, mesh 2: V7-V8 = 0.

The above equations, namely, the 8 current equations express-
ing the total (terminal) currents in the 8 elements af the nefwork,
the 6 equations expressing Kirchhoff's Current Law for the set of
independent nodes, and the 2 equations expressing Kirchhoff's Volt-
age Law for the set of independent meshes, form a complete & inde-
pendent set of 16 equations with 16 unknowns which determine the
behavior of the given network completely. (The 16 unknowns are:
The &8 terminal currents IJ’ 12,..., I8’ although I6 is immediately
soluble from Kirchhoff's Current Law applied to the node 5, the 7
voltage drops V,, Vj,o.., Vg, and the current I _ through the vs.)

This network (shown in Fig. 2) can of course be treated as a
network of elements of the general serties lype by means of the
general equations (3, # & 5) of $1; but the treatment would be

the network
much more lengthly, because $€\would have to be considered as hav-
ing 18 elements of the serie type connectled into three components

with seven nodes (with 7—5:4 independent nodes and 18-4=14 inde-

pendent meshes) and so the system of equations would have 3qwgqua—
owe

tions with. 36 unknowns (which could be reduced immediatelgﬁjo 14).
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Returning to the general equations (3, 5 & 6) of an arbitrary
network, the number of unknowns may readily be reduced to half by
eliminating the n, terminal currents Ik upon substituting thetir
values as given by eqg. (3) into the eq. (5) expressing Kirchhoff's
Current Law for a complete & independent set of nodes of the net-
work. Another reduction in the number of unknowns may further be
obtained by solving eq. (6), expressing Kirchhoff's Voltage Law for
a complete & independent set of meshes of the network, for n, un-
known voltage drops and then eliminating them by substitution in
the previously obtained equations. In this way the number of un-
knowns is immediately reduced to né (the number of independent nodes
of the network). g}here is another way of accomplishing this result

known as the node method which consists in making the following

substitution (or change of variables):
Nn

v, = nz:;(k,n)Un, (k=1,2,...,n,)  (7)
in terms of the potentials U, (introduced in Ch. II, &4, p. 53) as
new variables, one for each node of a complete & independent set of
nodes of the network (see Problem 1 of Ch. II, §4, p. 53). Then the
eq. (6), expressing Kirchhoff's Voltage Law for the meshes of the
network, are automatically satisfied on account of the theorem ex-
pressed by eq. (1) of Ch. II, §2 (p. 41), and thus drop out of the
picture. We shall not go into this method any further at this point
because it will be the object of another chapter.

Problem 1. Carry out the elimination process, mentioned above,
for the network of Fig. 2 considered in the example given preuously.
Problem 2. Establish the equations for the networks whose

graphs are shown in Fig. 3, assuming that all the elements are of

the general parallel type and that only the elements 1 and 6 have
sources and that these sources are current sources.

Eiq, 3, In (@) the non-2ere mutual

1"“ s | indlictances are indicate by ‘a‘atted
S\ 4 @ &'nes; in (1) there are no coils.
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§3. SPECIAL CASES.

a). Networks without mutual inductances. When a network has

no mutual inductances, LKZ=O and .Z;l=o for all k # 1. Therefore

the general equations of the network are:

V, = R, T +LAdI /dt +SkfIkdt Ek - Dk’ (k=1,2,.,.,nel

k K k
Ao (1)
‘%;;(k,n)Ik =0, (n=1,2, .u,n') ;ij} m]V = 0, (m:l,?,,.a,n L
if the network {s considered as a network of elements of the gen-

eral series type (see eq. 3, 4, 5 of §1, pp. 63-4); and:

I, =GV +d(C'ka)/dt +f Vdt +I 1. (k=1,2,...,n

e k K (2)
;(k,n)1k=o, (n=1,2,...,n') é[k,m]t/k_:o, (m=1,2,...,n),
if ;ge network is considered as a néfwork of elements of the gen-

eral parallel type (see eq. 3, 5, 6 of &2, p. 72).

b). Direct current (d-c) networks. When all the (current and

voltage) sources of a network huve constant values (i.e. when all
the exciting functions are constant) the network can be considered,
in a rather generalized sense, as a d-c network; and the general
equations of such a network can be obtained from the general equa-
tions of an arbitrary network simply by making all the exciting
functions constant. However, the theory of d-c networks is usually

restricted to networks all of whose parameters (resistances, induc-

tances and capacitances) and exciting functions (the values of sour-

ces) are constant and for which one seeks only the constant (parts
of the) response quantities, that is, the constant values of the
unknown currents and voltages which satisfy the system of equations

from this accepted point of view,
of the network (the constant solutions). Thereforev\the general

equations of an arbitrary d-c network can be obtained from the gen-

eral equations of an arbitrary network by making all the quantities
(For this reason these petworks could be calledymore properly, censtant current (c-c) networks.)
in these equations constantvﬁ As a consequence all derivatives in

e

N
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“(as if there were no inductances)

these eqguations dlsappea% Considering the d-c network as a network
of series elements, the equations then reduce to the following:

Vk = R I + S .rI dt -& Dk s (k:l,?,...,ne)

Ve I{ (3)

E (k,n)I,=0, (n=1,2,...,n’) [k,m]Vk=O, (m=1,2,...,n )

%=/

where all the Rk’ Sk’ Ek’ Dk’ Vk’ and Ik are constant. Performing
the integrations in the first of these equations we get:

i he Vk = Rka + Skat + Vk -Ek _Dk’
wher%«Vz are the integration constants (k=1,2,,,°,ne), Equalizing

(k=1,2,...,ne)

corresponding coefficients (of the time t) in this equation we get:

Ve = Ry I, + Vp - E, - D, & S, I, =0; (k=1,2,...,ne)

hence if the elemert k has a condenser (meaning that SK#O) we infer

that I,=0, so that the branch of a d-c network with a condenser will

k
behave lilKke an open circult, and so can have no current source in it

with a value # O; consequently, omitting the null current sources,
the expression for the voltage drop in an element k wit* a condenser

reduces to the rather trivial expression which follows (V° being the
constant voltage drop across the condenser):
Vy = Vi =~ B, (for the elements k with condensers); (%)

on the other hand, if the element k does not have a condenser, the

term V2

it is aubsent and the eguation for VK becomes:

(5)
k= Ryl - B, - D (for the elements k without condensers).

Summarizing, in a d-c¢ network all the coils may be ignored and con-

'4

sidered as short circuits while all the condensers may also be ig-
nored and considered as open circulits; the d-c network may then be
considered as a network of resistances and constant (voltage and
current) sources alone, from the accepted point of view.

c). Alternating current (a-c) networks. In a rather general-

lzed sense, the theory of alternating currents is concerned with
networks with constant parameters in which all the exciting func-

tions (i.e. the values of the voltage and current sources) are of
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the following form:

;E)n(t)sinwnt + g (t)coset], (6)
where all the pn(t) and qn(t) are polynomials in the time t. It
can then be shown that all the response quantities (the unknown
currents and voltages) are also of this same form, with perhaps
additional w,corresponding to what are known as the generalized

@ngular)
€omplex) naturaeqfrequencies of the network; however it is accepted

that the theory of alternating currents is restricted to the case

in which all the polynomials p_(t) and q (t) are constant, and in
0

assume e))

which all the response quantities arixﬁfWEEE“same form as the ex-

citing functions (with no additional a%)a In either case the theo-

ry may be developed by substituting functions of the proper form

into the general equations of an arbitrary network and then ma’ing

(cf CRT,SF, 4.111)

use of the lineur zndependence of functions of the forrm tMed (where

7. 1s a non-negative integer and a is any complex number), or of the

forms t™sin(at) and t™cos (at), when the m's or the a's are distinct,

various
in order to split the general eguations intg«systems of equations
(rairs of) ‘
corresponding to the uariou%AyaLues of m and a. (The detuils of

all this will be the object of following chapters.) A general prob-
iem that then makes its natural appearance is that of a (system of
equations corresponding to a) network in which all the currents and
voltages are sine functions cf the same angular frequency. As a
matter of fact this problem is of such a general character that
almost all beginners think for a long time after that it alone is
the object of alternating current theory; but this is natural, be-

(and all of some of the)

cause by far the greater parts of books on alternating currents
,more properly,

are devoted to this problem, which may be calle@Athe problem of an

arbitrary network in the sinusoidal state; and the theory may be re-

ferred to as that on sinusoidal current (s-c) networks. We shall

make no exception,either, and most of the following chapters will
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also be devoted to the theory of networks in the sinusoidal state.

The general equations of a network in the sinuso:dal state can

be obtained from the general eqguations of an arbitrary network by
substituting sine functions of the same frequency for all the (ex-

citing and response) currents and voltages and considering all tﬁf
(4t this point we will onfy give an anticipated ontline of what will be treated in detaif iv ancther ¢ ‘9&(512)
parameters of the network to be constantua The integration constants

that make their appearance in these equations may be eliminated by
that remain
differentiation and; then, all the term%Ain the resuliing equations
will '
/Pe sinusoids of the same frequency, of the form (say):
F(t) = A.sin(wWt+a) = A'sin wt + A"cos wt =:§r(elaelwt - emlae_lwt),
(by b vell-Bnown formalae due to Euler)

Awhere w>0 and A7="A.cos a and A"= A.sin a. The angular frequency e,

is the same for all the sinusoids and so each sinusoidal current

corresponding (ordered)
and voltage shall be determined completely by th%Apair of numbers

turn are completely determined by the complex number A'+A"i (and
also by the complex number Aeia) which will be denoted by F*, as
corresponding to the sinusoid F(t). If we now imagine all the cur-
rents and voltages in the general equations of an arbitrary network
to be replaced by sine functions of the same angular frequency &,
twt

3

omit all integration constants, multiply by e (or by e

differentiate again (with respect to the time t), and finally make

use of the fact that e2uut Z 0 (or that e-glwt # 0) for all t, we
general T
get the following equations (for %«F-c network of series elements):
x _ % - % /2 > ® _;m% _nx _
Vk = Rka + Ska/1a> + E La)LklIl Ek Dk’ (k-1,2,...,ne)
ﬂe 'é:,/'")ne /72 (7)

aS_,(k,n)I}E:O, (n=1,2,...,n') ; [k,mjvk=o, (k=1,2,...,n)
=/ =/
SJrom which all the unknown complex numbers V], D;, and the unknown

Ik‘ can be determined. Once these complex numbers are determined,
all the corresponding sinusoids Vk’ Dk’ and Ik’

as sine functions of the time t, all of the same angular frequency .
Thus all the unknown sinusoidal currents and voltages can be deter-

mined from eq.(7), which may then be called the general eguations of
an arbitrary network (of series elements) in the sinusoidal state.

can be reconstructed
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CHAFTER IV: COMPLEX NUMBERS AND SINE FUNCTIONS.

In this chapter we will develop the mathematical material nec-
essary to undertake the proper treatment of an arbitrary network in

*the stnusoidal state, in the next chapter.

$1. COMPLEX NUMBERS.

Assume that we know how to deal with real numbers. Let x and
y denote any real numbers and constider the totality of ordered palirs
x,y)>. Two ordered pairs, (x',y') and(x",y"), of real numbers will
e considered equal if and only if x'=x" and y'=y". The negative,

- {(x,y), of the ordered pair (x,y) is defined to be the ordered pair
(=x,-yY. The sum of two ordered pairs:{x',y') and (x",y"), denoted
ty (x',y') +# (x",y"), is defined to be the ordered pair(x'+x",y'+y").

Problem 1. Show that:

(x',y')+(x",y"):('x",y")+(x',y') , (the commutative law of addi-

(x,y)+(0,0)=(x,y>, (the r6le of the null ordered pair) tion)

(x,y) +[-{(x,] ={0,0) (the rble of the negative ordered pair)

(x,y)+[(x’,y’)+(x”,y"}] =[(x,y)+(x',y')]+(x",y">,
the latter being referred to as the associative law of addition,

The difference, {(x',y') -{x",y", of two ordered pairs is de-
“ined to be an ordered pair, {(x,y) (say), such that (xyd={x!y"+(x,9).
-f this difference exi ts it must be unique, because:
(x”,y">+(x,y):(x”,y")+<t\_*,y’> implies that x"+x=x"+x* and y"+y=y"+y*
znd hence that x=x* and y=y*, and consequently that <x,y>=<x",y”>.
oreover, by direct substitution, it can be shown that the differ-
:nce is equal to <x',y')+[—(x”,y">]=(x'-x",y'-y"), as follows:

(x",y">+(x’—x",y'—y"}:(x"+(x'—x”),y"+(y'—y")):(x',y") .
-ongequently the difference always exists and is unique.

Problem 2. Show that: (x',y')-[-{x",y")]= (", yD)+&",y").
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The product of two ordered pairs: <x',y"and {(x",y"), denoted
by (x',y"y(x",y"), is defined to be the ordered pair{(Xz-4y, Z’g"+x”y"} .
The product of (x,y) by itself is called its square, denoted (x,y)‘e .
Problem 3. Show that:
Gy y" = " y"™(x",y'y, (commutative law of mutiplication)
G,v) 2,0)=(x,y), (the réle of (1,00 is that of a unit)
(¢, y)<0,0 =(0,0), (the rdle of (0,0 in multiplication)
<O,1)<O,1)=(O,1)2 = -(1,00, (the square of (0,1) is the negative
of the unit)
oy ey [y (et ou By,
the latter being referred to as the associative law of mutipiication.
Problem 4. Show that:
E eIl Gty D) = v x5y )
o[-y =[] &ty D ==,y ey Dl .
Problem 5. Show that if: {x,yd{x',y") =(0,0y, then: {x,y)={0,0)
<x',y’>=<0,0>. From this deduce that (1,0) is the only unit.
Problem 6. Show that we have the distributive law, namely:
oy [Gud+cmum] = Gopday) + (o ()
The quotient, <x_',y'>/<x",y", of two ordered pairs is defined,
saly of {x",y"> £ {0,0) , as the ordered pair (x,y) (say) such that:
{':r ,y) = <;r"_,y'> (x,y}. When the quotient exists it must be unique;
cause if <r’*,y”‘> is also the quotient we have: <x’,y'>=<x"',y"}(3r,y}
and (x',y')--(x",y"){x‘,y’}and 302 (x”,y’é(x,y}:(x",y"}(x*,y"), and hence:
(x",y"}[(r,y)—(x‘,y‘)] =(0,0>; but (x”,y") £ 0,0 , by hypothesis,
conseguently: (x y) (x y> <O O> that is: <x,y> (x y) Moreouer,

by direct substitution it can eastly be shown that: <z” *59)W>< ,J'>

| S,
sE O

{s the quotient (' ,y)/(x",y" . Thus the quotient of two ordered

pairs always exists and is unique, if the denominator is not the
null ordered pair.
Problem 7. The itnverse of an ordered pair: {x,y)#(O O} denoted
-1
{&,y) , is defined to be the quottent (1, O)/(x,y} Show that:

<’f,9>-1<7‘;'j> <";H><7C,,'j> Q, 0) (the unit), and: <, 7)—1 <x’+y" ,xz+yt/
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Problem 8. If (x,y)#(0,0) show that:

xﬂ Id

61w b= Gt G = a5 >+ (S B

Ve would now like to immerse the real nurbers irn the set of
ordered pairs. for this, let us consider the followinyg corresgond-
ence, between the set of real numbgrs_i_and the set of ordered pairs
{(x,0) with the second term zero: (x,O)e—»x. This 1s obviously «
one to one correspondence, and it is not difficult to show that 1t
sreseruves addition, subtraction, multiplication, and division (if
defined). By this we mean that:

(x,00 + {x7,0)e~s>xsx", (x,0) {(x",0) a—> xx", (,0) /{x",0) > x/x" (¥ x¥#o)

Technically, this correspondence iz culled an itacmorvhisn be-
Y, fo

{ween the real numbers x and the ordered pairs {(x, 0Y with respect
t¢ the reluations (or operations) which it preserves; und on the ba-

il of this we _now take the liberty of replacing all the cva)rea_w_

(in all opérdtions and'ﬁelatlons." Thiis

vairs of the form (x, O by the borrespondLng real number x,/\

Jine all the operations between a real number x and un ordered pair
&Ly, with y'£0, as the corresponding operation between {x,0) and
',y')>, UF the result is not of the form (x",0); and if it is of
o Forin <xil O\ e A . [ " ( noo_ l) and i1 ;i
22 J oI ;0 we define 1 as x" (x" = real); and, similariy, 17
vro operation between two ordered pairs has a result of the jform

(x”,O) we define the operation to hauve the result x”(:rafﬁl

Thi

(0

process of substituting the real numbers for the corre-
coonding ordered pairs with null second terms in ail operations and

relutions amongst ordered palrs, is called immersing or imbedding

trhe real numbers in the system of ordered pairs. Tae resulting

sysiem (30 constructed), of real numbers and ordered pairs wiik

non-zero second terms, is called the complex number system. It is
(conventiongi)
2lzo called the (open) complex (number) plane, for,reuzsons to ap-

sear snortly. When an extra symbol, oo, (s included (whose relu-

ticit to the compilex awnders is irrelevant here), calied the puind
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at infinity, the augmented system is called the closed complex (num-
ber) plane, or the complex (number) sphere.

Problem 9. Show that in the complex number system we have:

ax,y) = {ax,ay),(where_g_ is any real number)
0,1)' = 0,90, = -1.

The complex number: (b,%) ts conventiently denoted by_i, so that
we have: i2=-1. (In many books on electrical engineering, J is used
instead of i; because the letter i is used for currents (as if there
were no more symbols that could be used); but we prefer to use i be-
cause it is universally accepted so in mathematics and, after all,
complex numbers do belong primarily to mathematics.) Therefore, un-—
like with real numbers, the square of 1 is a negative number. For

this reason, any complex number of the form ai (a=real) is (conven-

tionally) called an imaginary number, and 1 itself is called the

imaginary unit.

Since, for any ordered pair {(x,y> of the complex number system,
we have: (x,u) = x + {0,y) = x + y{0,1) = x+yi, and since for any
real number x we have: x=x+0i, we see that the general form of any
element of the complex number system is: x+yl, where_f_and y are

——

real numbers. We then call any such x+yi a complex number.

Let_i denote the complex number x+yt, where_f_andng_are real
numbers. MWe define x as the real part of z and y as the imaginary
part of z. This, we indicate by writ\ing: x=2?z, and y=<¢z. No-
tice that the imaginary part is the coefficient of i in x+yl and
s therefore real. The fact that the word "imaginary” is used in
the term "imaginary part" does not mean that it is imaginary; much
the same as a human head (the head of a human being) is not a hu-

man being, but a head. (This comment is made because some books

define the imaginary part to be yi (see, e.g., the Advanced Calculus
of Woods, Ginn & Co.), while most books and articles use 672 = Y.)
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If z denotes x+yli (which we indicate by writing: z=x+yi), we

define the conjugate complex number of z to be the complex number

x-yi. Denoting the conjugate of z by z, we then have: z = x-yi.

Therefore, Wz =Pz and 4z = - Fz; we also have: £ =(Z)==.

Problem 10. Show that: x=9?z=é(z+§) and y=cﬂ'z - i (z-z).
Then show that z s real if and only (F: Z=Z. =
Problem 11. Show that: Z,%2 5= 21+2'2 and Z,2, = 2,25 Then,

Ny

by mathematical induction, show that:

21+22+-0-+zn = 21+22:..e.+2 & 2122...Zn=2122-..2n.
or .
The absolute value,or modulus’|0f z=x+yl, which is deroted by

Signed 2 2
12l or \x+yil, is defined to be the(positivg‘) square root of x +y-,

that is: 2| = [x+yi] =+Y22+ Y2, and is so a mennegative resl number,
Thus we have, e.g., |x+0i| =Ix|, [z|=[-2|=[2[, [il=1, Iyif:}y[,/i-ri/:)’f’.
Problem 12. Show that: zz=|z|%|2/%20. Also show that:- \z|= O

if and only if 2=0. Hence infer that every z£0 has an inverse, z ~,

. -1 = % , .
giuen by: 2= z/|2|*= 1/2 =;—;—7;?,,—;_i—1—5—1 , where 2z=x+yl,
which satisfies the equations: z_'zz = zz-1= 1, and is unique (see

Prob. 7). From this show that: |z7l|= 1/)zl, and that: 1/Z = 1/z,
and that: z'/z = zlz' = 2'z%. | _
Problem 13. Show that: 1 =1/i=-i=i= -1/1.

Problem 14. By writing J21212222 = f2151@22, show that

[2122[=121#22,; then by mathematical induction show that:

|z7250002,| = lzgllzo] -« lz,) -
Problem 15. Prove that 7?2 =5 lzl. From this show that:
lz+z'12 =(z+2')(z+2")=(z+2"')(Z+z" )= |z[% + [z'l’ + 2R(zz)
S z1%+ 2%+ 2l2lz’l = (lzl+ |z )%,

From this infer that [z+z'| $|zl+]z'}, and then by mathematical in-

1 7h/s result is called
duction show that: |31_+22+- . .+zn|§ _Izll + [z2| +o .+]zn] . (iﬁe trianguler_inequality.

Problem 16. Prove that: 121-22,= O if and only if Z1=25, and

that: ,zl—z2|=|22-21! and '21-22|+|22-25| z lzl-z}],

Problem 17. Show that if z=x+yi then:
iz= -y+xi, -iz = y-xi, -iz = y+xi= iz,
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S 2. THE ELENENTARY FUNCTIONS AND EULER'S FORMULAE.
The sequence 2;, Zp, Zzs.-- af complex nuiniers z. ts saiid to
converge to u complex number 2, if awd onily Uj jfor en.z2 €20 a cor-

responding integer N aluuys ¢xists swch th.t for all =N Twe kave

Iz-zn/<£,. The sequence ts then said to be contvergent, und the com-

‘-o

plex number z is called the limit of the (secuencs of c.nnlex aumbers)

z,asn increases iadefiniiely. This is exyre2ssed oy writing:

mz_= 2, zp~> z (as a-»x), or singly liaz_ = z.
Wher. the scyucnce ls coaveryziat, its liit rnust Lo uvlijzue; e-
cuuse Uf z' is «lso a linit of tae segu2ice, Ji vhieger i

such that n>N' implies |z2'-z (<& ; but by Problem 15 of *1 we Rave:

i
y

|z-2 I—'z-z nt2,~2 WS lamz |4z =zt €47 =

for all n greuter than ¥ and N', and so the differen.: z-z' ia ab-

soluie value i3 less thaa eveiry pisitive aumbzr; which can only be

so if it is zero; and this in t{ura mecns *hat z=2' (L. Prob. 1£, $1).

The junaumenial result on the cosvergance 0 segue:ices Ls

o,

Cauchy's veneral conuergence piinciple: The sequence £75 =pr 2350

shall be czavzsrgent ij aad only if For each £>0 a corresponlding

o

integer N always exists such that ;5N+1_£NF: SJor al? positive in-
tegers n. (For c procy of this {mporiant result we refer the reader

to K. Knopi's Elements of the Theory of Fuations, N.Y., 1952, p. 74%.)

Now, for each pOSlﬁiU integer n, let us compuie the sum:
1
2 zk S Z 4zt tZ, (called the rpartial sums of
the sequence of the z_).
Flren the sequence 81, s-, Sgseee conuergesafto_gl say), we say ‘that
tke series 21+22+23+..., agenoted also by Z 2, or simply ;;ﬂzn, is
I

convercent to the value (or sum)_g; and this (s expressed by writing:

l’h oG
=lin ) 2z = § 2, = Z, 42 4+2z+e.> O simpi §_‘z = 8.
mae Sy TR L T T TITR2TTS PLY £ 2p
The Ffurdamentul result on the conversence of series is Cuuchy's

general convergence ciiterion: The se:iey 2442 423t atiall be
(C/A,-,, # .7 / 1D /'
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aonvergent tf and only if for each £€>0 a corresponding integer N

always exists such that sz+1+zN+2+...+zN+n{<g for all positive in-

tegers n. The proof of this is immediate from Cauchy's general con-

vergence principle for sequences; because the Sp shall converge if

and only if for each &£>0 a corresponding integer N exists such that

f3N+n-SNl=IZN+1+2N+2+"'+ZN+n,<5 for all positive integers n. In

sarticular, if t}te series converges then lznloo (and so zn—>o) as n-oo .
There are several very simple and useful sufficient conditions

for the convergence of series. For example, the Gauss-Cauchy com-~

oarison test: If aQ +ay+Azte. . is a convergent series of non-nega-

tive terms a, and Iznlgan for all n greater thgn some positive in-
teger N', then the series 2 +ztZ3t. is convergent. Ffor if g>0,
]zN+1+...+zN+n|§,zN+1]+...+lzN+nl§ Qy, g*---*ay, <& for some N>N'
(which exists because the series of the a, is convergent) and all_p_.
Problem 1. Show that the geometric series a+ar+ar2+ar3+...
{where a and r are real numbers) is convergent for |[r|<1.
Another such example is D'Alembert's ratio test: If /%ﬂ/§r<1

n
{(where r is independent of _r_1.) Sfor all n greater than some positive

integer m, then the series Zy+Z 425t is convergent. For if E>0,
< -m, N+1 N+n -m_;

for some N>m and all n, since the geometric series converges.

t

Let now n be a non-negative integer. The n h power of a com-

plex number Z, which is denoted zn, can be defined by the following

, 1 , . ,
recurstive scheme: zo=1 & 2" =z.2% Whenn is a negative in-

teger and z£0, we define z* to be 1/z ™.

Problem 2. If n is a positive integer, show by complete in-
duction on n that (zlzz)nzzrllz; , and then show that =z "= (z"l)n LS 2#G

#inally show that for all integers m and n we have:

s n
Zm.zn = zm+n and (Zm) - Zmn

(assuming that z#0 if anyone of the exponents is negative).
(eont'd on p.8%)
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For any complex number z=x+yi we can now Jorm all the positive

powers, 2" (n=1,2,...), and then the following sums (where n!=1x2w.-xn)

s, =1+2z+ 22/2! * eeo + 2%/n1. (n=1,2,...)
(@.9,by Ddlemberts radio test)
It is not difficult to show that these Sp always converggv Jor each

Z, to a corresponding (unique) limit which is denoted: exp z; that

—

is, the function whose values are:

exp z = 1 + z + 22/2! + 23/3! Fouo ;z:z /n! = lewZ:z /ml CL

nv@ m=o
is always defined for every complex number 2. The number exp 1 is

——teae o

unitversally denoted by the letter e, and when z is an integer exp z
reduces to ez, so that exp z is Sfrequently written ez, for all 2.

In like manner, zt can be shown that the followlng sums:

2n+1 23
Z( )(2”+/), 3,+ -—e +( )(2';1-/)/ (g Z(L )(2 ), +[1)(2 )l b)
always converge for each complex number _Z. When’ 2 1s a real number
(i.e. when c¢z =0) these sums converge to the familiar sine and co-

sine of 2z, respecttvely, and so in general we define:

sin =z 2{?( )" 2n+1/(2n+1)’ = z- 23/3’+z5/5’—z7/7!+..., (2)

n=o

cos z ??( 1)nz2n/(cn)’ = 1-z /2!+z /4! -z /6!+28/8!+.u. (3)
=l
It can be shown that the terms in eq. (1) can be rearranged thus:

e® = exp z = (1+22/2!+z4/4!+,..) + (z+z}/3!+z5/5!+u..).

Consequently, substituting zi for z and noting that: i2n=(i2)n=(—1)n

2n+1

and i 1= (-1)™, we infer, from eq. (2 & 3), that:

<l = exp (zi) = cos z + i.sin z, (4)

which is Puler s _formula for any complex number Z.

zi ., .
It is customary to denote e and(ﬁos Z + 1 sitn g)by cls z,
—L2 =

or Zi?’ although the latter is usually reserved for real 2. (Both

are read: 'cis' z,”&ts)comes from cosine-i-sine.)

Problem 3. Show that: e 2i. cos z - i.sin z & ez=coqév-bsiwéy.
These are other forms of Euler's formula.
Problem 4. Show thaf we have the following equations:

- ~21
sin(-z)= -sin z, cos(-z)= cos z, sin z.=é% QZL—Q 21), COSZ%éﬂ€'+€ ).

'he last two formulas are called Euler's formulas Jor the sine and
rosine, respectively.
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Problem 5. Show that: e“t* “z_ 921922; then be mathematical
ce s zyn_.n
ef1t 227t *en - eZiezﬁ..eak and thence: @%)™t=e™¢

for every positive integer n.

induction show that:

Problem 6. Show that: sin2z + cosSz = (sin z)2+ (cos 2)2= 1,

and: sin(z'+z")= sin z'.cos 2" + sin z".cos z',
cos(z'+z") = cos z'.cos z" - sin z'.sin z".

Problem 7. Show that exp O = 1. Hence infer that: e 2 = 1/e%,
and that: (ez)n = enz, for every integec:ﬂﬁositiue or negative, or d.

Problem 8. Show that for any integer_n we have:
sin(z+2nm)= sin z, cos(z+enX) = cos =z, exp(z+2ni) = exp z.
Consequently, sin z and c0s z are periodic with real periods 2n7,and
exp z is periodic with the imaginary periods 2n7ri, for all integers
n £ 0. It can be shown also (see Whittaker & Watson, Modern Analy-
sis, Cambridge University Press, 1927, Appenaix) that these are the
only periods; that is, i{f any complex numberljggs a period of sin z
or cos z, then there must be an integer n#0 such that: a=2n7sr ; and
if a#0 is a period of exp z, then a=2n 7ti for some integer n#O.

Problem 9. Show that for every real number % , we have:

/eﬁilz 1, eﬂi _ e—ﬁi _ J/Qﬂi. L

In other symbols, these become: {ﬁ?‘l‘;i, L—;:Zﬁ:c‘b‘ﬂ:&ééﬂ):ﬁ:a}ﬁ'

The quantity éﬂ@ is sometimes denoted by K?F ; but this notation Iis

clumsy and tnecessary and will not be used here.

Problem 10. Show that for every integer n we have:

eﬂrm__{__ _/_iZW)? =1 , e:i'(?”f-l)ﬂi____ Z:t'éh-r/)ﬂ' = -i) e@ﬂi')fi___ {@hi/}%’r = :tz' =% =—:i—
forip Lifxs - [Xm / it @y (Bt Byters s )
o+ :L_d_'l_ﬁ ) = c)’/’("J'IQ'J' " /B/*/gz R
44/4'@! .. 'A;-"

Problem 11. Show that if z=x+yl (ﬁ_& y = real numbers), then:

NN

eZ= ex(cos y + l.sin y) = Q%ZQR and hence: {ezl= ex.

Problem 12. The tangent, cotangent, secant, and cosecant, of any

complex number z are defined, as usual for real numbers, as follows
(when the denominators are not zero):

sin 2 cos 2 .
tan z = =——= cot = == sec = 1/co csec z = 1 in z.
cos =z’ z sin z °’ z /cos 2z, /s
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Show that we have:

2l -z1 zi -zt P
., e “—e . e~ +e _
tan z = -{=—~—————— , coOt 2 = 1 —S7——57 » S€C 2 = -
- i -zt 2t -2t
e?lie %t efl-e e "+e
- 2 2 2
csc 2 = ——egl——v s seczz =1 + tan~z , csctz =1 + cot™z.
eZl_e—Zl

Problem 13. The hyperbolic functions are defined as follows:

. z__-z

1 z =z _ 1, 2, -z _sinh 2z _e"-e

5 (e“-e )‘,2 Sgsh z = 3(e“+e ©), tanh z = Z=5—> = Z,.2

coth z = g?iﬁ i = ez+e_z , sech z = 1/cosh z, c¢sch z = 1/sinh z.
e“-e

]

sinh 2z

Show that we have: eX% =zsinh z + cosh z, sinh(-z)=-sinh z,

cosh (-z) = cosh z, tanh(-z)=-tanh z, coth(-z)=-coth z,
sinh(zi)=i.sin 2z, cosh(zi)=cos z, tanh(zi)=i.tan z, coth(zi)=-i.cot z,
sin(zi)=i.sinh z, cos(zi)=scosh z, tan(zi)=i.tanh z, cot(zi)=-i.coth z,
coshzz - sinh2z =1, sech2z = 1—tanh2z, cschgz = cothez - 1,

sinh(z'+2") = sinh z'.cosh z" £ sinh z".cosh z'

cosh(z'2z") = cosh z'.cosh z" + sinh z'.sinh z".

Show also that 2nwi (n=integer#0) is a period of all the hyperbolic
functions.

&3. GRAPHICAL REPRESENTATIONS AND GAUSS-ARGAND DIAGRAMS.

Given any complex number z, the real part x and the imaginary
p¢rt_g are uniquely determined. We can then construct a point with
the rectangular cartesian coordinates (x,y) on any given plane, as
soon as rectangular cartesian axes are chosen on that plane. In
this way there shall correspond to each complex number_zz a unique
point (x,y) of the plane. Moreover, given any point of the plane,
the abscisa and ordinate are uniquely determined (with respect to
ii1e axes chosen) and so there shall be determined a unique complex
number with the abscisa as real part and with the ordinate as imag-
inary part. In this way there is established a one to one corre-
spondence between the class of complex numbers on the one hand and
the set of points of the given plane on the other. The set of real

numbers will correspond to the axis of the abscissae and so this line
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will be called the real (number) line, or the real axis too. The set

of the imaginary numbers of the form yi=O+yi (y=real) will correspcnd

to the axis of the ordinates and so this line will be called the Iim-

agginary line, or imaginary axis also.
We will take the liberty of identifying a complex number with

the corresponding point on the given plane, and we will ofien speak

of a point on that plane, meaning the corresponding complex number.
Thus we will speak of addition, subtraction, multiplication, diviszion,
etc. of points on the given plane, meaning the corresponding opera-
tions on the corresponding complex numbers. For this reason, we
speak of the complex number system as the (open) complex plane. If
we augment this system with the point ui injinity, oo, (o which we
assuneg coaverge all sequences of complex aumbers wwith modull steadily

increasing beyond all bounds, we get what is called the clcsed com-

- .»-"t . .
olex plane. By means of a stereograghic projecticin, « cile to one

correspondence between the points of the closed slane and the points
of (the zurface of) a sphere with radius > Q, tangent to the plane
(¢.g. «t the uvrigin of a chosen set of axes) can atso be gsiablisied.

For thts reacon we also gpeak of the system of complex numbers aug-

r

mented with the point at infinity as the comglex sphare.

Since a paint on the compiex plane determnines ¢ unigue directed
line segimsnt (issuing) from the origin to that point und viceversa,
a directed line segment from the corigin determines a unique terminal
woint, there will be estabhlished a one to cne correspondence between
the pointe of the complex plane (and therefore betwezsn tiw complex
aumbers) and the directed line segments issulng from the arigin.
lioreover, a directed line segment issuing from the origin determines
aniquely a class of (the totality of) parallel directed line segments

of equul magnitude and sense, called a vector (although this word 13

usually reserved for any generic directed line segments Of the class),
and viceversa.
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Therefore a one to one correspondence will be established in this
way between the directed line segments issuing from the origin (and
therefore also between the complex numbers) and the set of vectors.

On account of this we will also take the liberty of identifying a
and a directed line segment
complex numbernwith the corresponding vector in the complex plane,

frequently
and we will,use one for the other indistinctly.

N\

Considering again an arbitrary complex number Zz=x+yl (_x_and y

real), let us make the following substitution (change of variables):

X = r.cosd y = r.sin . (1)

Taking Landi as rectangular cartesian coordinates of a point in a

plane, the new variable_g/\z'fnﬁbe recognized as the polar coordinates
of this point, in -terms of which the complex number_z becomes:

z = r(cos®+1sind) =re'9'i = recis®=r/% , (2)

by eq. (4#). These forms of expressing the complex number z are call-

ed its polar forms because they are given in terms of the polar co-

ordinates of (the point corresponding to) z (and more specifically,

the first form is called the trigonometric form, the second is call-
ed the exponentidl form, and the last two forms are called the con-
ventional or symbolic forms, of the complex number_g); the earlier
form, namely, x+yi, is called the rectangular form of (expressing
the complex number)_gbecause it is expressed in terms of the rec-
tangular coordinates of z.

It is easy to see that there always exist numbersi and

——

which satisfy eq. (1), for any given real numbers x and y. In fact,

by Prob. 6,82 (p. 88), we have:
X<+ y2 = (r.cos8)° + (r.sin®) = r<(cos’P + sin‘?zg) = r2;
and by Prob. 12, §2, we have, if x £ O: )
y/x = r.sin®/(r.cos®®) = sinp/cos® = tan® , @)

and if x=0, we get directly (assuming r#0) that cos® = O and so that:
:ig , or any multiple thereof. (W#en x=r=0, & (s arb/z‘rdrg and /'rrp/e:/ant".)
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“rom eq. (3), we find that r=+[z|, and from eq. (4) we find an infin-
ity of values of & , which, however, differ by integral multiples of
2m (radians, or 360°) once one of the values: #|z|, is chosen for r.
Je will always choose r20, so that we will have:

r=|z| =+Vx2+y2 =+4\/(Z?2)2+(°¢z)2; (5)
then any value of gﬁ;___tan—l(y/x) which together with r=4z| satisfies

r,amplitude,or argument,
eg. (1) will be called dm angle

of the complex number 2,

1 situation which will be indicated by writing: %= ang z; hence:

ang z = tan~1 (y/x) = tan_l(Jz/ﬁz), (6)

iogether with the condition that the cosine and sine of this angle

shuall have the same signs as x and y, respectively. (When the sym-
b0lic notation (s used, the angles~are usually expressed in degrees.)

The unique angle of z, i.e. the unique value of the infinitely

~any-valued function: ang z, satisfying the ineqdalities:
-fi<ang 2+ (7)

yor phase,

s called the principal value of the angle/\gf 5,' {.e., the principal

value of the function: ang z. This principal value is denoted by:
Ang z (with a capital 4), and for each value of ang z there shall

zlways be an integer n such that: ang z = Ang z + 2n 7= Ang z + 360° .
When two numbers g_ & b differ by an integral multiple of 2mn they

are said to be congruent modulo 2, and this situation (s indicated

by writing asb (mod 2m). Accordingly, all the angles of a complex

number zware congruent modulo 2m, and we have: ang z = 4Ang z (mod 2m).
Problem . If z=r/$, show that: zi=r/$+90° & -zi=r [/ 19-90°;

that i3: ang(zi)= ang(z) + 90° and ang(-zi)= ang(z) - 90°.
Problem 2. If znzrnﬂ.?‘,, (n=1,2,...,N), n;:r”'zﬁ%;!o (m=1,2,...,M)

Jhow that we have:

ot !
z‘.:zz”’z—N’—: ":;.r;_:«-m /4*:92"”l'+9ﬂ—(ﬁi+ﬁz*“'+ﬁM)'
mE I G -
"heny from this, infer that:
,’ S 4 124,‘lz1_l . 'IZNI
2, Za N ’_: ' Y
IZrzy  Z | = T2l 1250 - - 1Zul

and that:

amg 11Xy Z N”:Wz’-f Vs -ra/n? ZN‘(M?Z"-I- vt +Ml? Zﬁ; );

z
%2y Zm
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this last equation should be understocd to mean that there are values

(among the many values) of ang z, and ang z, which satisfy this equa-

tion; but this is not necessarily true with Ang z, and Ang z’;L, wnless the
relation i's considered as a cogrueme modulc Zrw. _

Problem 3. Suppose z is any complex number # O; its natural log-

——————————

arithm, denoted Iln z, is any complex number w (say) such that exp w =

¥ = 2. Since the exponential function, exp, is periodic (cf. Prob.§&,

&2), the natural logarithm function shall be many-valued. Show that

e
s,

IS we s anyj!one value of In z, (all) the other values of ln z are giv-

er. by the exgression: we+2nmi (n=+1,+2,...). Show alsoc that ln z =

Infz|+iangz (for z#0), in which ln |z

as the unique real natural logarithm of the posié.i_ue__n.umb.er Izl (as
(defined to be:)
found in tables). The principal value of lnz isVLnz=1Inz+iAngz.
Problem 4. 1f zz'#0, show that: ln z+ ln 2' = ln (zz') and then,

by mathematical induction, show that if 24250002y # 0, we shall have:

ln (2.1;772,.-..21.,\/) =lnz, +lnz,+ ...+ lnzy,

iy the sense that there are values (arr'umg the many values) of each
term (1 this eqguation which satisfy the ejuation; but one must notle
that this eguation ¢ not necessarily true with principal values, un-—
less 1t is considered as a congruence modulo 2mi.

“roblem 5. The general az—h power, za, of z#0 is defined for all
complex exponents to be exp (alnz). Unless a is an integer, z2 is a
many-valued function of z., (When a is a positive (real) number, 22
is defined to be O for z=0.) Show that we have:

2920 - 29+b (za)b=zab, and if w=2z% then z=w1/a .

The principal value of z_a is defined to be exp(alLnz). (Note: The
general exponential function to the buse a#0 is defined for ull com-
plex nwnbers z to be a® = exp (z lna), once a particular nalue of lna
ts chosen; then, for this choice, the logarithms to the buse a are
defined by the statement: w-= logaz if and only if z=a".)

3

Froblem 6. The lnverse trigonometric functions are(man.y—ualuec:io
. - - . . £, .
Express sin ~w, cos '_1_1_1_), etc., as logarithms. (Hint: If,w=sin z =
1z -1 . ) . ) . . . -—
(e'“-¢ Z)_/.?l, then 92L2—21welz-1=0 S z==i1ln(lws/I-w*), etc.)

Prosien 7. The inverse hyperbolic functions are many-valued.

- -1 . R
Express: sinh Jz, cosh™ "z, etc., aa logarithms. (Hint: If w=sinh lz,-
z=sinhw=(%-e"%) /2 .. (ew)2—2z ?-1=0 .0 Y=z2/ZFFT; etc.)
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The importance of the one to one correspondences considered a-
bove lies in the possibilities they afford of representing and vis-
ualizing complex numbers and operations with them from a geometrical
or graphical point of view, by means of diagrams on a (complex num-
ber) plane known as Gauss-Argand diagrams, due to J.F.K. Gauss (1797),
¢, Wessel (1797), and (in their present form to) J.R. Argand (1806).

y,r ’A
(x,9
TR [y
{
y(z: =3
| , |
o Z o i w3
Fl'g.i. r4 ~hy F:'g,z. ‘¢

(xy)

/3?1%

TS

In Fig. 1, the complex number z=x+yi is shown as a point with the
rectangular cartesian coordinates (x,y) and with the polar coordi-
nates (r,®), and also as a directed line segment from the origin to
that point, dnd as a generic parallel directed line segment of equal
stze and sense issuing from a generic point P, representing the vec-
tor z. In Fig. 2, the addition of two complex numbers z and z' is

e

performed according to the well known parallelogram law, which con-

sists in (algebraically) adding corresponding rectangular cartesian
coordinates in order to obtain those of the sum; the construction is

shown, first, by considering the complex numbers as directed line
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segments issuing from the origin and, second, by drawing z from an
arbitrary point P to the point P' and then z' from P' to P", the sum
being represented by the directed line segment from P to P". In Fig. 3
the subtraction of z' from z is shown as the addition of_:i’ to z.
In Fig. 4, the multiplication of_E_by_Ef is shown; this operation
consists in multiplying the moduli, and adding the angles of_z_and_i'
in order to obtain the polar coordinates of the product; graphically
the operation is performed by drawing_i_and_i' at a point taken as
origin and then the vector corresponding to the real number 1=1[Q,
and then the triangle OPP" similar to the triangle OIP'. In Fig. 5,
the inverse, z_l, Of_i i{s obtained by the intersection of the line

——

from_g_to the conjugate, z, of z with the circumference through the
points O=O£Q and 1=L£g and with its center on the line ii)perpendic-
ular to the line joining the unit point I to the point z. In Fig. 6,
the division of z' by z is shown as the multiplication Of_ff by_izl
(Fig. 4 is used to show the multiplication of a complex number z by
the imaginary unit i; this operation consists simply in rotating;i
by a right angle in the positive direction, i.e. counterclockwisely;
multiplication by -iﬁgggf would be performed by a rotation of a right
aﬁgle in the negative direction, i.e. clockwisely; and multiplication
by a complex number of unit modulus, of the form e$i=[2&, where % is
real, would be performed by a rotation of an angle & .) (ﬂm/ian:=11'-,‘!zlé’0.°)

For many purposes it is conventient to perform the transformation
indicated by eqg. (1) in order to transform a complex number from its
rectangular form to its polar form, and viceversa. This, of course,
s the same familiar problem of transforming rectangular coordinates
to polar coordinates, in a plane, and viceversa. ‘

Z=A+YL

zﬁﬁe practical way of transforming the rectangulaqﬂto the polar
foréAis as follows. Divide the absolute value of the tmagingry part
by that of the real part (assuming the latter to be # O; for if it
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were O the transformation would be trivial). With the use of tables

of tngerts (or of a slide rule,, the value oj ..an-l [u/x|=¢ (say) can

be found, and then sin® can be found from a table of sines (or from
the slide rule). With this we get the modulus: [z|=|y|/sin¢p. Final-
iy, 9= Ang z can be found simply from ¥ by paying attention to the

gquadrant in which the point (x,y) lies. Thus, if x>0 and y=0,

then B=®, and if x>0 and y< 0, then ¥=-%. 4dlso, if x<0 and y=0,
then $3=180°-¥, and if x<0 and y< 0, then 8=-(180°-¥). When x=0
and y >0, r=y and $=90°; and when x=0 and y< O, r=|y| and #=-90°.
This method has one inconvenience: it is not very accurate when
x=%z is small, i.e. when & is near 90°. To auvoid this it is con-
venient to use the quotient of the smaller of |xland ly| divided by
the larger, instead of using the quotient |y/)é(, in the manner used

by J.C.P. Miller in his Tables for converting rectangular to polar

co-ordinates (Scientific Computing Service, Ltd., London). Let k_

denote the quotient of the smaller of |x| and |y| by the larger.
This quotient is always <1 and tan_]k = zg(say) can be found very
accurately. Then the modulus |z| can be found by multiplying the
targer of |x| and |y| by (l+.k2)'z/2= sec ¥ (which can be read off the
t_ables)} or by iividing by cos (which can be found from a slide rule)
[Actually, it /s betéer to compute |2 &G the /o/z’ow/f? Formuln: /z/-m//#ﬂy/):(ﬁ@'-i):mxﬂtéla/),]
Finally, = Ang z can be found from’ & by finding the angle % so as
to be in the same octant, into which the bisectrices divide the quad-

rants, as the point (x,y); as shown in Fig. 7. Thus, if x>0, yzO,

and y< x, then zﬂ:z%; but if x>0, y>0, and x£Ly, then ﬁ’=90°—b?,; etc.

5=90%4, The transformation from the polar

form, r{® , to the rectangular form, x+yi,

Y>0 X
4 8 8, offers no difficulty whatever. First, we

i 3l obtain siny¥ and cos ¥ from tables, or from
10 n=-(160- -8, a slide rule. Then we obtain the real part

x and the tmaginary part y, of the complex
number, by: x=rcosi® and y=rsin?i
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§4. SINE FUNCTIONS (SINUSOIDS).
The function f of a variable t given by: f(t) = A.sinwt+ex),
where 4, aM&o), and & are constant, is called a sine function, or a

sinusoid. This function has the periods 2nTu for all integers n#0.
The smallest positive period, 2#/lw|l = T (say), is called the funda-
mental period, or simply the period. All other periods are multiples

of this fundamental period. The number of fundamental periods in a
unit of t is called the frequency, 2 (say), of the sine function, and
is given by: 2= 1/T = 1/(2n/w) =lwy2x. The quantity |lwl= 2wz’ = ort/T
is called the 2x—frequency, the angular frequency, the circular fre-

guency (especially in mechanics), and sometimes the radian freguency.

Strictly, both the frequency z2 and the 2a-frequency iw|should be
measured in the inverse unit of t; but it is customary to give a fre-
quency in cycles per unit of t, and a 2r-frequency in radians per

unit of t, in order to indicate that one is referring to a frequency,
and a 2x-frequency (respectively). When t is the time and the unit

of t is the second (as in the MKSC—systim of units), the unit of fre-
quency ts taken as the cycle per second ?%Sgggg?a%é§¥jépgig§25fa%%a{ygg

and the unit of 2m-frequency is taken as a radian per second (abbre-

viated: rad/sec), although both are strictly the inverse second (secdl)
The quantity]Alis called the amplitude of the sine function, and
A itself may be called its coefficient; both have the same unit as

. (initial
the sine function. The quantity o, is called th%\angle of the sine

function and is, of course, dimensionless (as well as the product: «t).
Since we have that:
A.sin (-~wt +ot) = -A.sin (wt -) = A.sin (wt -ox+ 180°),

and since we can always add (or subtract) any integral multiple of

21 radians (i.e. 360°) without altering the.-values of a sinusoid, any
sine function A.sin(w t+¢) can always be reduced to an equal sine
function A'sin(w't+e'), where A'=4| 2 0, w'.-:lwfg.o, and -wr<oa'£+T,
without changing the independent variable t. The angle o' is then

called the principal angle, or phase, of the sine function. (In

general, it is always possible to make a transformation of this kind
in such a way as to bring the angle of *he sine function into any
given interval of length 2w, i.e., 360°.,) On account of this, we

can always assume, without loss of generality, that the coefficient
of a (real-valued) sine function (s equal to its amplitude and so

s non-negative, that its 2n-frequency (if # 0) is positive, and
that its angle is equal to its principal angle. or phase.
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In Fig. 1 is shown the graph of the sinusoid: f(t)=4 sin(wt+o)
ﬁor A>0 and aﬁ>®q By making the substitution: x=wt+oc and y=f/[Al,
which consists in a change of origin and of scale along the axis of
the abscissa® and a change of scale along the axis of the ordinates,
this graph may be considered as that of th;:%?%e function: sinx;
and by making an inverse transformation of this type the graph may
be considered as that of any other sinusoid. Thus we may confine
ourselves to a single graph, e.g., that of the special function sin x.

Problem 1. Show that in any collection of sine functions with
angular frequencies # O, a change in origin of the independent vari-
able t (say) can always be made in such a way-as to make the phase
of any one sinusoid of the collection have an angle = O. [Hint: If

A.sin(wt+x) is the sinusoid in question, make the following substi-

tution: t=t'+7T, in terms of the new time t', such that:zut+af=<wtﬂg
Also show that if all the angular frequencies of the sinusoids of
the collection are the same then this cannot be done simultaneously
with two sinusoids with different phases or principal angles.
Problem 2. Show that the zeros of A sin (wt+o), where w0,

(i.e. the values of t which annul this function) are: t =£€5ﬁ¥ where

n is any integer. Show also that the points of maxima and minima
are given by:é@%%%:ikf and.éft%%%ifgg, respectively, if A>0 (and
viceversa if A<0). The zeros are sometimes sub-divided into two
mutually exclusive classes: 22%}13 and.éiﬁgglﬂg , freguentiy call-
ed the O-points and the 9r-points, respectively, if A>0 (and con-
versely if A<O). Show that at a O-point the derivative is positive
and at a 71-point the derivative of the sinusoid is negatlive.
' with pesitioe cocffi;

Problem 3. IWhen the angles of two sine functions,of the same
frequency, differ by a multiple of 27 radians (360°) they are said
to be in phase, and if they differ by an odd multiple of /2 radians
(90°) they are said to be in guadrature. By expressing any sinusoid
ﬂ;gglfwt+&9 in the form A sin (wt+B+x-£) and then expanding the sine
o. 88),

4

function (according to the second formula of Prob. 6, §2,

show that it can always be expressed as the sum of two sine functions,
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one of which is in phase with sin (wt+B) and the other in quadrature
with it, for any given A . Show that this decomposition (s unique.
(When two sinusoids with positive coefficients have angles which dif-
fer by an odd multiple of 7 radians (180°), i.e., when their phases
differ by fradians (180°), they are said to be 180° out of phase, or
simply out of phase,or in opposition.)
Problem 4. Show that:
Acos (wt+a) = Asin (wt+a+‘%") and -4 sin (wt+o) = A sin (wt+oxo).
Problem 5. Show that the sinusoid Asin(wt+e) is the projec-
tion on the ordinate axis, and Acos(wt+ox) is the projection on the
abscissa axis, of the vector A exph(wt+ec)]= Aew:eiwt, called a rotat-
ing vector, since it represgents a vector rotating around the origin

with an angular velocity ew on a circle of radius 4, originally at 4>t
Problem 6. Any given sinusoid 4 sin(wt+x) may be expressed in

the form A'sinwt + A"cos wt, where A'=4 cosx and A"=A sinec . The

sinusoid A'"cos wt = A"sm (wt+ %L) {s in quadrature with A' sma;i;

thus the given sinusold 1s expressed as the sum of a sinusold with
zero phase angle and a sinusoid in quadrature with the latter. Show
that the given sinusoid, namely Asin (aw t+¢), is the sum of the pro-

Jections on the ordinate axis of the rotating vectozs/i'elwt and iA”elw,t

the latter always being at right angles to the former.

The sum of various sinusoids of the same frequeacy: Aksin(wtﬂ(k)

(k:l 2,...,n), can best be obtained by expressing them in the form:

Y = .
istnet + Ajcos wt, where Aj=4 xCO8 O and Athzn L(k—l,é’,“.,n)
In this way we get: r&

Zﬁﬁﬁun(wh%)—&: /)4 oin wit +/%,//,¢)wd wt = A'ain wt +4'enwt = Awn@t-f-a:
where: 4‘;/’4 = ;/?4, A= Aeot e, A=hanoe , A< VA% A"2 o= tan ‘iA

/
It can be shown that no such thing can be done with sine f‘un,c-

tions with distinct frequencies; because they are linearly independ-
ent, as shall be shown later (see &7, p. 111.)

Problem 7. Show that if: Asinwt + Becoswt + C = O for all t
(actually much less would be sufficient), where A, B, C are constant,
then A=B=C=0. ﬂimt Substitute: t=0 and t=72 and obtain: B+C=0 and
—B+C=0, from which B=C=0; then obtain that A_Qj Corollary: In an
equation between sinusoids of the same frequency and constants, (which

may be reduced to -an equation) of the form:
Asinwt + Bcoswt + C = A'sinwt + B'coswt + C7, a)
we obtain that (by passing all the terms to t{};e first member): A=A',

rms
B=B', C=C'; hence corresponding coefficients/\in eq. (1) are equal.
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By using the well-known formula of trigonometry:

sinxsiny = ’@os(x -y) - cos(x+y)_7 __[_;m(x ~yty Ty + sm(x+y——)_7
the product of two sinusoids of 2r-frequencies w and w' can be ex-
pressed as @ sum of sinusoids with 2n-frequencies w-w' and w+w' :

Asin(wt+0).A'sin (Wt+x') = ,am[?w W)t +ar- a’+ %me')tmm'—{] (3)

if co#a); otherwise it can be expressed as a sum of a constant term
and a sinusoid of double frequency (when w=w'):

Asci ot 4¢)- A (i +00') = G 0 (ot-o¢') + 4B pin (ot 4ot4oe- ), (+)
In any case, the product zs no longer a sinuscid of 2a-frequencywor qﬁ
Problem 8. Show that the product of two sinusoids is again a
sine function if and only Uf the two sinusoids have the same frequen-—
cy and are in quadrature, in which case the product is a sinusoid of

double frequency.

Problem 9. Show that if the angles of two sinusoids of the same
frequency do not differ by an integral multiple of sr radians (150°),
then the product, which is a sinusoid s(t) (say) of double frequency
plus a constant c (say), is sometimes negative and sometimes positive.
fﬁlnt Show that the amplitude of s(t) is greater than lclJ

Concerning a circuit element with sinusoidal current and voltage,
this would mean that at times the element is taking power from the
circuit and at times it is returning power to the circult; on the
average it would absorb power from the circuil, given by ¢, sign & all.

Problem 10. If wB#0, show that we have:

Jon(@tic) 4 tre(-p) +-—,0m(0(‘/3) ol (wt+4).

B WttfB) —
The derivative (with respect to_i) of a glven 5Lnusozd ALunauf+od

2
is another sinusoid of the same fregquency, namely:

f;,c)ph',@t +o) = wh eolwt +o)= WA gen(wt + o+ %), &)
which is in quadrature (90° out of phase) with the given sinusoid
(and in fact, leading it by %} radians, t.e., 90°).

On the other hand, the integral (with respect to_i) of the
given stnusoid (s another sinusoid with the same frequency, namely:
. . i

§hoontit +odtt == (ot +0)=4 aom (t+x=% ),  (6)
(which is also in quad.ature with the given sinusoid, and, in fact,
lagging it by 90°) plus an integration constant. However, in an
equation between linear combinations of sinusoids of the same fre-
quency, their derivatives, their integrals, and constants, the sum
of the constant terms in both members of the equation must be egual
(see Prob. 7) and sopfay be cancelled out, which leaves an equation
between sinusoids in which the integrals are not to be provided

with integration constants.
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§5. THE CORRESPONDENCE BETWEEN SINE FUNCTIONS AND COMPLEX NUMBERS.

Consider the totality of sine functions 4 sin (wt+x) of the same
frequencyéﬁ%¥qvbr all possible real values of the coefficient 4 and
of the phase angle o¢. Let us assign to each sine function 4 sinfwt+ey,
=A'sinewt + A"coswt (where A'=A4cose and A"=Asin&) of this class
a complex number KAfX = K(A'+A"i{), where K is any real number >0
(but the same for all the sine functions). To indicate this gssign-
ment (also called a mapping) we write:

Asin(t+o) = A'sinwt + A'cosawt —> KALE = K(A'+A"i). (1)

This mapping is single-valued, (once the constant K is chosen)
because the coefficients A'and A" of sinwt and cos Wt, respectively,
are uniquely determined by A sin (wt+x), and hence so i{s the corre-
sponding complex number K(A'+A"i); moreover, the correspondence is
one to one, because distinct sine functions have at least one of the
cocefficients A' or A" distinct and hence the corresponding complex
numbers are also distinct. 7To indicate that the correspondence es-—
tablished by the assignment (1) is one to one (or bi-unique), a dou-
ble arrow is wused, thus:

Asin t+ex) = A'sinwt + A"coswt <> KA/ = K(A'+4"i). (2)

By §4 we know that any (finite) linear combination:

%:\Jak.Ak;sin (wt +og) = ;(akAk) sin (Wt +og),

of sine functions Aksin(20t+0g) of the same frequency, with real coef-
ficients a,, Us also a sine function Asin(wt+ o), say, of the same
frequency, which may be obtained by eq. (1), &4 (p. 99). We shall now
show that the one to one correspondence (2) preserves (finite) linear
combinations, in the sense that the complex number KA/ex correspond-

ing to the linear combination is egual to the corresponding linear
combination .Elak°KHkLgk: K'EZLGKAKAZ& of the complex numbers KAkﬁxg
corresponding to the sine functions which were combined; that is,

tf Aksin (wt+og)<—->KAKAQ_C£
and ;:ahAksin (wt+0g) = Asin (Wt+o)e—> Kile,

then KA/ =;QK,KA[{&% - K.;akAk/gq ;
. ;ak.flksin(wt+02) H;QR.KARZQ(‘,:_Z;QAAE‘

-

(3)
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This is easily proved as follows. Let: A;{ = Akcos% and

,4;; = Aksin o Then: Aksin(a)t+a'£) = Alsin wt + Acos wt, and we have:

K Kk
;ak"‘lksm (wt+og) ;ak(/l;{sin wt + A]';coswt)

(%:\,akA}'t) sinwt + (;QKAX) cos wt
<—>K(;akA}'( + i;ak/l]’é) =;ak.K(A;{ + AYi)
=§jak.“k [0(‘ ,

Due to this property of the one to one correspondence between
the class of complex numbers and the class of sine functions of a
given frequency # O, indicated by the relation (2), of preserving
(finite) linear combinations, these two classes are said to be iso-
morphic with respect to (finite) linear combinations (with real coef-
ficients); and the one to one correspondence is called an isomorphism;

which proves the statment.

moreover, since the correspondence (s one to one, equal sine func-
tions shall be mapped into equal complex numbers and so equations
between sine functions shall go over into equations between the
corresponding complex numbers, t.e., this isomorphism shall also
preserve equations.

In the following, it shall be convenient to denote a typical
sine function, A sin (wt+x), of a given 2mr- frequency W, by such a
symbol as_§f=§:££2 and to denote the corresponding complex number
simply by s. In this notation, if:

= _ * - : =
Sy = sk(t) = 4, sin (wt+0(£) «~> 5, = KAKLO_% ,
the above result on the isomorphism between the classes of complex
“umbers and sine functions of a given frequency # O can be expressed

thus: .
* .
%,aksk@;:aksk, (4)
and if s*= s'"™ then s = s'.

The isomorphism maps the null sinusoid: Osin (wt+a), (the value

:f &¢ does not matter here) into the complex number O; it maps the
stnusoid: 1*(t)=K sinwt into the number 1, and it maps the sinusoid:
:*(t)=K cos wt into the imaginary unit i; the sinusoid sinwt is map-

sed into the positive number K, and coswt is mapped iﬁto_}_{i.
The isomorphism between the complex numbers and the sinusoids
of a given frequency # O also has the following important properties:
If s*=s*(t)=Asin (Wt+X) «—> s= KA/, then to the derivative,
is*/dt,of s*(t), which is also a sinusoid of the same frequency, name-
Yy WA cos (wt+od) =wA sin (Wt+0+90°) there corresponds the complex
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number KwA/oc+90° = KiwA/ = iws; and to the sinusoidal part of
the integral‘rs*(t)dt (without the integration constant), which s
the “STRUSSTE:: _'%tbos CsTTo) = Asin (cwwt+x-90°), there corresponds

] @ g oeéLzbs ' ; ool o
the complex number Ka)@x-9o = Kzu) = s/ic) . n symbols we then
have that if: s*=Asin(wt+x) <—>s = KA/ , then:

L
%-(—»iws and j:s"dt > %, (5)

where JZ denotes integration without the integration constant.
Thus we see that differentiation amongst the class of sine
functions of angular frequency w#f)corresponds to multiplication
by wi in the zlass of complex numbers, and integration (without
adding the integration constant) corresponds to division by w@i.
Problem 1. Show that the product of two non-zero sine func-
tions of the class of sinusoids of angular frequency w# O is not
a sine fuction of this class. Consequently there is no hope in
seeking a complex number representing this product by means of the
isomorphism (2). Incidently, the same can be said about the inte-
gral of a stne function, with a non-zero integration constant.
Problem 2. Show that any given equation between linear com-
binations of sinusoids of the same angular frequency wW# O (with

real coefficients) can be written as an equation such as:
ZAnsin(a)t +O(n) = 0. (6)
8 ]

By using the isomorphiém (2) transform this equation into an equa-
tion amongst complex numbers and show that the Gauss-Argand dia-
gram of the resulting equation ytelds a closed polygon, called the
vector diagram of the given equation; in particular, any one of the
sitnusotds of the given equation can be obtained graphically from the
vector ditagram of the eguation by finding the sine function corre-
sponding to the resultant of all the other vectors corresponding to
the other terms of the given equation, expressed in the form (6).
Problem 3. The value of K appearing in the mapping (2) can
be chosen so as to make all the complex numbers dealt with in any
. (or not smaller)
particular discussion have modull not greateqﬂthan a suitable stize.
This (s sometimes important for numberical and graphical computa-

tions, or for vector diagrams. For example, to compute the sum:

s*(t) = 39iIsin (wt-10°) - 505sin (wWt+127°) + 276 sin (wt+83°)

we can choose K=1/100; then, transforming all the sinusoids into com-
plex numbers by means of the isomorphism: A sin (Wt+x) <—>1—é—O[o_< s
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we obtain: s = 3.91/-10° - 5.05/127° + 2.76/83°.

ftnd the sum of these complex numbers (graphically or otherwise)
and then transform the result back into a sine function of angular
‘requency w in order to obtain s*(t) = 100 [s| sin (wt + Ang s).

In a similar way, obtain the following sum (choosing K = 100, say):

s‘(t):O-OS}?sin(#OOt+}6°)+0,000J2Jé%sin(#OOt-98°)+194‘fsin(400t-8°)dt.
L ]

maProblem 4. Assuming that all the coefficients qpns bmn’ Cmn
JrgAconstant, and that all the functions f;(t) and g;(t) are sine
functions of the same angular frequency W # 0, show that the sys-

tem of inﬁegro-differential equations:
* asn’ f' _ gt _ -
;;;(amﬂfn(t) * bmn dt * Smn fn(t)dt) - gm09 (m=1,2,...,8)
is transfzfmed into the algebraic system:
2= (a,, + twb +c /Jiw) f, =g (m=1,2,...,N)

by means of the isomorphism (2).
Note. In the literature the isomorphism mostly used is the
“ollowing (although this is not always explicitly stated):

Asin (Wt +0) €—> é& ; (7)

‘n other words, the value K = 1/J2 is taken. This has many advan-

rages, because the modulus of the complex number corresponding to

zny sinusoid is then equal to its effective, or root-mean-square (rms),

value, and most instruments in use for the measurement of currents

znd voltages are calibrated so as to read effective, or rms,values.

Thus the reading of such an instrument shall give the modulus of

the complex number when the quantity measured is sinusoidal. In the

Jollowing, when no explicit mention is made of the isomorphism be-

tween complex numbers and sinusoids of the same frequency to be used,

we shall always understand that the particular isomorphism (7) is used.
Suppose now that in z=rlﬁ=reﬁi,_£ and l& are functions of the

time t. Then z=2z(t) shall represent (in the Gauss-Argand diagram)

2 moving vector, and its tip,or terminal, a moving point. When S=5)

!s a steadily increasing function of the time, z(t) is called a

rotating vector, although this name is usually understood to mean

that r=constant and that $=wt+x, with wand o constant (unless

dtherwise stated). In this latter case, (the tip of) z(t) shall

represent a point moving on a circular path at a constant angular

velocity w , and & will denote the initial angle (with the x-axis).
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Problem 5. Show that the following mapping (for fixed_gif_gm
and for fixed K £ 0):

Aei(wt+o<) - Aeioceiwt ——> KAl (8)
is an isomorphism with respect to linear combinations and equations
(i.e. which preserves linear combinations and equations) which car-
ries differentiation over into multiplication by iw and integration
(without the additional integration constant) into division by iw.
Problem 6. Show that the following mapping (for fixed a #0):

Aei@t+0() — Asin (w t+&) (9)

is also an isomorphism with properties similar to those of (8).

Note. From the results of problems 5 and 6 concerning the iso-
morphisms (8) and (9), one can obtain the properties of the funda-
mental isomorphism (2), between the complex numbers and the sinusoids
of a given frequency #Z O, mentioned above in-the text. In fact, in
the older literature, this was the way the thing was done, although
the isomorphism (9) was rarely mentioned explicitly. Its use was
hidden by actually starting out with the so called rotating vectors
(instead of with the actual physical sinusoids) and then using a
technique equivalent to the use of the mapping (8). In this way the
concept of a rotating vector was practically necessary from the start
and this was a cause of muny a student failing to understand alter-
nating currents. By using the isomorphism (2) one can go directly
from the physical sinusoids to the auxiliary, bur heipful, complex
numbers without passing through the rotating vectors and then, once
an analysis is made in terms of the auxiliary complex numbers, one
may return with the results back to the physical sinusoids via the
same isomorphism (2). The rotating vectors then become unnecessary,
in this connection, and mention of them is only made for reference.

Problem 7. Suppose that we have a set of sine functions of the
time t, all of the same angular frequency w# 0. Suppose that we
make a Gauss-Argand diagram of all the complex numbers obtained by
the isomorphism (2) for all the sine functions of the given set.
Suppose that we now rotate this diagram as a rigid structure with
an angular velocity w around the origin. Show that we gel the
dtagram of the rotating vectors which we would obtain for the given
set of sine functions according to the isomorphism (2). In this
way it can be seen that any configuration of the set of rotating
veclors can be obtained by a suitable rigid rotation of the con-
figuration of "stationary"” or fixed vectors obtained by the mapping (2).



Ch. IV, §6. 106.

Note. According to the preceding problem (7), the mutual re-—
-ations between the rotating vectors corresponding to a given set
:f sine functions of the same angular frequency do not change with
the time, and since by a proper change of the time origin we can
send the initial line (the real axis) into any position, according
o Prob. 1, §4 (p. 98), we see that the coordinate axes in a vector
Ziagram of a set of sine functionsare irrelevant; i(t should be under-
itood that the axes can be supplied in any arbitrary position, in
the sense that it is always possible to choose an origin of the time
“or which the resulting diagram representé%?ﬁgrggggg%g corresponding
:0 the various sine functions of the given set. This is the reason
Jhy vector diagrams corresponding to sine functions of the same an-—

sular frequency are frequently giuven without coordinate axes.

§6L EXPONENTIALLY MODULATED SINUSCIDS.

The results of the preceding section (5) can eusily be extended
10 the so-called damped harmonic oscillations (or damped sinusoids)

. - t . ,
the form: A e%tsin (wt+x), wrere g¥0 and wW# 0; or more general,

—

20 the exponentially modulated harmonic oscillations (exponentially

osulated ginusoids) of this same form, but without the restriction 00,

f&)

F/?. 1. 0>0

The gruphs of typical exponentially modulated sinuscids are
shown above (Fig. 1) for the two cases <0 and T >0 (the cace =0,
sorresponding to an ordinary stnusoid, which was treated amply before,
seiny omitted).

713 ; . I £ agt . AL ot . g1

The function given by: f(t) = Ae "sin(wt+o)=4"e” sinwt +4"e

canishes for all values of t for which the sine factor sin (wt+a) van-

Tioswt

ishes (and only for these, if 4 # 0); that is, the zeros of j(t) are

.iven by the solutions of the equation: wi+l= ny, where n is any

integer, and therefore, they are distributed uniformly along the

i-axig at intervals of size: WjwW|. (A'=AcosX & A"=A4sino, above.)
Since 'sin (wtﬂx)f-é;-’ for all t, and since sin(wt+&) =+1 for

‘afinitely many values of t, we see that the graph of f(t) is con-
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e ot
tained between the enveloping (limiting) curves: y=2[4[e”" (shown by
the dotted lines in Fig. 1), touching them alternatively at equal in-

tervals of the same size: T/2 =T/jw|. The points of contact between
f(t) and the limiting curves are given by the solutions of the equa-
tion: wt+oc= (4n+1)¢/2, where n is any integer (the upper sign cor-
responds to contacts with the upper limiting curve and the lower sign

to contacts with the lower curve).

The values of t for which f(t) attains a maximum or a minimum
can be found by equating its fi_r_';_derivatiue to zero. In this way
we get the equation: tan (wWt+k) = -W/j, satisfied by the points of
maxima and minima, of which the solutions are: t, =é(n7\'—0<—tan"—g_4),
for all integers n. These values of t do not coincide with the cor-
responding point;of contact with the limiting curves, unless g= 0.
The maxima and minima occur alternatingly, and the (t ime) interval,(&‘ay)’
bpeo ~ tyo
namely: 27/lw|, which (s precisely the period, T (say), of the sine
fuctor in f(t). The maxima and minima of f(t) are: F(t) ,437 ",dmz@ih-/-@

From this we see that the maxima (and the rmnzma) vary exponentially,

between two successive maxima (or minima) s a constant,

and the ratio of two successive maxima (or minima) is a constant:

1. ) . =2raopu|
f(tn)/f(tn-f._?) = 4e%tbigin (a)tn +X)/4 e Tlars, 5in (outmL2 + ) =e '@,

since tn+2 = +¢7yfwl z‘. + T, The natural logarithm of this con-

stant ratio, namely -‘;Lf', is known as the logaritmic decrement, 4 (say),
¢ f(t), speaking algebraically (with a negative logarithnic decre-

ment ineaning a logarithiic increment).
Concerning the limiting curves of f(t), the exponential fuctor

in f(t), namely: ea-t, is called a damping factor (speaking algebra-

Lcalty) and the coefficient of t in the exponent, namely o, (s call-
constant or
ed the dampmg coeffictient (alyebraz"a’ly speaking; so that a negative

damping coeff. would mean an amplifying coeff.). The constant (tune)
interval in which the damping factor diminishes by the factor_1/e is
called thei-ézme)—conqtant T (say), of f(i); thus Aed(t+f)/A ea-t =1/e,
so that: g:l_'_:_;_]_

Hence we have the following relations between the logarithmic
decrement 8_, the time constant T ,Athe period T and the angular
Freguency le: 27r/T of the sine factor, of an exponentially mod-
ulated sine function: T8 = T:QW'/wl:—S/o',

Problem 1. Ifi“_(_t.) and g(t) are two exponentially modulated

sinusoids of the same damping coefficient and angular frequency
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(or of the same time constant and logarithmic decrement), show that
a f(t) (a=real) and f+g are also exponentially modulated sinusoids
with the same damp{ng_EOefficient and angular frequency. Thence show
that any finite linear combination (with real coefficients) of such
functions is also one such function.

Problem 2. Show that the derivative and the indefinite inte-
gral of an exponentially modulated sinusoid are also functions of
this type with the same time constant and logarithmic decrement.

Let us now consider the totality of (real) exponentially mod-
ulated sinusoids of the real variable_t (time, say) with the same
damping coefficient and angular frequency; that is, the class of
functions of the form: A et sin t+) with the same ¢ and e (#0),
for all possible real values of 4 and & . To each function of this
class, let us assign a complex number as indicated by the mapping:

4e% sin(wt +o¢) —s KALE (1)

where K is any (fixed) number > O, the same for all the functions.

From the results obtained above (in §ji)}br the isomorphism
between the class of sine functions of the same frequency and the
class of complex numbers, we can easily see that the mapping (1) es-
tablishes a one to one correspondence between the complex numbers
and the exponentially modulated sinusoids of the same damping coef-
ficient and angular frequency, which preserves (finite) linear com-
binations with real coefficients and equations between such; so that
the mapping (1) is indeed also an isomorphism with respect to these
relations.

Therefore, denoting an exponentially modulated sinusoid by a

starred letter and the corresponding complex number by the letter
used, we shall have (where_gﬂ_and_em are any real numbers):

* - * ; P f. =
Z:Janfn (t) = Zm :bmgm(t), if and only if: ;anfn" Zm;bmgm. (2)
Moreover, for the derivative of an exponentially modulated
sine function we have (where : /*:/Je”M(th)):

5_5 *: Aw e asawt+0)+ Aae® Ion ot+a) <> K Aw forr0°+ [ s = i+0 )KA e %wﬁf

and for the indefinite integral (omitting the integration constant):

Kl _ £
5,:*;# Fi+—f [O‘ﬂm/wt+o()-wm(wt+dﬂé—>ﬁ—1'(0'L‘ [t %°)= ,(O'-wz)L Tewi et
Hence, putting p=0+wi, we have that if: f* (t)-ea-f, then:

) e > pp.f ond 4: PRl < f /b @)
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so that differentiation is carried over into multiplication by p=0+wi,

and indefinite integration is carried over into division by p. Thus,

the mapping (1) transforms differentiation and integration ?;ithout

adding the integration constant) amongst the exponentially modulated

sine fuﬁctiéns into multiplication and division, respectively, of the

corresponding complex numbers, by the fixed complex number_B=0'+co(:
Problem 3. Express the following sum:

Pom 576> (oot #60°) = Z015€ L o Gaot —20) 66000, €™ Caun (oot - 1200,

where f. denotes the indefinite integral (without the integration
constant) 2 an exponentlally modulgted, sinusoid. (In (1), take: K;IO.,

Inforpret the on as a closed polygen in e complx plase.
c

Problem 4. Assuming that all the coefficients a. s bmn’ mn’

a2
aré;constantg and that all the functions fn(t) and g;(t) are expo-
nentially modulated stnusoids of the same time constant and loga-
rithmic decrement (#0), show that the following system of integro-

differential equations: (using Prob. 5 to get rid of the integ. const.)

pa [Emnf;;(t) + bmnd——t—f (t) + mnff;{(t)dg] = gX(t), (m=1,2,...,N) @)

is transformed into the following algebraic system: (where p=g+wi)

- (a,, + bp.p + ¢, /p)f,= g, (m=1,2,...,N)
by means of the isomorphism (1), which carries f; and g; into fn and In-
Problem 5. Show that if (where A'= A coso¢ and A"= A4 sino¢c ):

A eatsin (et +o¢) + B = A'e 2:smwt + A"e atcoswt + B =0

for all t, where A, &, and B, are constant, then: 4 = A' = A" = B = O.
It is interesting to E;ﬁpare the results of this section (6)
with the results of the preceding section (5). The isomorphism (1)
of §fﬂ between the sine functions and the complex numbers, and the
isomorphism (1) (of this section), between the exponentially modu-
lated stinusoids and the complex numbers, both preserve (finite) lin-
ear combinations and equations, but differentiation and integration
(without the additional integration constants) are carried by the
former into multiplication and division by ew i (respectively) while
they are carried by the latter into multiplication and division by
p=0+wi (respectively). In particular, for linear integro-differen-
tial equations with constant coefficiente. we see that in the case
of exponentially modulated sinusoids of the form A eotsin.(a)t+cx),
p=0+ !l takes the place of the cul for the case of sinusoids of the
”form Asin(eWt+). Thus we see that the purely tmaginary complex

number @i, which corresponds to the angular frequency &) in the case



ch. IV, §6. 110.

of sine functions, is generalized to an arbitrary complex number
p=g+wil in the case of exponentially modulated sinusoids. Ffor this
reason the complex number p=0+ w1l 1s frequently called a generalized
(compaex) frequency. This concept of a generalized (complex) fre-
quency in the complex plane is very useful in the interpretation of
results concerning linear integro-differential equations witéf?%n—
stant coefficients, such as those of constant parameter electric
networks, with sinusoidal or exponentially modulated sinusoidal
exciting functions (the known functions in the equations).

Example. Consider the following system of differential equa-
tions with real constant coefficients Qpmn’

M N
224 dt”f (1) = gr(t), (K=1,2,0 .. 1) )

m=l n=0
where the known (exciting) functions g;(t) are exponentially modu-

lated sinusoids of the same damping coefficients o and angular fre-
quency w, and let us seek functions of the same kind for the unknown
(response) functions f*(t) satisfying the differential equations.

By means of the isomorphism (1), the above differential equations
are transformed into the following algebraic equations: |

M
Z‘_;M_,(akmpn)fm = ;_j bymIm = Ik (k=1,2,...,M)

m=1 N=0
where f! and 9, (k=1,2,...,M) are the complex numbers corresponding
P _ n
to fk(t) and gk(t), and b, = a,.p are known complex numbers
dependent on p=g+wi. If the determinant of the bkl s not zero, the

solution of these equations is given by:

M
fm = %g;gkfsqukm//ﬁet (bkl)’ (m=1,2,...,M)

and then we can find the unknown (time) functions, f%(t), as follows:

FE(t) = K_llf [e"t sin(wt + Ang f, D e (me1,2, .. M)

Since each bkl is a polynomial in P, so shall each of the co-
factors and the determinant of the bkl be, and hence we see that each
is a rational function of p. Consequentl there shall then be onl
—fln-— (un/{aely determined) A 9 Yo Y
a finite number of,values at which any one of the f becomes infinite
A — T (ipiguely determi
(called the poles of f‘}band only a finite number of values of P at
which f_ becomes zero (called the zeros of f ), and the same for [f l
When all the exciting functions have damplng coefficients O
and angular frequencies w such that the number T +wWw'! 1is very near
a zero of f,, /fm[ and hence the function f*(t) shall always be small;
and if g+wti 1Is very near a pole of fm’ then [fm\shall be very large

and so f*(t) shall be exceptionally large during large intervals of t.
@ 7Re totality of the poles of all the response guntities g, are called the _‘;Memll'ﬂ’éd natural fraguencies of ﬁ,’egym(g
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&7. THE LINEAR INDEPENDENCE OF EXPONENTIALS (AND QF SINUSOIDS) .

By a linear combination of the (arbitrary) functions fk (k=1,2,..
with respect to (or over) an arbitrary class K of coefficients we mean
any finite sum ckjyi(which we assume to be defined) where all the
"coefficients"_sﬁ_gre elements of the class K. (For example, K may
be the class of rational numbers, or the class of real numbers, or
the class of polynomials in several given variables with complex

coefficients, etc.)

The functions fl’ f2"°"fN are said to be linearly dependent
over K if and only if there exists a linear combination ‘z;<31fn
of these functions over K which is identically zero (i.e. zero for
all values of the variables in the fn) with not all the coefficients
ch (n=1,2,...,N) equal to zero. (To be identically zero is sometimes
“indicated by writing =0.)

The linear independence of fl’f2"°°’fN over K means that they
are not linear dependent over_ K. These functions shall be linearly
A g1fn= O implies that all the

coefficients ¢_ (n=1,2,...,N) are zero. For example, it is a well

independent over K if and only if

known result of algebra that any polynomial (in any number of varia-

With commplox numbers as coettieients L.
bles%\whlch vanishes identically must have all its coefficients equal
to zero. (Consequently, the products of distinct non-negative powers
of any number of variables are linearly independent over the class
of complex numbers.

Problem 1. Show that if f=0 then the functions f, fz’f2""’fN
are linearly dependent over every class of "coefficients”.

We shall now prove the following important theorem:

Any finite set of exponentials ea"t (n=1,2,...,N), where the_gﬂ_
are distinct complex numbers, are linearly independent over the class
of polynomials in the variabie_g_with complex numbers as coefficients.

In other words, if we have:
N

,,_lpn(t)ea"t =0 (1)

where all the a_ are distinct complex numbers and all the Pn(t) are

polynomtals in_z_with complex numbers as coefficients, then we must
have all Pn(t) =0 (n=1,2,...,N); and this in turn means that all
the coefficients of all the polynomials P_(t) vanish.
Proof: This we do by mathematical induction on the number N.
For N=1 this is trivial; because if P(t) e %'=0 then P(t) =0,
since eat;éo for all t. |
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Now assume the theorem true for all nEN. We wish to infer its

truth for n=N+1. 7To do this, let us suppose that we have:
I N+1

> P (t)ednt - o, (2)
h=4

where some one of the polynomial coefficients is not zero, say: P (t).

Let b be the leading coefficient in P (t), i.e. the (non—vanzshtngj

coefficient of the highest power of t in P (t) Since exp(a 1 t) is

never zero, we can divide by it and we get

Z/P (t) exp (a,-ay ,J)t + Py ,(t) = O.

If we now dszerentlate this a sufficient number of times (equal to
the degree & of Py,q1s Plus 1) we obtain an equation of the form:
i

ZQ (t) exp (a -ay ,J)t = 0,

where all the (a N+l) for n=1,2,...,N, are distinct (since all
the a  are dzsttnct) ‘and where the e (t) are also polynomials in t
(in fact of the same degrees as tnz_EB}respondzng P (t)). Moreover,
the leading coefficients in the @ _(t) are equal to (a :—N+l- mul-
tiplied by the corresponding coefficients in the P (t) But by the
induction hypothesis all the Q (t) vanish (and in partlcular, Ql(t) O)
hence the leading coefftctent of Ql(f), which is (a N+1)t“ must
be zero; so that b=0, since a;-ay. J;ZO Consequently, P (t) can
have no leading coefficient and this means that Pz(t) vanzshes iden-
tically. Therefore the expression in eg. (2) reduces to an expres-
sion with N terms to which the induction hypothesis again applies,
and thus we infer that all the other P (t) for n=2, 3,...,N+1,.also
vanish tdentically. In this way the_?;ﬂ?n of the theorem for n=N+1
s proved under the hypothesis of its truth for n;__ll/“2 and since Ut
is true for_nii, its truth for all positive int;;érs_n_followso
Calling any finite sum of products of polynomials by exponen-
tial a pe—function, the theorem given above can be stated briefly
thus: a peef&nction with distinct exponentials vanishes identically
if and only if all the coefficients of all the polynomials vanish.
Corollary 1. A pe-function with a non-zero coefficient which
vanishes identically must necessarily have two of its exponentials
equal (i.e. at least two of the a, in eq. (1) are necessarily equal, .
Corollary 2. In an equation between :pe-functions corresponding
coefficients are equal. Ffor if we have;yan equation of the form:

N
a,t _ a,t
NNOFEAND I RORE
: . _ ant _
then we will have: % (Pn Qn)e = 0,
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and so when all the_gﬂ_(n=1,2,...,N) are distinct we must haue_fnieﬂ_
Cﬁjl_éL;;__g) for all t, and this means precisely that corresponding
coeffr,c ients are gqua um el /e[-ep,,,,,dcae//‘/c‘/enfs Gy, of L in the exporentials of a

re um?‘%zugma M.s{/fng l e‘ife%ﬁz—/’t%?n be tween“,g e,—e}uarfct{ foﬁé cai’ogc.; split into
as many equations between polynomials as there are distinct exponen-
tials; and, conversely, any number of equations between polynomials
can be combined into a single equation between pe-functions, simply
by multiplying the equations by distinct exponentials and adding.
(Of course, each identity between polynomials can in turn also be
split into several equations between corresponding coefficients.)
Consider now any finite sum of products of polynomials by sine
functions of the folloejng form:

P(t) + gé’n(t) sineyt + Q (t) cosw,,f‘}, (3)
5

where in general the w), are any complex numbers £0 and_P({) and the
P _(t) and Qn(t) (n=1,2,...,N) are polynomials in _t.
By means of Euler's formulas (cf. §2, Prob. 4, p. 87):

sin w,t = (el“%t - e_la%t)/Qi, cos yt = (ela%t+e_la%t)/2,
the expression (3) can be put into the following form:
Fi _p o) olaht .y —iw,t
P(t) +2’§_ [, -p i) et + (Q +p i) e iet ] (4)
This is a pe-function because all the factors (Qni;Pni)/2 are also
polynomials in_t with complex numbers as coeffictients. Hence, if

all the &), are distinct and the expressions (3) and (4) vanish iden-
tically, we infer that:

P(t) = O, (Qn-Pni)/2 = 0, and (Qn4-Pni)/2 = 0,

for all t and all n=1 »25,++.,N; and so, by adding and subtracting,
we obtain: Qn(t) =0 and P (t) = 0, for all t and all n=1,2,...,N,
which means that all the coefficients of all the polynomials coef-
ficients P (t) Q (t), and P(t), vanish.

In tth way we see that the theorem and corollaries given above
for pe-functions hold also for expressions of the form (3).

The theorems of this section have certain importance for systems
of linear integro-differential equations with constant coefficients
and pe-exciting functions; because It can be shown that the solutions
of such systems are then also pe-functions, and by the theorems given

above each equation of the system can be split into various algebraic
equations between the coefficients,which may be solved, and with the
results the solutions of the systemsof integro-differential equations
can then be reconstructed.




114.

CHAPTER _V: ARBITRARY NETWORKS IN THE SINUSOIDAL STATE.

In Ch. III the general integro-differential equations of an
arbitrary network were established. When these equations are lin-
ear and consistent, the general solution consists of a part which
is a solution of the reduced equations in which all the exciting
functions are replaced by zeros, called the complementary functions
(but which do not necessarilgxz solution of the original equations)

and which contains all the arbitrary constants, and a part, contain-
tng no arbitrary constants, which is a particular solution.

In (stationary) alternating current networks, in which all the
parameters are (assumed to be) constant, it is a well known result
from the theory of linear differential equations with constant coef-
ficients that the complementary functions always form a class
of pe-functions (i.e. finite sums of products of polynomials by ex-
ponential%j; %Hogg'éyﬁonentials are uniquely deternined (except for

their order, of course) in any given case, and which do not depend
an the exciting (the known) functions. The uniquely determined set

of the coefficients of the independent variable (tke time, say) in

e tlass of pe fﬂ»diﬂﬂs also

the exponents of the exponentlicls are called the generalized
, ] . @gawbaaeﬁueué%i?ﬂﬁﬂ?i?ﬂﬁﬁwﬁJ
{complex) natural ¥RXEXRXXZ¥ frequencies of the networ§N The  partic-

ular colutinn, on the other hand, depends on the exciting functions,

zad oiv the coefficients in the system of integro-differential equa-
tions of the network which, in turn, depend only on the pcrameters
of the network and or. its combinatorial structure.

The fundamental alternating current problem is thai of an ar-

bitrary (stationary) network with constant gparameters and sinusoidal
2xciting functions of the same angular frequency @ # O which is not
a natural angular frequency (meaning that O+@wi is not a generalized
~atural frequency) of the netwcrk. In the particular case of such

a network, the particular soluiion of the corresponding system of
equations consists also of sine functions of the same angular fre-
quency w, and the complete solution, equal to the complementary functions
plus the particular solutions, consists of a set of pe-functions,
the generalized frequencies of which are the generalized natural
freguencies of the network and wi. According to &7 of Ch. IV,

due to the linear independence of distinct exponentials with poly-
nomial cocefficients, the system of equations of the network can then
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be split into various independent systems of equations, one system
for each generalized natural frequency of the network,and a system
corresponding to the angular frequency «w . The solutions of the
systems of equations corresponding to the generalized natural fre-
quencies make up the complementary functions and, when all the gen-
eralized natural frequencies of the network have negative real parts,
the pe-functions of the complementary functions die out rapidly. One
is then left only with the system of cﬂg&i&ﬁ;ﬁﬁﬁﬁﬁgﬁfpggﬂb g to the
angular frequency ¢« of the applied sourcesAzn which all the (known
and unknown) functions are sinusoids of the same angular frequency
W; in this way one obtains precisely the system of equations of
the network in the sinusoidal state, the solution of which is a
particular solution of the original system of equations of the net-
work. When not all the generalized natural frequencies of the net-
work have neggtive real parts, the pe-functions of the complementary
functions do not in general die out and the currents and voltages in
the elements of the network may differ considerably from the sine
functions of the particular solution. Fortunately the cases in which
tne difference is considerable are rare in practice, and generally
fhe sinusoids of angular frequency w of the particular solution will
represent the response quantities (currents and voltages) almost ex-

(as Lime elapses)
oct»% Nevertheless, the problem of finding the sinusoidal solution

ey o~ ot - L

o the system of equetions of a network, of the same frequency as
—1 7
Pt SEY ST

the sources, its (if it exists) in any case important in
itgelf; and it may well be called the restricted a-c problem of the
network, and st of what follows will be dedicated to it; but it

should be understood that, in case not all the generalized natural

frequencies of the network have negative real piyts, there may also
of the splution (rol being neglig
be other part%Aof practical oLgnzfzcanc '%QSldes the sinusoidal parts,

which must be determined by a separate analysr.s°

§1. NETWORKS OF GENERAL SERIES ELENENTS IN THE SINUSOIDAL STATE.

Consider a (stationary) networik >f n, general series elements
(of the kind shown in Fig. 1), arbitrarily oriented and numbered con-
secutively from_i_to_gaj and connected into n, components (=separate
parts) with nn nodes. Omitting exactly one e node in each component,

let the other nodes be arbztraruly numbered consocu*zuely from 1 to

S, L

n'sn -n_. EF % L6=let
S oo s S

* Y,
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The components can be numbered 1,2,..°,nc, and the node omitted in

the component_gf=1,2,°,.,nc) will be taken as the base or reference
node in that component, denoted_gg: Let a complete and independent
set of nm=ne—né=ne+nc-nn meshes be chosen in the network and arbi-
trarily oriented and numbered consecutively from I to nm.@Ph¢4CLJ5%F“Q

Assume all the currents and-voltages in the (elements of the)

network to be sine functions of the same angular frequency ew# O.
Since the complex numbers assigned to the sine functions according

to the mapping (1), or (2), of Ch. IV, &5 (p. 101), will be used
much more than the corresponding sinusoids, it shall be convenient
(as was done in Ch. IV, 555) to denote the sine functions by starred
letters (i.e. letters with an asterisk, such as E*, v, I*, etc.){
and to denote the corresponding complex numbers_;}mﬁig éy the letters
used (i.e. the letters without the asterisks, namely, £, V, I, etc.).
Then the equations of the network in the sinusoidal staté‘sﬁail be:

* _ * * * _ *x_nx -
vy - Rka+SkfIkdt +ZZLM<1IZ /dt - Ep - DF, (k-1,2,...,ne)( )
=1 1

7,
(k,n) Ir=0, (’1:]’2""’”;1) z[k,m]V}’;zo, (m=1,2,...,nm)
LY =1

where V? is the sinusoidal voltage drop in the general serie element Kk,

n,

I; is the sinusoidal current through the element k, and Eé and D; are

the sinusoidal voltage rises in the voltage source and current source,
respectively, itn the element k, in the assigned reference direction.
(These are the same equation;_ﬁne would obtain from the general equa-
tions (3), (%) & (5) of Ch. III, &1 (pp. 63-64) in the case that all
the exciting functions are sinusoids of angular frequency &« , assumed
not to be a natural angular frequency of the network, by equating the
stnusoidal terms of angular frequency w in each equation, based on
their linear independence and knowing that all the functions of t in
these equations are pe-functions; whether the other terms of the
pe-functions die out,or not,as time elapses.)

Let us now transform each equation of this system (1) into an

equation between complex numbers, according to the isomorphism:
s*=s5*(t)=Adsin(wt +o¢) €«<—> KAl - s (2)

(ef. Ch. IV, §5, (1) or (2), p. 101) between the sinusoids of an-
gular frequency w and the class of complex numbers, where_{_is any
real number > 0, usually taken = 1/J{2 in order to have |sl = s+
(i.e. so that the modulus, or absolute value, of the complex number

be equal to the effective value of the corresponding sinusoid).
[Unless mentianed explicitly otherwise, we shall alweys understznd K'=1/\2 2 be taken inthe correspondence ()]
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We know that this isomorphism preserves linear combinations and
equations and that differentiation is carried over into multipli-
cation by wi while integration (without adding the usual integra-
tion constants, which can be omitted due to their linear indepen-
dence, or according to Prob. 7 of Ch. IV, &4, p. 99) is carried
over into division by wi. Therefore, the system of equations (1)
is transformed into the follo%ing system:

Vy = Rka+Ska/wi + Z(Lkl-wiIl)—Ek-Dk, (k=1,2,...,ne)
re I (3)
;(k,n) I,=0, (n.=1,2,...,n"1) Zﬂt,m] V=0, (m=1,2,...,nm)

assuming, of course, that all the network parameters, namely, all
the resistances Rk,.all the elastances Sk’ and all the @elf— and
mutual—)inductances Lkl’ are constant.

These equations (3) are called the trangformed equations of
the network of general series elements in the sinusoidal state.

They are also known in the literature as the complex, vectorial, or

symbolic, equationg of an alternating current network (in the sinu-
Y

soidal state). The complex numbers Vk and Ik corresponding to the

sinusoidal voltage drops V; and currents IE through the elements

k(:l,?,...,ne) are called the transformed, or complex, voltage drops

and currents, respectively, in the corresponding elements, in the
assigned reference directions. The complex numbers Ek and Dk cor-
responding to the sinusoidal voltage rises E; and DE in the voltage
and current sources, respectively, of the elements k are called the
transformed, or complex, voltage rises in the corr%;pondigg sources.

sz” particaiers & ic called the com slectromedive Force of the volfage surce in the elemeat L,
he' complex number corresponding to the sinusoidal value of a (cur-

rent or voltage) source will be called the complex value of the

source. The (known) complex values of the sources of a network
are called the complex exciting (or driving) quantities of the net-

work (and of the corresponding transformed equations). In the lit-
erature, complex currents and voltages are also known as vector
currents and voltages, respectively.

It can be noticed that if Vo, , Vo , and V, , are the complex
voltage drops in the resistance Rk’ in the elastance Sk’ and in the
inductance Lk’ respectively, in the reference direction of the com-
plex current Ik through them, then we shall have:

VR:Rka’ Vs,f %Ik, VLf - twkly, I, (k=1,2,...,ne) (4)

as can be observed from the separate terms of the first of the eqs (3).
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When the tnductance Lk ls magnetically isolated. the last of the

eqs. (4) reduces, of course, to the equation: Vi =twl, I, ; and in

any case this quantity is called the self-complex voltage drop in

the inductance Lk’ while the other terms composing VL » hamely,
ia)Lkl.Il(l=1,2,...,ne) are called the mutual-complex voltage drops.

in the coil Lh due to the complex currents'Il in the other coils 1.
The (total) complex voltage drop in the inductance L, is then the sum
of the self-and all the mutual-complex voltage drops in Lk“

The coefficients of the complex currents in the egs. (4) are
called the impedances (a term due to Oliver Heaviside) of the basic
elements; specifidally,_fﬁ_is called the impedance of the resistor
Rk (which in this case is also its resistance),_fhifif is called
the impedance of the condenser 5,, itwl, =1wLl,, is called the self-
Impedance of the coil Lk’ and ia)Lkl is called the mutual impedance
of the coil k with the coil L (or between them). We then see from

eqs. (4) that the complex voltages drops in a resistance and in an

elastance are the corresponding impedances multiplied by the complex
currents through them; and the self- and mutual-complex voltagé drops
in an itnductance are equal to the corresponding self- and mutual-
impedances multiplied by the corresponding complex currents.

It can also be noticed that the last equations of the system (3),
for the generic node n and mesh m, are exactly of the same form as
the corresponding Kirchhoff's Laws for instantaneous values but with
the latter replaced by complex numbers. Therefore they will be call-
Kirchhoff's complex (current and voltage) laws. The second of the
equations of the system (3) is Kirchhoff's Complex Current Law for
the geneéic node n. It is also known as Kirchhoff's Vector, or Sym-
bolic, Current Law,in the literature. It states that the (algebratic)
sum of all the complex currents leaving (or entering) a node is zero.
The last equation of the system (3) is Kirchhoff's Complex, Vector,
or Symbolic, Law for the generic mesh m, and it states that the (al-

gebraic) sum of all the complex voltage drops (or rises) taken in
a given sense around a mesh is zero.

The first of the equations of the system (3), giving the com-
plex voltage drop in the generic element k,will be called the com-
plex voltage equation for the generic element k.

If in any gtitven network we replace each circuit parameter by
the corresponding impedance, and every current and voltage (whether
an exciting or a response quantity) by the corresponding complex
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current and voltage, respectively, we obtain the corresponding
transformed network. The transformed network will have the same

graph as the given network and therefore the same combinatorial

structure. In the transformed network there are only complex num-
bers, and time functions no longer appear; nevertheless, in practice,
hybrid networks are frequently used in which some quantities are
transformed (usudly the currents and voltages) while others are not
(usually the parameters); but it is usually easy to obtain the trans-
formed network from any hybrid network, so that this is unimportant.
A typical general series element of a transformed network is shown
in Fig. 2; this is the transform of the element shown in Fig. 1.
\ %% _é% kg .
" .,,H [ \ fro- =
. iwly
Example 1. Consider the network shown in Fig. 3. The trans-
formed network is shown in Fig. 4. Assume E*=125y2 sin (1007t + 10°).
', Z®)

\

g

s, e v

/
¢ 2000

Fig. 3. was

All the values given are in MKSC-units, the value given for the mu-
tual itnductance being iits absolute value only; in fact, according to
the polarity marks shown, the mutual inductance referred to the as-
signed reference directions is -0.0I. The network has two elements
of the general series type; there are two nodes and two components
so that there are zero independent nodes, and no Kirchhoff's Current
Laws are needed. There are two independent meshes, and so two
Kirchhoff's Voltage Laws are needed which, in this case, are simply:
Vi=0 and V3i=0, of which the transformed equations are: V1=O and V2=O.

1 b
The equations of the original network are the following:

Vi=1.5 I1*+ 0.006 dIJ"/dt - 0.01 dI_;/dt - E*(t) = 0,

1

(5)
* _ * * - * -
V2--JOI2 +2OOQf{5dt+ O°O5dI2/dt O.OZdIZ/dt- o,

and the transformed equations (which may be considered as the equa-
tions of the transformed network) are the following (taking K=1/Y2):

v =.Z.5I1+O;OO6('JOO7Ti)I1--O.O.Z(lOO?'(‘i)I2 - 125/10° = O,

! (6)

V., =10 1. +2000 12/(zooz i) +0.05(100 7 i)I2— 0.01(100 7w i)I1=O.

e 2
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These transformed equations can be written as follows:
(1.5+1.884951) IJ - 3.14159 1 I.2 = 125/10°,
-3.14159 1 Il + (10+9.34175 1) I2 = 0,
of which the solution is:

I 46.25539 - 21.06757 i = 50.83 / =24.53°,

1
(7)
I, = 10.78323+4.458121 = 11.67/22.46°,

as can easily be checked. These are the complex currents.

The sinusoidal currents in the original network are then:

I_*Z' = 50.83')/2_ Sir).(lOO?Tt - 24,53°) =71.88 sin (1007t-24.53°),
I3 = 11.67V2 sin (1007t + 22.46°), in amp3res. (8)

- (=64 toolrate tothe axample of O 10, §6, p. !10)
It can be shown that the generalized natural frequenczea/\of f,;g

the network considered in this example are the followina: 1%@5
K
p1=-448.5, p2=—113.25+143.45i, p3=-113.25-143.45i, -
and hence that the complete solution of the differential eqguations (5)
ise
.5t
I,*(é):Ae 4*77& Be R //4345f+,3) + 91.88 aum (007t - 24.53 )
- \ﬁ S
/t) A “e ”3' M(/4345t+,62 +16.50 pen (1007t +22. 4—é) (s)
where AZ’ A2, : 2’/@ s are constants of integration Jdependent

an the initial uUfPQﬂt% in cne colls,and on the initial charye of
the condenser, of the ‘network; the rirst two terms in these expres-—
sions constitute the complementary functions of the egs. (5), i.e.
the solution of the egs. (5) when E*(t) is replaced by 0, while the
iast terms constitute the particular sclution of egs. (5), which is
the same us the sinusoidal solution (8), and which do not depend on
the intial conditions of the network.

From the complete solution (9) it can be appreciated how fast
the “transient” terms of the complementary functions die out, and after
a few of the 50 per second cycles the ceomplete solution practically
reduces to the sinusoidal solution (8).

Once I7 and IX have been found, the individual voltage drops
in the basi; eleme;ts of the network can be obtained by substituting
If and .[E in the individual terms of the equations (5).

It may be noticed that the determination of the complex currents
(7) was just an artifice used to obtain the actual sinusoidal cur-

rents (8). The actual currents in this case are a forward and back-
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ward motion of electric charge, and the complex currents have no

real physical meaning. <Similarly, complex voltages have no real

physical meaning; they are used as artifices to determine the ac-
tual sinusoidal voltages, which alternatingly change their polari-
ties every half period.

Example 2. Consider now the simple circuit shown in Fig. 5,
whose transformed network is shown in Fig. 6. The integro-differ-

ential equations are the following: V*—_—o.o2f{—fim‘f1§lt‘£’%o, (o)

E*=E'"®)= Q 0.02 hen. 2545 =0.09377¢

s 2 .

1 P20 (B377¢ o000 dar: __.24’5’:,/0000/3717,
Fﬂ?gﬁ Fzyié.

The transformed equations are (using: K=1//2):
V=0.02(377 i)I + 10000 I/377 i - 117 /-30°= O,

the solution of which is:

I=6.16/60°,

80 that the sinusoidal current of angular Sfrequency 377 (260cps) is:
I*=6.16V2 sin (377t +60°) =8.71sin (377t +60°). @

However, in zﬁggdifample it can be shown that the generalized
natural frequenciesAof the network are: #{S/Li= + 707.11i, which
do not have negative real parts, and so there may be other terms in
the current which do not die out with time and hence are not ignor-
able. In fact, the general solution of the network of this example

can be shown to be:

I*(t) =Asin (707.1t+) + 8.71sin (377t +60° ), 0%

where A and ¢ are integration constants which depend on the initial
current, I,, in the coil, and on the initial charge, Q,, on the con-
denser, and, in this case, even on the EMF of the voltage source E*;
specifically the complete solution is: |
P S y 79 1_027

I*(t)=(I1,-7.55) cos(707.1 t)-#4Q,+8.18) sin(707.1 t)+8.71sin(377t+60°,

From this equation it can be appreciated that even when the initial
current I, and initial charge Q, vanish, the total current differs

considerably from the 60 nv sinusoidal current (11) found by the re-
stricted alternating current (sinusoidal current) method.
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The situation would have been a little worse had the voltage
source in the network of this example had an angular frequency cw
equal to the natural angular frequency YS/L = 1000/N2 = 707.1 sec.*
of the network. For in such a case, the restricted alternating cur-
rent method would fail completely; and the general alternating cur-
rent method would have to be used. In this way the current can be
shown to be given by the following pe-function:

I*(t) =(A'+B't -wQ,) sinwt + (I,+A"+B"t) cos wt,

ol
where 4, _@_’, _4_"', B" are constants dependino,\'gn the value of the volt-

age source (the exciting function) and Q. and I, are constants of
integration (the initial charge and current).

Example 3. Consider the network of Ch. III, §1, Fig. 2 (p. 65).
Considering all the currents and voltages in the network to be sine
functions of the same angular frequency w , the transformed equatfons
of the network can be obtained by substituting a complex number for
each of the time functions in the general equations of the network
and replacing differentiation and integration by multiplication and
division by eyi, respectively. In this way we obtain the following
transformed equations of the network in the sinusoidal state:

V=R I+, T fwi +Lwi L +Lywi I3 - E, ,
V, =R, I, + Sy Iy fwi +Lgwilzs + Loqwi L+ Lygwi Iy -5,
=R +8, L, fvi + Lywi Ly +Lywi I + Lgzwt Ig
V=R Lot L, ot +lowily+l wily+ Ly pwi I,,
V =R Lo+ S, T fuwt + Lswi Is # Lygwi I, -2
Y=RI+S T it Liwilg+ Ly pwilo=D;, 03)
Vy= Ry Ly + 8, Ty fud + Lywi Ty +Lpswi Ly s |
V; = K; Ly *3313/“’5 +Lywilp+Loily *Lggtdy 5
V,=RL ""Srrq/“)i +Lgwt L, +lgewilys s
V, =8, Lo S, Lo /i + Lpwido+ Lipewily,

V=R, I, + 3, Iy /wi s

\/,2=7?,91},,+3,,I,¢/¢0i,
I+ L=Ipt 2,72, =0, I+ Is+ Iyt Ly -1,=0, Ty-Is t2p-1g -1, =0,
W=0r V0, Ym0, UsheO,  Yedyro,  Ubewo,
VitV +v, =0, %""Vg"'v,,=0, —Vot Vo +lp =0.
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The transformed equations (3) of a network in the sinusoidal
state can, of course, be established directly from the network; there
is no real need of first establishing the originai equations (1) and
then transfdrming them according to the isomorphism (2). It is easy
enough to write letters representing complex currents and voltages
as it is to write letters representing sinusoidal currents and volt-
ages of the same angular frequency w , and to multiply and divide
by ewi instead of differentiating and integrating, respectively,
with respect to the time.

All one has to know is: that the complex voltage drops in the
passive basic elements of a network are given by egs. (4)t;§hat the
complex voltage drops in the current and voltage sources are the neg-
atives of their complex'ﬁﬁﬁgégf that the complex voltage drop along
any given path through elements of the network, in a given sense, 1s
equal to the sum of the complex voltage drops through the traversed
elements in the given sense along the path and, in particular, that
this sum is zero when the path is closed (Kirchhoff's complex volt-
age law), and that the sum of all the complex currents leaving (or
entering) any node is zero (Kirchhoff's complex current law). The
equations obtained directly in this way may be considered as the

cgquations of the transformed network.

Example 4. Consider the network shown in Fig. 7. The basic

F73.7.

O,

elements have been grouped into seven elements of the general series
type, demarked by heavy dots in the figure, and oriented and numbered
consecutively from 1 to 7. The only non-zero mutual inductances have
been indicated by arcs, as usual. There are two components (=separate
parts) in the network. Omitting one node in each component (OI and O2L
the rest were numbered consecutively from 1 to 4. There are 7-4=3
independent meshes in the network; for example, the meshes: 123, 2456,
and the mesh formed by the element 7, form a complete and independent
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set of meshes (amongst other such sets), which may be taken as the
meshes 1, 2, and 3, respectively.

As usual, let Rk’ Sk’ Lk ka denote the resistance, elastance,
and self-inductance of the element k, respectively, and let Lkl de-
note the mutual inductance between the (coils in the) elements k
and 1 with respect to the assigned reference directions, all assumed
to be constant. Also, considering the network to be in the sinusoidal
state at the angular frequency w, let Vk and Ik denote, as usual, the
complex voltage drop and current through the element k in the assigned

reference direction, and let £, and Dk denote the complex voltage rises

k
in the voltage and current sources of the element k in the assigned

reference direction. Then the transformed equations of the network

are:
V=R I+iwl I +iwl L +iwl I, -E,,
l4= L+8, 5 fiw+iwl,I 2tiwly I, +iwlyy I, ,
\é=7?313+1,'w/.31;+2w135zu
Y, =Ry Lot iwky Dy +ivleTi+iwlasIy,
V=K. I, + 35 0 L. /7':0 tiwlsIs + 1w Lsg I,
\é ?‘Ié+7a)LGI‘,+ZwL‘5 (/4)
\é Z?;LI +5’ /zzu%zw[;l7+zwl75 -0,
L-I,=0, (at rede 1)
~I,+L+T,=0, (at nie 2)

—1’4+I5-0,(af nade 3)
-Z,+I,=0, (at nde 4)
V, +Vy+V =0, (for mesh 1)
G+ V+ Y%tV =0, (For mesl 2)
\/.'} =0, (for mesh 3).

Problem 1. FEstablish directly the transformed equations for
the following networks{or’iF/"y,é’):

L

| <a>

*le)

W@)%& é 7 }2@ T T 1&
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The first of the egs. (3), p. 117, expressing the complex volt-
age drop in the generic element k of a network in terms of the com-
plex currents through the elements, can be given a simpler appear-
ance by introducing the quantities Zkl=zkl(iw) (k,l=1,2,...,ne),
defined as follows:

Z,, = >,

k1™ ) _
lekl, if k£1l.

We shall then have:

”,
V=R it % lafiv +§ twlgely =4~ (k=1,2,...,n,)
=(R, +Sy fiew + 2wl )L, "'é‘i“’LﬂIJ -&-D, ™ Ly :I_“)

Ve
= Zu Tt 51 Gl 6D = & Tyl ey
The complete set of transformed equations of a network in the
sinusoidal state will then appear in the final following form:

Ne
vk=2zklfl-5k-ok, (k=1,2,...,n,) (16)
=1

),
g(k,n) I,.=0, (n=1,2,...,nr'1=nn-nc) (17)

n,
- - - - !
Z;[k,m] v, = 0. (m-l,?,...,nm—n.e n.n) (18)

The quantities zk,l introduced above are called the impedances
sf (and between) the elements of the network, at the angular frequency
W (or at the generalized frequencyO+wi), a term due to O. Heaviside.
Zkk s frequently denoted simply by Zk’ and it is called the self-
impedance of the element k. For k#£1l, zkl is called the mutuagl im-

pedance between (or of) the elements k and 1. (zkk may be consider-
ed as the mutual impedance of the element k with itself.,) Tt ean be nticad
tUat theso concepts agree with the previously introduced concepts of Trpadances for the Lasic elements.

The imaginary part of Zkl’ usually denoted Xkl’ is called the
reactance (a term due to Hospitalier) between the elements k and 1.
We then have, by egs. (15):

WL, -S, /o =wL,~1/wC,, if k=1,

1= (19)
WLy, ifk#L

K? is called the self-reactance,

or simply reactance, of the element k. If k#1, Xy, is called the

ka, usually denoted simply by X

mutual reactance of, or between, the elements kK and 1.
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In a reactance such as: Xs=wL -S/w=wL - 1/0C, the term VL,
usually denoted by an expression such as XL, is called the reactance
of the corresponding coil, or the inductive reactance of the corre-
sponding element; and the term S/w = 1/wC, usually denoted by an ex-
pression such as XS or Xc, is called the capacitive reactance of
the corresponding element, and -S/w =-1/WC is called the reactance
of the corresponding condenser (so that the adjective "capacitive” in
the name of XS or Xc takes the place of the negative sign). The re-
actance can then be written: X=XL—XS=XL—XC,.

The (self) impedance of an element, such as Z=R+ i(wlL -S/iw),
can be written Z=R+iX=R+ i(XL— S) =R+ i(XL- C,), and the mutual
impedance between two distinct elements: Zkl= iumbkl, can be written
Y/ 'ixkl'

It should be noticed that the impedances and reactances (of and
between the elements of a network) depend only on the angular fre-

kl

quency of the sources and on the passive parts of the elements (i.e.
on the parameterq)of the network

The terms Zklli of the sum in the complex boltage eqgs. (16) are
called ZI-drops; the term Z2,,I, is called the self ZI-drop in the

KKk  k
element k due to its own complex current Ik’ and ZklIL (lL#k) is

called the mutual ZI-drop in element k due to the complex current

Il in element 1 (all in the reference directions assigned to the
elements). The complex voltage drop in the passive part of an ele-
ment is then the sum of the self and mutual ZI-drops in that element;
and the total complex voltage drop in the element is equal to the
difference between the complex voltage drop in its passive part and
the voltage rises in its sources.

Example 5. Consider the network shown in Fig. 9. This network
has 11 elements of the general serie type which were numbered and
oriented arbitrarily as shown. There are 8 nodes and 2 componentsy
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hence there are only 8-2=6 independent nodes. Omitting the nodes O,
and 02, the rest were numbered arbitrarily as shown. There are only
11-6=5 independent meshes, of which 6-3=3 are of the first component
and 5-3=2 are of the second. These were chosen to be the meshes:
(241), (645), (135) in the first component, and (10,9,11), (783) in
the second. The complete set of complex equations for the network
tn the sinusoidal state are the following:

V=Z1+2,L,+2,I,
=7, L,+7,1,+2,,1;,

’ ’

N

V,=Z, L +Z,I, £ .D4,

=255

=21+, L +Z,[,-D,

V, = Z 1y + 2y 1 + 2o Ly

Ve =2y 1y + Zpy 1, Dy 5

G =2Z,1; (P+$’/zw)

Vo=2,5,-E,, = P,o+5,o/z'w>r,o ~£,,

V=21, - 1, E,, @)

Iy + If'I/o:o:
I,-I, =o,
~Li+I,=0,
i+ V- =o,
Vot b+l =o,
V-V =o,
\4+ V,+ V¥, =0,
4=Ve=Y=o.
The unknowns in the above equations are the eleven complex volt-

age drops ¥, (k:J,Q,...,]J),!IJ, I,, I3, I7, I9, I.00 I775 Dy D5, D¢,

and D8' The known quantities are all the parameters (and hence all

the impedances, Zkl)’ all the complex electromotive forces El’ ES’ 54,

E5, EIO’ E]l’ of the voltage sources, and the complex currents I4, I,

I6 I8’ through the current SOurces;a;:J,afmrse)fﬁedﬂgll/lrﬂrffﬂt’my,w_’ofdl/g?dﬂr"l‘h’S‘ﬂJW’fﬂfes.
s
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Problem 2. FEstablish the complex equations for the following
networks (Fig. 10), assumed to be in the sinusoidal state at the
angular frequency a)#g@:

]

i~ (8 8
| @) | @)
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The transformed equations (16), 17), and (18), for a network
of n, general series elements in the sinusoidal state at the angu-
lar frequency w, form a (complete and independent) system of‘_?ne
linear algebraic equations in 2ru?unknowns (if the impedances and
the complex currents and voltages are considered as indeterminates).
The unknowns are all the complex voltage drops Vk’ the complex cur-

rents I, not belonging to current sources, and the complex voltage

K
rises D, in the current sources. All the complex electromotive

K all the complex currents tirough e current Sources,

forces Ek of the voltage sources,,all the impedances Zkl’ and all
the incidence numbers (k,n) and [k,m] are considered as known,asxellas w,

In any particular case, aséuming the system of equations to
be consistent, the best way to solve the system for the unknowns
is to substitute the complex voltage drops Vk’ as glven by the com-
plex voltage equations (16), into the eqs. (18) expressing Kirch-
hoff's complex voltage laws. In this way the system of equations
is reduced immediately to n, equations in n, unknowns. By meqnsl
of eqs. (17), a further reduction in the number of equations and
unknowns can be easily mdde by solving them for né of the unknown
complex currents and then eliminating them, in terms of the other
complex currents. In this way the system of equations (s reduced
e ne—né
tions for the n. unknowns left in them and then back-walking our

=n, equations in n unknowns. By solving these n, equa-

previous steps, all the unknowns can be f?un%. They can (and should)
%, 12,818, _ .
tnen be substituted into the 2r%?equations’69'éegan with, to check

the solution. !

Once all the unknown complex currents Ik and all the unknown
complex voltages Vk and Dk have been found, the sinusoidal solution
of the original integro-differential equations (1) can be obtained
simply by using the isomorphism (2) in the reverse sense in order
to find the corresponding unknown sinusoidal currents Ig,and the
corresponding unknown sinusoidal voltages V; and D;, of angular

frequency w. Thus, i1f we have found that:
Ik=ak/0(* =/Ik[/ang Ik’ |
Vi =b/ = |V llang v, , (2/)
Dy =c,/ % Z!DR’/ ang D, ,

then we obtain the corresponding sine functions of angular frequen-

CY W, ihus:
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=(ak/l{) sin (wt+0(k)=(/ka/K)sin(wt+ang Ik)’
Vi= (b /K) sin(wt+B)=(lV,[/K)sin(wt+ang V,), (22)
Dp = (CK/K) sin(Wt+¥,)= ([Dkf /K) sin (Wt +ang D, ),

vhere, as we have said before, K=1/¥2 is usually taken, unless 1t
is otherwise stated explicitly.

The final step of transforming the unknown complex numbers back
10 sine functions of the same angular frequency as that of all the
sources is usually considered so obvious that it is usually omitted.

Problem 3. For the network of Fig. 7, considered in Ex. 4, p.123,
show that if Vl,a..,V7, as given by the first seven of egs. (14), are
substituted into the last three, and then we eliminate I2, I}, I5, &
-5 by substltgtlng I2==I1-I4, I3:=I1, I5:=I4, I6:=I4f according
0 Kirchhoff's complex current law, we obtain the equations:

[P-*P 1“? +iwll, +LiptL, ""/-3/‘*‘1-3)"'-.2—]1 +[/Q+2w( L ,- ,2+L,4+L‘.,4+Ljé)— ]14 =E,,

7, #lwflg=Ly Ly +laptles) ~ —z-]I +[Ry+ R +Fpt R + S S" Lo lay* Lyl gL JI =-iaf ;
7
_Z)g:[]?7_+z'a)L7+i_wz]1-7+t'wL75I4' (25)

:1 and I4 can be found from the first two of these equations (Ez be-
‘ng the complex value of a voltage source and I7 that of a current
source are consider known) and then D7 can be found from the last.
"he other complex currents can be found in terms of IZ and I4 by the
equations given above; and finally, VJ’““’V7 can then be obtained
in terms of 11,...,I7, and D7, by the first seven of eqs. (14).

Problem 4. Show that the unit of reactance is the same as that
of resistance; hence, in the MKSC-system of units, the unit of react-
ance is the ohm. As a consequence, the units of the real and imag-
inary parts of an impedance are the same, and the same unit may be
ysed for impedances; in the MKSC-system of units, then, an impedance
is measured in ohms. However, some people prefer to use the terms

‘'vector ohm'", or 'tomplex ohm", as units for impedances; but this s

unnecessary and clumsy. Similarly, the units of the real and imag-
inary parts of a complex voltage are the same as that of a voltage;
and the same can be said of currents. In the MKSC~system of units,
then, complex voltages and currents may be measured in volts and

ampéres, respectively, although some people use the vector (or com-

plex) volt, and the vector (or complex) ampere, respectively, as

units for these quantities.
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Problem 5. When all the Lkl are constant, we know that Lkllek
for all;&_and_io From this show that Zkl_ Z Lk for all k and 1.

Problem 6. Show that leLEXL XL for all Kk and l;ék when all
the L

et e yoa et e

Kkl 9re constant, as in a-c (alternattng current) networks.

Problem 7. Show that if the reference direction of a single
element k in an a-c network is changedlthen all the mutual impedances
Zx1
show that the transformed equations of a network in the sinusoidal

L essentially any wumber of th
state remaln the same under a change oﬁ(reference directions. This

(¢529)
= Zlk (l;ék) change signs (ti.e. Zkl becomes -Zkl) Use this to

explains why the reference directions may be assigned arbitrarily.

Problem 8. find the sinusoidal currents, of the same frequency
as that of the source, in the elements of the network shown in Fig. 11.
Also compute the partial voltage drops in the resistors and coils of
the network by first finding the corresponding complex voltage drops
by means of eqgs. (4), p. 117. What would the sinusoidal currents
and voltages be in this network if(bnlg)instead of an angular fre-
quency of 377 rad/sec we would have a frequency of 50 cps.

b l jLi
Zob nat
' %5. Asm 322 g0¥en,
’ éen
%) F'ﬁ'ﬂ" ' F:@ 12.

£ 200m37-357), Fig 13,
Problem 9. What must the frequency of the voltage source in
the network shown in Fig. 12 be, in order that the branches I and 2

take the same effective current?

Problem 10. Compute the elastance (and the capacitance) of

the condenser in the network shown in Fig. 13, so that the current
through the voltage source be in phase with its electromotive force.

Problem 11. Consider the two elements connected in series as

shown tn Fig. 14. Let V12, V23, and V13 denote the complex voltage
drops as indicated by the indices (in the double-subscript notation),
and let_£ denote the complex current from 1 to 3, assuming the volt-
ages and current to be sinusoids of the same f;;quency, of course.

Let R=R'= 0.001 ohm, and let X, = X, =10 ohms, while [v 13/= 20 volts.
Show that [I|= 10000 amperes, and that IV12{_ 23[*’100 000 volts.

Notice that even though the effective voltage (as would be measured

by a voltmeter) between the ends 1 and 3 is only 20 volts, that be-
ween the pOLnts_l_and_f, and that between 2 and 3, are lO volts, approx.
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Thus a very high and dangerous voltage may exist between the inter-
mediate point and the ends even though the total voltage from end

to end is quite small. (Hence one must be careful in practice!)
Compute the sinusoidal voltage drops V12 and V23 and see how they
combine instantaneously to give the total sinusoidal voltage drop

sz, in order to get a better idea of the sttuation; and do the

same thing with the corresponding complex voltage drops. It may be
mentioned here that this (s a simple example of what s known as{eries-trant)
current resonance and voltage anti-resonance (although some people re-

fer to it as voltage resonance; see e.g. Malti, Circuit Theory, p.81);

it is also called series-branch resonance, more specifically.

Problem 12. Lf:ﬁﬁ;g, show that the angle between the complex
current I, in element | and the mutual complex voltage drop Vkﬂ)=

ZkZIZ it produces in the element k& is 90°, Il lagging if Xkl>'O

and IZ leading if X '< 0. .
(-ﬁrom)

Problem 13. . Show that the angle between, the complex current Ik

(to
in element k and,the self complex voltage drop Vkﬁy-zkka-Zka it
sroduces in it Is equal to the angle of Z that is:

ang Vk@)' ang I, = ang Zk; (24)

this angle shall be positive if and only if Xk=XL,‘—XC =ka—1/wC’k>O,
in which case the element;ﬁ is said to be an inductive element, and
the angle shall be negative if and only if Xk=XL,g_'XC5 =chk—1/ka<O,
in which case the element is said to be a capacitive element. When
szxL‘_XC,e =ka-1/ka
tive. (Naturally, all this is said for a given angular frequency W .)

= 0, the element is said to be purely resis-

Problem 14, In an a-c network, the charge on a condenser is

also a pe-function and so in the restricted a-c problem, one may also
speak of the sinusoidal charge Q" and hence also of the corresponding
complex, vector, or symbolic, charge Q on the condenser. Show that

if the complex current through the condenser ts_I then the complex
charge, on the plaIe of the condenser in the reference direction for
the current lS given by:

Q = I/iw, and by QR = CVC= VC/S, (25)
where VC is the complex vcitage drop through the condenser in the

reference direction for the current.
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FPreblem 15. In 'an a-c network the magnetic fluxes and flux

linkages in the coils of the network are also pe-functiions and so,

in the restricted a-c problem,ore may also speak of thz2 sinusoidal
magnetic fluxes ¢) and flux linkages %ﬂ'and hence also of the cor-
responding complex, vector, or symbolic, fluxes<¢ and flux Link-
ages Zg'zn the coils k of the network. Show that if I are the com-
plex currents in the colls, Nk their numbers of turns, and Lkl the
inductances between the coils k and l, we shall have (cf. Ch. I, S3):

Y M= 5 s T = Y, omplfy et

where VL is the complex voltage drop in the coil k. In particular,
for an isolated coil (with all its mutual inductances with the other

colls = 0) we shall have:
W:/V¢:LI:}(;I/CU, (27)

where L is the (self) inductance and N is the number of turns of the cdl

Problem 16. Suppose we have a system of n (idealized) coils

with self and mutual inductances Lkl (k,l=1,2,...,n). Assume that

?

all the coils are left open-circulted except coil | which is connect-

ed to a source {(c... or v.s.) producing a current I*=‘4sin.Qvt + o)

LJ~ ugh 1t. S5k '“;ﬁ.fhe,tbgnuformea equations of the system are
Henoting the fo’”p/m 10 drops 1N Lhe idalized coils by % ):
Vk: szLK,f;;_ (k=1,2,...,n)
{ <
agnd hAegnce infer thAo: f_/V f/auﬁ[[ Thus, if an ammeter is in-
seried inocoil I in »rf‘r to measure the effective value /I of the

—

current I* through ¢, -and a voltmeter is connected across the coll K
(=1,2,...,n) in order ic measure the effective value /Vk[of the volt-
age induced in it, then we can obtain the absolute value of the (self
or mutual) inductanrce L,, by dividing the reading /V /of the volt-

A_lk
meter by w times the reading /z/of the ammeter (for each k and 1).

Problem 17. Assume we kave a system of n sourceless series

elements of the kind shown in Fig. 15. Let 2y (k,1l=1,2,...,n) be

the self and mutual imgedances of, and between, these elements.

Assume ail these eolements to be left open-
&—me—JUUL—{}—‘ circurted excepi element | which is connected
Fig. . t0 a scurce producing a current %* Asin (wt+a)
through it. Show thut the complex voliage drops in the sourceless
series elements are: V, =5, ,1,, (k=31,2,..., ,n). From these equations

2 !
see that the modulius of each ZH can be chtained by dividing the
13

/ £

reading [Vk' of a veitmete- hy the reading jI.,] of an ammeter.
S i
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Jf course, if the phase relations between the vdrious voltage drops
and the current in the element l are also determined (e.g. with an
oscilloscope, or with a phase meter) then the impedances (moduli and

angles) can be determined completely by: Z,, =V, /I, (for each k and 1)
When J41 we Tagu thel 2y G = 2405 of courca) v by 2y =V i (S _koand T

Problem 18. Show that the self impedance of a series element,

of the kind shown in Fig. 15, can be determined completely by deter-
aitning its modulus,IZL for three distinct frequencies. In particu-
.ar, show that:

S=lim wlzl and L=lim \Z2l/w . (w>0)

{In practice, a constant voltage source could be used for the first
of these and a sinusoidal source with a sufficiently high freguency
could be used for the second.)

N
Problem 19. Show that in a network of,general series elements

in the sinusoidal state, i{f a certain numberMof the elements are con-

A
wected in series, forming a branch with the same current through them,

then the whole branch may be replaced by a single general series ele-
lalgebraic
—ent with a self impedancgfequal to the doublzﬁgZ% of all the. self

znd mutual impedances of and between the elements of the branch, and
~ith a mutual impedancgkwith each ofmzziusther eiementsjof the net-
_ork (not of the branch) equal to the,sum of the mutual impedances
cf the element}in question with the elements of the branch. [Hint:

-et the elements of the branch be numbered 1,2,...,1, while the rest
zre numbered M+1,M+2,...,N, and let the elements of the branch be

criented in the same sense along the branch {(reorienting some of the
zlements, i{f necessary). Then if_V denotes the total complex voli-
ige drop along the branch in the reference direction common to all
its elements and I denotes the common complex current through them,
we shall have:

V=055 20145 (32,)0 - 54, m)-erp 2

é=1 D=M4 "Fod (=1
Y ~42? N o7
) = I+
Tk (Z_; &é) %d_a 44
while V can be substit
and Kirchhoff's Curreni Laws for the iniermecdiate nodes of the

N
|
4

_ r~ S ; . e
~E-D =L, T4 ZL-E D, (Jor kewegenaonss,

AL

o

utod for éiyz in Hirchhoff's Voltage Laws,
=/

e

branch are already itmplied and can then be ignored. In particu.ur
M

we see that M ~
© M, "ﬂ‘ — !'& i “ IN] ’ L _f_'_ﬁ_ -5 f’,:,.:f' .
k=g =2 - ? »@=4M #=1 /=1 (24‘) L

24
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and so the resistance ﬁ and the elastance 5 of the element replacing
the branch must be equal, respectively, to the sum of the resistances
in the branch and to t}f;;eola;tances in the branch. W#e also see that
the complex E'MF'%f the voltage source in the element replacing the
branch must be equal t e sum £, , and that its current source

must take ca;evoﬁfﬁgiﬁﬁ of the voltage rises in the current
sources in the branch (which, of course, should all be of the same complox

curentl, in order to have consistency to begin with).j

Problem 20. Show that the network of Fig. 7 may be reduced to
the following network (Fig. 16), by first reducing the branch formed

by the elements 1 and 3 to a single series element in accordance with
the results of the preceding problem 19, and then doing the same with
the branch formed by the elements 4, 5, and 6.
L,+L3,,/l:”% /é_:m\
IO‘E}‘“:*“
Lig 1,8 " loe l

E,I R, \L

g 17 Sﬂ
2—_[_—
) |

Problein 21, If p=g+wi (s a generalized natural frequancy of

K+ %y

a network, the general eguations of the network with all the (known)
excitinyg functions nullified shall be satisfied by (unknown) response

: . ot

functions of the form A exp (pt), or of the form Ae "sinwt+a). Show
) . . ” (statlonaryy constan? parameir L
that the yeneralized nutural freguencies of an urbztraryA network, with

the generul eguations (3). (4), (5), of Ch. IIzj é (pw. 63~64), are
C[ z.‘bt ‘not every p w aselebion)
given by the solutions, P, of the following eter lnan.tal equationg

A
MZ, 2o ZW L 0 -- - QO 00 where N is the nwnber of ele-
l S 0 -4 ... ments without current sou 5
Z o Zaa ZMéO 1 O,: 1' thout current sources,
- M i Y P ~
R - X . X | ' ! ard n_ . i35 the nwnber of ele-
Ve . Co

ments with current socurzes,

b
y,_,ZmZ/vz"" Zw O --- -1
Moo mD 00 0 O

@)

assumed to be numbered last;
| zf')hz.le Zi1 =(Rk+pLK+Sk/p), 1
’ =1, and Z}ilszk.Z’ if k£ 1.

;t(/,ﬁ) (z.,ﬂ)' - (f»’,'?) 0 ©

.
’ - [ .

o
0 -
'.

\

. - )

!j,n;)&,ﬁz)"'(ﬂn)o O 0o 0.0-- -0 (Hint: Nake use of the results
f,] of Ch. IV, &7 and $6, and of

o 0 .. 0 MLIR] --_--__’._'_-
o © 0 [142][22] SR R 2] a known result on the exist-
S : : f ence of non~trivial solutions
; O O... O n][?h.]—- o 1[,& n] of homogeneous linear equa-
L} i 2

G A >E i A —e e ~>‘_<_‘_ n—> tions. ) (Far a SW’OZ'?/’ P?u.d‘:an see CY. ]ZI_&
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$ 2. NETWORKS OF GENERAL PARALLEL ELEMENTS IN THE SINUSOIDAL STATE.

If a network with many groups of basic elements of the kind
shown in Fig. I were to be considered as a network of general se-
ries elements then there would result a large number of elements
and meshes, and the method of the preceding section would be dif-
ficult to apply in practice to specific networks. In such a case
it shall be appropriate to consider the network as one of general
parallel elements.

Constider then an arbitrary (stationary) network of n, general
parallel elements of the kind shown in Fig. 1, arbitrarily oriented
and numbered consecutively from 1 to n,. Assume that these elements
are gonnected into—zg‘components (=separate parts) with_EaVnodes.
Omitting exactly one node in each component, let the other nodes be
arbitrarily numbered consecutively from 1 to né::nn-nc. The com-

ponents can be numbered consecutively from 1 to ﬁc;'dﬁa the node
v O, will be
taken as the base or reference node in that component. Assume that

omitted in the component_gf:l,?,...,nc), to be-denoted

been chosen in the network (as explained at the end of Ch. II, &4, p.60)
and that they kave been >
arbitrarily oriented and numbered consecutively from 1 to s of
course, in the process of choosing the meshes, each general parallel
element must be considered as a two-terminal unit and the "interior"”
meshes must be ignored.

////rza Assume the network to be in the
—

sinusoidal state, at the angular fre-

Ly =ldy
% quency w#0. Let V! and I} denote the
k K (total termintd)
Ihf sinusoidal voltage drop and,current, re-

spectively, through the element k, and

N\
f’>::;4—————AAﬁ§r—'—__, ~ let the known sinusoidal current through

the current source in the element k be

/ [*
% _____<::>_____
* . _
,;:* denoted ICS& , and let the unknown sinu

* ‘ soidal current through the voltage source

£y .
,__——<::>3§;‘ in the element Kk be denoted I;sﬁ (while

Fr1 —F> the known sinusoidal voltage rise through
Gﬁ % it is denoted E;), all in the reference

L

direction arbitrarily assigned to the
element k. Of course, for the elements which have voltage sources
we have V;:-—ER, so that the voltdge drops in such elements are Known.
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The general equations (4), (5), and (6), of Ch. III, &2, now
become:

®
k =G, V+C de/dt+ZZ;'lfVZdt+Ié‘g +I* (k:Z,.?,o'”,n.e)
1=1 A

kK K vs
" « (2)
i:(k n)Ip=0, (n=1,2,°“,n;1)), Z[k,m][/};=o, (m=1,2,...,n),

Let v,, I I , I y By (k=1,2, ceesn, ) denote the complex

kK’ "K’ Tcg vssl
numbers corresponding to the SLne functions V*. I;, I;Sﬁ I;s&’ EE,
respectively, according to the correspondence:
s*=s*(t)=Asin(wt +¢x) <—> s=KA4 /o , (2)

between the class of sine functions of angular freguency «w and the
class of complex numbers (where KH=1//§'w1ul always be taken, unless
explicitly mentioned otherwise, in order to have the modulus or ab-
solute value of s equal to the effective value Of_if)i

Then, assuming-(as usual in a-c networks) that all the circuit

k Cr
ferentiation is carried over into multiplication by wi and that in-

parameters G and [’ ; are constant, and remembering that dif-

tegration is carried over tnito divisicen by wi and that lineur com-

binations and equations are preseruved by iine correspondcnce (2), the

2bocve equations (1) Z"ln;Jﬁ'ﬂ into the folliowing equations:
I, =GV +iwCV,+ [ v, /iw I +1 h=1,2,..0,n,
X &,V § /tw cs, * Tus, (h=1,2,...,n,)
E (k) I, =0, (n=1,2,...,n7). Z [/L,,L]V =0, (m=1,2,...,n
These equations (3) are called tne iransformed egyuatiocns of ihe
network of general parallel elements in the sinusoidal state. They
are also called the complex, vecterial, or symbolic, equations &f an
alternating current network of general paralicl elements (in the sin-

usoidal state). All the terms of the ?ransformed eqguations are com-
plex numbers (corresponding to the actuagl =inuscidal currents and
voltages according to the relation (2)); time functions and their
derivatives and integrals no longer appear in them, and the complex
numbers should not be mixed with the time functions. The use <f the
complex numbers is just an artifice tc soluve the equations (1) fecr
the unknowns, by first transforming the egs. (1) into the egs. (3)
according to the relation (2), then soluing the eqs. (3) for the ¢
transforms of the unknowns, and then re-transforming the reauctaa?o
Sind the original unknowns,again by the relation (2), but backwardsq

Vk is called the itransformed, compiex, or vectcr, voltuge drop .
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. . . (total) .
‘n the element Kk, Ik ts called the, transformed, compiex, or vector,

“terminal) current through the element_ﬁj and ICs and Ivs are call-

2d the transformed, complex, or vector, currents kthrough the cur-
. of the element & . .
rent and voltage sources, respectively,in the reference direction

assigned to the element k, as was similarly mentioned in §&1. The (hnw)

complex electromotive forces Ek (k=1,2,nc.,ne) of the voltage sources
and the complex currents ICS through the current sources of the net-
Jork are called the complex k exciting (or driving) quantities of the
network (and of the corresponding transformed equations) ,: 7Re wurknewn complex
turrents and woltages are called the complly response quant(ties of the netwerk and transtormed equations.

The first of the eduations (3) is called the transformed. com-
plex, or vector, current equation for the generic element k, since

it gives the (total terminal) complex current through it. The first

three terms in this equation are the complex currents IG;” Ick’ lfk’
(say) through the resistor, condensér, and coil, respectively, of
the element k, in the assigned reference direction; that is:

n
} - _S Ly ;
IGk = GV, , Ick = 1wl Vv, , %% —:=’?ZTL§’ (k_1,2,aao,ne) (4)

#hen the coil of the element k is magnetically isolated from tﬁe
other colls of the network, the last of the egs. (4) reduces, cf
course, to the equation: Q% = ]ﬁka/ia)z Vk/ia)Lk; but in general,
the complex current through the coil shall be a linear combination
of all the complex vecltage drops in all the coils of the network.
The second of the eqs. (3) is called Kirchhoff's transformed,
complex, or vector, current law for the generic node n, and the last
of the egs. (3) is called Kirchhoff's transformed, complex, cr uvector,
soltage law for the generic mesh m. It can be noticed, as was men=-
titoned before, that Kirchhoff's complex laws have the suame form as

ilhe corresponding laws for instantaneous values.
The coefficients of the complex voltage drops V, (k=1,2,gco,ne)
in the egs. (4) (and in the first of the eqgs. (3)) are called the

admittances of tne basic elements; specifically, Gk ig called the

admittance of the resistor (whcse conductance is also Gh) in the

element K, icUCk is called the admittance ¢f the condenser Ckf and
I;/icu =.I;K/Ia) s called the se!f-admittance of the colil Iz (in
the presence of the other coils of the network)and .[;Z/iaJ ls called

the mutual-admittance between the coils (of the elements) k and 1

ﬁn the presence of all the other coils of the networ@u Acecording
to eqs. (4) we can then say that the complex currents through a con-

ductance, a cupacitance, or a magnetically i1solated coil, are equal
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to the corresponding admittances multiplied by the complex voltage
drops through them; and, calling .[ka/ia) the self-complex current
through the coil k and .I;LVl/iuJ the mutual-complex current through
the coil Kk due to the (voltage drop in the ) coil l, the complex cur-
rent through the coil k is equal to the sum of the self- and mutual-

complex currents through it; the self- and mutual-complex currents

being equal to the self- and mutual-admittances multiplied by the
corresponding complex voltage drops.

If in any glven network we replace each circuit parameter by
the corresponding admittance, and every current and voltage (whether
known or unknown) by the corresponding complex current and voltage,
respectively, we obtain the corresponding transformed network. The

transformed network will have the same graph and the same combina-
torial structure as the given network. 4 typical general parallel
element of a transformed network is shown in Fig. 2, this being the
transform of the element shown in Fig. 1.

TN Of course; the transformed (com-
% % plex) equations of a network in the

sinusoidal state can be established

l\&wck directly from the network without hav-
'Q ing first to establish the original
g jVNAﬁG? < equations (1) and then to transform
Idigj/’\\ them according to the isomorphism (2).
\ii/is In fact, it is easier to establish the
I~ 4 egs. (3) than it is to establish the
% 572 eqs. (1), by direct inspection of the

network, or at least not harder.

£

>
All one needs to know to do this is: that the complex currents
through the passive basic elements of a network are given by egs. (%),
that the complex current through a current source is known, that the
complex current through a voltage source is unknown while its complex
voltage rise (and drop) is known, that the sum of all the complex cur-
rents leaving (or entering) any node is zero (Kirchhoff's complex cur-
rent law), and that the complex voltage drop along any given path
through elements of the network, in a given sense, is equal to the
sum of the complex voltage drops through the traversed elements in
the given sense along the path and, in particular, that this sum s
zero when the path is closed (Kirchhoff's complex voltage law). The

equations obtained directly in this way may be considered as the orig-
inal equations of the transformed network.
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Example 1. Consider the network of Ch.III, $2, Fig. 2 (p. 73).
Considering all the currents and voltages in the network to be sine
functions of the same angular frequency w, the transformed equations
of the network can be obtained by substituting complex currents and
voltages for the corresponding sinusoidal currents and voltages in
the general equations of the network, and replacing differentiation
and integration by multiplication and division by lw , respectively.
In this way we obtain the following transformed equations of the net-
work in the sinusoidal state (from the general equations given in

the example of Ch. III, §;2, pp. 74-75 , assuming the network para-
meters to be constantks

L= Tys + GV +éwC V[ + L Viftw + 1% G fiw + Do Ve fr 5
Ze =G\ + LW /o + L5,V fw +I3s Ve fiw,
L=Gy\ +iwG 7 Bl fiw + Iy i fiw

Iy =L +G v, +iwCy o+ Iz i+ Lps Uy fiw s

L, = G}k}“hﬁ”C} %’*Z;Lé/é“"

- I +1:3:

2 —I3+‘Z-4-=o7 - 41"2:5—:0)

0)
I,-Iz=0, =0, Z,+I;=0,

e+ et =0 41 =o.

P)
) §-¢ (=sinusoidal current)
Exampie 2. Consider tthnetwork shown in Fig. 3(a). The bas-

ic elements have been grouped into eight elements of the general
parallel type, as can better be appreciated from the graph (Fig. 3b).

3—-»1\7;\_2#55
£
@-——71('55
3 A Ga.
4 | LiwG 2
"N 1g£134w T N
o Vs fiw |-
¢;<£?§2"§ﬁw A g; (::> 9
- 4'\\—__AQQL___,~// 268 —— cs T
1T §~— gl L éngg I;q(rz g
A AT R & z| |k less
s w | T S | i Fig.36)
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Notice that the elements between nodes 2 and 4 cannct be counted as
a single element of the general parallel type. Trere is a single com-
ponent and five nodes; hence there are four tindependent nodes. The
node (whose Kirchhoff's current law is to be) omitted is marked O,
and the other nodes have been numbered arbitrarily 1,2,3,4. There
are 8-4=4 independent meshes, as can readily be appreciated better
from the graph of the network. Let us choose the following meshes:
mesh 1: (1,4), mesh 2: (3,5), mesh (2,6), mesh _4: (4,7,8,6,5),
he onen&?‘ms oF—1—
oriented in the senses defined by,the leading (key) elements of the
meshes when these have less than three elements. The elements have
been arbitrarily oriented as shown by the arrows in Fig. 3(a); and
the orientations assigned to the meshes are shown in the graph (b)
by the curved arrows. Actually the network depicted in Fig. 3(a)

is the transformed network, the equations of which are the following:

L= L, +GV +<wC Y + IV fow,
L= Leg,t Go Vo +4wG U + 13V, flw + TV, fiw,
Iy= T, + Ity Vi + 10G Vo + I3V fiw + D Ve frw
= IV, fiw + Ty e/t »
=IiVs/fiw * Iy G /i s
L= [ frw+ By o I fo,
;=G

I,=1z Vi/‘.w:'

L-L 3L 47,=0 (e rate 1), L~I,+T,=0 (for rate 2),
~I;+I, =0 (for node 3), Z,-Z,~Ip =0 (for nade 4>;
V+Va=0 (for mesh 1), §+V6=0 (hor mesk 2),

Vo+ V=0 (for mesf 3), VstV & =0 (for mesh 4),

Of course, the I's and V's in these (transformed equations of the
network are complex currents and complex voltages, respectively.
Also, the [''s are the invertances referred to the agssigned orien-
tations of the elements. The unknowns in these equations are all
the I, and V, (k=1,2,...,8), except Vj(which is equal to -£ and so
is known), and Ius’ Once these complex unknowns are found, the cor-

responding sinusoidal currents and voltages can be found by (2).
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Example 3. Consider the network, assumed to be in the sinu-
soidal state at the angular frequency w , shown in Fig. 4#{(a); the
sraph of which is shown in (b) in the usual fashion, and in (c) by
dentifying the terminals.

33212033524
L] > P
' \ . [% mililly} 00 L0 321404
LID Y4 ' SY &\ 2 <—-_er5 CC)
( ZE ——AWW——
. 3 -
Y S i | 7
(b> L5300
'\' ~ N g i
Qa 6 7//ﬂ /}\ O3
T et :_—_L l:; J
0 4 Vs o
4 R
_“_3
ng.4(d) .

AMW—
This network has three separate parts (components), eight nodes, and
the basic elements have been grouped into ten elements of the general
oarallel type. Therefore, there are 8-—3=5 independent nodes and
10-5=5 independent meshes. The elements have been arbitrarily oriented
and numbered as shown in the figure. Omitting the node OJ, 02, & O},
one in each component, the rest were numbered as shown. Let us take
‘he following complete & independent set of méshes (chosen by the pro-
cedure given at the end of Ch. II, &4, p. 60): mesh 1= (1,2), mesh 2=
’9,6), mesh 3=(2,5,6), mesh 4= (4,3,6), mesh 5 = CS,?,Z)»C%et&fgmff&w

The transformed equations of the network are the following:
I, =taClV,+ [V frw + I

L=t + Vo /fw+ T,V fico + 1] oY frew + Tys = __é\/+1;71/ # L —(wCy+ z)E
L=t +G Y+ 1,
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L=G V% +iwCQ Y +T G fiw+ L, W, fiw,

I,=G, G +iwCs o +12Vs S + Dy Vo + I3y g fiews

T, =Gy Ve +L¢ Vo fiw ~Bo Efiwr + L3 Vi fiw

Ly=Gy o+ 13 W fiw ~ D fi + I3 o frw,

Ig =G Vs +iwCy Vo +L Vo fio + L35\ oo+ 13, Y fiw
L= Gl +iw G Vo + L fiw + B fieo + Lol frews

2%,=C%WU;#”ﬂWCLléy*@%‘%/éw-+Ja%41£/ﬁv;
L=L,+I;=0 (for node 1), ~Ly-Ly + T =1y =0 (for rede’ 2),
1+ Zy+ Io-I, =0 (for nede 3), Zo=0 (ornode 4), —I3 =0 (or node &);
Vit =V -E=0 (fr mesh 1), Vj+Y=0 (lrmesk 2), -lé+lé+l{=o
or Etlri =0 (hor mesk3), o+ +lf =0 (for mesh &), Y-V +Y=0 (for mest &)

In these equations, Gk’ Ck’ and I:“ denote (as usual) the con-
ductance, capacitance, and self-invertance of the element k, respec-
tively, and ‘Fkl denotes the mutual invertance between the (coils in
the) elements k and L, referred to the assigned reference directions;
all assumed to be constant, of course. The unknowns in these equa-
tions are the complex currents I, Ioyeeesdynsd os (although Tg=I,4=0
are already solved for, by Kirchhoff's current law applied to the nodes
4 and _5), and the complex voltages VJ,VS,VZ*,.,.O,VJO. The exciting

quantities are £, I

cs.» and Ics , which are (assumed) known.
= L

3

By substituting the complex currents as given by the first ten
of the above equations into the next five (Kirchhoff's current laws),
and then eliminating (for example): vV,=E, V9=—V6, V5=—V6—E',
V4=-V6-V3, V7=V3—V5=V3+V6+E, in accordance with the last five of the
‘above equations (Kirchhoff's voltage laws), we can obtain Sive equa-
tions with five unknowns (Ivs’ Vj, 14
ing in only one of the equations. By solving the latter reduced sys-

tem and then reversing the previous steps, all the unknown complex

6> Vgs and Vlo); with Ius appear-—

currents and voltages can be found. Ffinally, the sinusoidal currents
and voltages can easily be obtained by the isomorphism (2).

Problem 1. Establish the transformed equations for thé networks
of Figs. 8(d) and 10(b) of the preceding $1, assumed to be in the
sinusoidal state at the angular frequency «w, but now by grouping the
basic elements into general elements of the parallel type (in any con-
venient way) and using the parameters G, C,F.’s, instead of R, S, L's.
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Problem 2. EBtableh directly the transformed equations for
the following networks, assuming all the currents and voltages to
be sinusoidal of the same angular frequency W# o,ﬁﬁ,fﬁ

@) T T T

(») s =

I
|
7|
L

(¢) 1} T § of 2+ 37T %

— —

The first of the egs. (3), p. 137, expressing the (total tfer-
minal) complex current entering the generic element K of a network
in terms of the complex voltage drops in the elements of the netwcrs,
can be given a simpler appearance by introducing the quantities Y, . =
Ykl(icu) (k,l:=1,2,,°.,ne), defined as follows:

G + TWC, + l-;{/ia) - Gk+i(a)Ck—fk/a)), if k=
Y, , = (&
kl K=
I, /iw , if k#L
We shall then have:

¢
144
=Gy + (3 V4 ZZ_;&[; + sy + Lo,

%

Sud 0
NP gl@m

:
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The complete system of transformed equations of a network of n,
general parallel elements in the sinusoidal state can then be put

in the following final form:

I, = :fi?’ 4 -+I +71

k' KL'L" “es, T Tusy! (k=1,2,...5n,) (6)
(k n)]'-O (n==1,2,,°°,n'=n -n ) (7)
;igt,m]Vk-O, (m=1,2,...,n =n-n/) (8)

The quaniities Vi1 = 'kl(ico) introduced above by egs. (5) are
called the agdmittances of (and between) the elements of the netuwork,

at the angular frequency W, or at the generalized frequency O+iw= iw.

Ykk’ frequently denoted simply Yk’ is called the self-admittance of
the element k (in the presence of cll the other elements of the net-
work); and Ykl’ for k#1l, is called the mutual-admittance between (ord
the element k and (or with) the element 1 (in the presence of all the
other elements of the network). (Ykk may be considered as the mu-
tual-admittance of the element k with itself.) It can be noticed

that when the general element reduces to one of the basic elements,

then the concept of admittance for the general element reduces to
the previously introduced concepts for the basic elements.

The imaginary part of Ykl’ usually denoted Bkl’ is called the
susceptance between the elements_ﬁ_and_i_(although some autors use
the negdtives of these terms for this). We then have, by eqs. (5):

B, =B, (w) = {wc“ I;‘/wf et (9)
-Z]:Z/w, if k£L.

Bkk’ usually denoted simply by Bk’ is called the self—suscggt-
ance, or stmply the susceptance, of the element k (in the presence
of all the elements of the network); and Bkl’ for k£l, is called
the mutual-susceptance of, or between; the elements k and i_(in the
presence of all the elements of the network).

In a susceptance such as: B=wC-~-IYw, the term wC, usually
denoted by an expression such as BC’ Is called the suscgptgnce of

the corresponding condenser or the capacitive susceptance 6} the
corresponding element; and the term [ /v , usually denoted by 5% or B
is called the inductive susceptance of the corresponding element, and

L)

-Zqﬂw==—€%=-—BL is called the susceptance of the corresponding cotl

in the presence of alil the coils of the network (so that the adjec-

tive "capacitive" in the name of Bp or BL takes the place of the nega-
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tive sign in the susceptance). We then have: B::BC-B ==BC-BL.

The (self) admittance of an element, such as Y =G+ i(wC-I/w),
can then be written Y=G+i{B=G+ i(BC-BI,)=G+ i(BC.—BL); and the
mutual-admittance between two distinct elements, b= Pkl/iao , can be
written Ykl =1 Bkl‘

It should be noticed that the admittances and susceptances (of
and between the elements of a network) depend only on the parameters
(i.e. on the passive parts of the elements), and on the angular fre-
quency of the sources of the network.

The terms YkZVl of the sum in the complex current egs. (6) are
called YV-currents; the term Ykak==Yka is called the self YV-cur-

rent in the element k due to its own complex voltage drop Vk’ and
the term Yklvl (L£k) is called the mutual YV-current in the element

k due to the complex voltage drop VZ. in the element 1, all in the

reference directions assigned to the elements. The complex current

-~

‘,'.T
and mutual YV-currents in thda element; and the total terminai ~om-

)

through the passive part of nn element is then the sum of ths =

€€

plex current entering (and leaving) the eiement is equal to the sum
of the complex current through its passive part and the complex Clr-

rents through its sources (its active part),all cosidred inthe same refercsce direction.

Example 4. Consider the network shown in Fig. 6, assumed o
be in the sinusoidal state at the angular frequency w# O, in which

all the parameters are constant (as usual) cend only those coils fac-
s each other have non-zero mutual invertances (and inductances).
+ - . 3 The transformed equaiionz are:
”e= —
"'3;’7: l(ca 1 E L L I,:){I/,'/-)’/;[é +Zes, 5
;‘ff— 1 4 Iz"‘r";‘é*)és'%'/"zt&?
=
Ny=1 P Ia=)/3\é+}éclé+z-0$) (5:—5)
6 —
T g cs 14.—.)@14#)@1{}
t | AAA— — v
- 531 |2 L=V * 7ot
ﬁ: —_— 3 (= ] =Y ~YesE)
1\1'03 —"(QQQ)) 'Z-/=-Z-2=I3=O
3
—Y— Ty=Is=2¢
o, & «— |l s,
L The known exciting quantities
. are: E=-V I ., and 1
(a priori) F . 6. 37 Tecg cS,

The,unknown response quanttities are: Ik’ Vk (k#3), I3, and IUSQ
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Example 5. Consider the constant parameteri.%etwork of 18 gen-
eral parallel elements whose graph ls shown in Fig. 7, and assume
that only the elements 1 to 4 are mutually coupled magnetically, and
that only the elements 5 & 6 have sources. (4ngular frequency =u #0.)

/€
3 / N
10 . 7
/z
P * :
£ S |y
/2
S 3
/5
9 g
o e L

The network has 8 nodes and a single component; hence there are
8~1=7 independent nodes and 18-7=11 independent meshes. Let us take
the following complete and independent set of meshes: (1,6,4), (2,3,6),
(3,4,5), (4,10,14,9), (5,15,10), (6,16,9), (7,18,9,16), (8,17,10,15),

(9,13,12,18), (10,14,13,17), (11,12,13,14).
are.:

The transformed eguations
-5

Ifzé &I‘é (£:42’§4)) zj=)£|£+1;SA+IUSé @=€é), ‘z:‘=)4/|x/ (»‘: F,‘,"')/J))-

L3 =Ig—Le*1, 19=0, Lp~Iy*L,+14=0, Z,-1,-1,,+Ls5=0, Zp=1,y +I,+Ls~L,=0,

» Bri+i=0, V*V*%"_'O; ‘4""%"”4"/?:0

o Vs Vom0, Y-f=Y=0, Vt\rlti=0, i+l 4V, +s=0,
%‘%“Vs'ﬂif:o) Vs l{4- /a'/‘/;: Oyr VW +WatVstVy=

Problem 3. FEstablish the transformed equations for the con-
stant parameter sinusoidal-current network of 21 general parallel
elements whose graph is shown in Fig. 8, assuming that all the ele-
ments have magnetically coupled coils and that there are no uvoltage

sources in the network, but all the elements have current sources.

Problem 4. Show that the units of susceptances and admittances

are the same as the unit of conductance. Hence, in the MKSC-system
of units, susceptances and admittances are measured in mhos or in-
verse ohms (2%. However, in some of the older literature,
of admittance is called the vector-mho or complex-mho.

the unit
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Problem 5. £Establish the transformed equations for the follow—
ing constant parameter networks (Fig. 9), assumed to be in the sinu-

soidal state at the angular frequency w ¥ O: (Indiand @) the line se&ments
represent passive parnllel ebments.)

L
F/gs. 9.
:——’m— |

|
|

\AALL LS

(@)

AAAAAA
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The transformed equations (6), (7) and (8), of a network of n,
general parallel elements in the sinusoidal state at the angular fre-
quency w , form a (complete and independent) system of 2n, Llinear
algebraic equations in 2ne unknowns (if the admittances and the com-
plex currents and voltages are considered as indeterminates). The
unknowns are all the complex (terminal) currents Ik, the complex
voltages Vk not belonging to elements with a voltage source, arid

the complex currents Ivs through the voltage sources. All the com-
plex electromotive forces Ek:=-Vh (for the elements with voltage
sources), all the complex currents IC through the current sources,
all the impedances zkl’ and all the incidence numbers (k,n) and [k,m]
are considered as known (as also the angular frequency w , of course).

In any particular case, assuming the system of equations to be
consistent, the best way to solve the system for the unknowns is to
substitute the complex (terminal) currents Ik’ as given by the com-
plex current equations (6), into the egs. (7) expressing Kirchhoff's
complex current laws for the nodes of the network. In this way the
system of equations is reduced immediately to n, equations in n, un-
knowns. By means of egs.(8), a further reduction in the number of
cquations and unknowns can be easily made by solving them for n. of
the unknown complex voltage drops and then eliminating them, in terms
of the other complex voltages. In this way the system of equations
is reduced to ne—r%1=75; equations in né unknowns. By solving these

14

n'! equations for the né unknowns left in them and then bachk-walking

our previous steps, all the unknowns(cqﬁvbe found. They should then
be substituted into the 2ne equationgxﬁe began with, to check the

sclution.

Once all the unknown complex currents I, and Ius’ and all the

unknown complex voltages Vk have been found,kthe sinusoidal solution
of the original integro-differential equations (1) can be obtained
simply by using the isomorphism (2) in the reverse sense in order

to find the corresponding unknown sinusoidal currents I}, I* and

vs ?

voltages V, of angular frequency w . Thus, if we have found that:

Ik=(Hsﬂq‘ = IIk// ang I, ,
Vy=by L = /Vk[/ ang V, , (10)
Iusk=ck422_ = /IUSIJ/ﬂg_IUsk ,

then we obtain for the corresponding sinusoids of angular frequencyc:
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Ip= (ak/l() sin (wt +O(k.) = (/Ik//K) sin(wt + ang Ik)’
VA: (bk/K) sin (ot + IGK) = (/Vk//l() sin (wt + ang Vk)3 (11)
I3s, = (ex/K) sin(wt + %) - (/Ivsk//K) sin(trang I, ),
where, as we have said before, K=1/Y2 is usually taken, unless it
is otherwise stated explicitly.
The final step of transforming the unknown complex currents and
voltages back to sinusoidal currents and voltages of the same angular
frequency as that of all the sources is usually omitted as trivial,

Problem 6. Reduce the equations of the networks considered in
the examples (1), (2), and (3), given above to as many equations and
unkowns as there are independent nodes in the corresponding networks.

Problem 7. When all the inductance L‘kl are constant, we know
that Lkl=le’ Sfor all k and L. From this show that for all the
tnvertances and admittances we have: I_}'cl = l'ik and Ykl = }’”(°

. g% . ‘
Problem 8. Prove that: BkléBl"BI?’ for all k and L #Kk.

(Hint: See Prob. 13 of Ch. I, &3, p’i 14.)

Problem 9. Show that if the reference direction of a single
element K in an a-c network is changed then all the mutual admit-
tances Y, , =Y, (k#l) change signs (i.e. Y, ; changes into ~Y,,, if
l#k). Use this to show that the transformed equations of a netwcrk
in the sinusoidal state remain the same under a change of reference
directions in any number of the elements. For this reason the ref-
erence directions may be assigned arbitrarily and we can be sure
that we shall always obtain essentially the same system cf equations.

Problem 10. Show that the complex charge Q, (see Prokb. 14, &1)
on the first plate encountered in going through the condenser In the
reference direction assigned to the element k is: Qk=Cka.,

Problem 11. Show that the complex flux ¢k (see Prob. 15, §1)
in the coil of element_k_, in the associated reference direction, 1Is

given by: ¢k= Vk/ink; and consequently that the complex flux
linkages are given by: %:NkQék: v, /T,

Problem 12. If kfZl, show that the angle between the complex
voltage drop Vl in the element 1l and the mutual complex YV-current:

Ika).—- Ylel it produces in the element k is 90°, with VZ lagging Uf

By;>0, and with V; leading its mutual YV-current through element k
ir Bkl < o, (de. if 25y >0 or Iy<o, res,bect/veiy)assamb; wso, of course),
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Problem 13. Show that the angle from the complex voltage drop,
Vk’ in the element k, to its self complex current Ik(k):=ykkvk=:kak’
{s equal to the angle of Y.; that is:

ang Ik(k) - ang Vk=ang Yk; (12)

this angle shall be positive if and only if BK=BQ-BQ=ka“Q/w>O’
in which case the element k is said to be a cagpacitive element; and
it shall be negative if and only if BK=BC‘-BIZ=ka~I}/w < 0, in
which case the element is said to be an inductive element, at the
angular frequency & . When Bk=O, the element is said to be purely
conductive (or resistive) at the angular frequency & .

Problem 14. Assume that a current {2 sin 377t is entering a
passive element of the general parallel type. Let the conductance
5 of the element be 0.001 mhos, and let the capacitive and inductive
ausceptances of the element at the angular frequency 377 rad/sec be
both equal to 10 mhos, t.e. Bn=377C= BL=1/(/377L)= 10, assuming the
element to be magnetically isolated. Show that the complex voltage

drop through the element is 1000 /0° (volts). Thence show that the
stnusoidal currents through the condenser and coil are, respecitovely:s
I =1000002cos 377 ¢ & I} =-1000012cos 377 t.

Thuyus we see that, even though the current entering the parallie! ele-
aent (g quite small, the currents in the condenser and coil (und the
. I tage drop through them) are very large (and 30 one must be careful
sractice). Here we.I:Lave a simple example of what is called spe~-
cifically parallel-branch (voltage‘) resonance and paraliel-branch

currant anti-resonance.

Problem 15. Show that the complex currents throcugh the con~

wwi2rg and colls of a given network of n, general parallel elements

sce given by (see eqs. 4, frk=1,2,...,n ):
=1 - ; =12, 7
Io =1B, V, & In = g B,V (k1,2 me)  (13)
his K k527
Prealem 16, Consider a system of n (idealized) coils with the

' and mutual itnvertances (inverse inductances) I']'{, (k& 1L =1.2,005n)
vrroed to arbitrarily assigned orientattions (reference directions).

“ioihse that all the cotls are short-circuited, ‘except coil 1 which

cowected 0 a source producing a voltage drop V’i‘:A sin (wt + o)
arross its terminals. Denoting the complex voltage drops and cur-
rents through the coils by V, and I, (k=1,2,...,n), respectively,

show that the complex (transformed) equations of the system are sinply:
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I, =T, V,/iw =&AL, /iw2. (k&l=1,2,...,n)

Py

k
From this we can then obtain the absolute values of the lnuvertances:

[T | =led(T J/ [V = V2RI, f 1Al (k&l=1,2,...,n)

Hence, if an ammeter is inserted in coil_k in order to measure the
effective value /Ik/ of the induced current through it, and a uoit-
meter is connected to coil |l in order to measure the effective value
/Vl/ = |A|/f2 of the applied voltage, then we can obtain the absolute
value of the generic invertance I, by multiplyinglo| by the quotient
of the readings: /IKI/IVK[ .

Problem 17. Consider a system of n passive elements of the

general p'arallel type, as the one shown in Fig. 10. Let }’R; (_&&_—
1,2;...,n)g@gnote the self and mutual admittances of and betueen

them, referred to arbitrarily assigned reference directions. Aszume
all these elements to be short-circuited (by connecting the terminals
together as shown by the dotted line in the figure) except elgment 1
which is connected to a source producing a voltage drop V?:l/llsin et +o)
across its terminals. Show that the (total) complex cur'f'énts.t,-‘*u“oagh
the parallel elements are given simply by: I, =7V,.V, (h=1,2, ..,n)
where, as usual, VZ denotes the complex violtage drop

‘H”ﬁmjz (JaN2) Lox_
AN ) [X_. From these eguations we see¢ fia
(|

! 1 —? Ykl (for k=1,2,...,n and the gluven _./;_) can Le geter
"1'4 —'WW\/\—I : mined experimentally by measuring the efjeciive val~-
-

ues /Ik/and /Vl/of, and the phasz arnges (any L - aryg V)
F/'y, 10. between, I, (k=1,2,...,n) and V,. By repeating
the experiment for each 1=1,2,...,n, all the admittances YK" can be

]

Gii The

-

determined. In particular, the moduli, or absolute vaiues, of the ad-

mittances can be obtained by:/}’kl/=/Ik[//Vl}j in terms (;f the effeciive
. yOF CUreey )

values measured with an ammeter and a voltmeter (and/\for' k£l we Anow

that the angle of Y, , is +90°).

Problem I8. For the system of n passive elements cf the general

parallel ‘type considered in the preceding problem 17, show that the
self admittance Y, =Y, , of element k (in the presence of all the cther
elements of the system) can be determined completely by determining
Tts modulus /};{/for three distinct frequencies. In particular, shouw
that:

I=lin w/rkl and Cy = ‘Ibfﬁo/?‘;{f/wo (W>0)

(In practice, a constant source could be used for the first, and a
sufficiently high frequency could be used for the second, of these.)
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The resistances of the practical coils in a stnu-

soidal current network can not always be neglected in comparison with
their associated reactances. It will then be convenient to study
networks of general parallel "mixed" elements of the kind shown in

Fig. 11, in the sinusoidal state at the angular frequency wW# 0. To
do this, first consider a system of N practical coils with resistances

Ry

and self and mutual inductances L,, (k & 1=1,2,...,N), through

which there are complex currents IA and complex voltage drops Vk’ e-
ferred to arbitrarily assigned reference directions. Ffor this system

we shall have:

where 5%1

V=R I} leLklI’ _5_ (R Sy, + 1L, )T} _izh,ri,
=1 sz-land d” =0 sz,éz and 2}, = R, d",+ Pl
k1 kl ki

Assuming A =det (Z! l),éo we can solve these equat’onq for the com-

plex currents Ik

4
Iy

Of course these YAZ

in terms of the complex vcltage drops Vk as follows:

=25Ylel, where Y}, =cofZ!, /A. (k&l=1,2,... 0%

JET
can also be obtained experimentally in the manner

explained in Prob. 17 (with all the condensers absent). With these

?G? ﬂr;‘,

F/y .11

results, and knowing that we have for the total
complex terminal currents Ik enfering the gen-

eral parallel mixed eilementas

I, =1 +I +I, +I, +1I! (15)
k VS, TCS, Gk CK K*

show that the general complex equations of an

arbitrary network of N general parallei mixed elements connected in

N components (separate parts) with n. nodes and n. independent meshes

are:

N

Z(k,n) Ik=O

Z=1

Z([ic,rn]Vk =0
X={

where we have put:

Problem ~20.
in the sinusoidal

neted in parallel,

#I, GV, + TWC, T, Z
vs k' k
vsk“’csk g:rklvl ; (k=1,2,...N)
(n=1,2,°..,né=nn—nc); (17)
(m=1,2,...,n =N-—n’=N~nn+nJ); (18)

Yip = Gt i Cy# YL, if kel and ¥, , =Y}, if kfL. (19)

Show that in a network of N general parallel elements
state, if a certain number_ﬁ_of the elements are con-
forming a parallel branch with the same voltage drop

across them, then the whole parallel branch may be replaced by a single
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@lgebraic)
general parallel element with a self admittance ¥ equal to the double,

sum of all the self and mutual admittances cf and between the elements
of the branch, and with a mutual admittance ?k with each (‘%}; t/fse other
elements k of the network (not of the branch) equal to theysum of all
the mutual admittances of the element Kk with the elements of the par-
allel branch. [Hint: Let the elements of the parallel branch be num-
bered last, with the numbers: N-M+1=RN(say), KN+1,...,N, and let the
osther elements of the network be numbered: 1,2,...,N-M; also, let all
the elements of the parallel branch be oriented in the same sense, re-
org;"r;li;ng some of the elements lf necessary, and let V denote the com-
1onAvoltage drop across the elements of the branch and I the total

terminal complex current entering the paral?eL branch. Then we have:

+é)/l/+é: )/)V— cs‘+; Yoo ¥ +}/(/ (4-_-_/,2/,,./4/_,1.;)
f‘{,?x/l; -Gl fcsﬁg 7 u)%@ AR LoE S Py Y,

shereas _I can be substituted for Z;I in Kirchhoff's Current Laws,
shile Kirchhoff's Voltage Laws for the intermediate meshes of the
zarallel branch are already implied and can then be ignored. Compar-
‘ng the above equations with those of a network of N=N-¥+1 general
sarallel elements, we see that the last element N repiacing the par-
zllel branch must have a self admittance ¥ and mutual admittances ?k
‘k=1,2,...,N=-M), and a current source of complex value Ics" given by:

Y’é; ‘=l§%’=é% (h=12 - NM)J ¢s éz;’é’ &o)

while its uoltage source, which must have the samg L;lofl)t’.age drop as
eavie vo,

2ll the voltage sources in the parallel branch, muthtake care ¢f a

complex current egual to the sum of all the complex currents through

the voltage sources of the parallel branch:]

Problem 21. Show that the network of Fig. 3(a), considered in
:he example 2 above, may be reduced to the following netwcrk (Fig. 12):

IR
Sy
G
o0 —WW——-1 4
4 —a N s Y
——Zots -
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Problem 22. If p=0+iw 1is a generalized natural freguency of
a network, the general equations of the network with all the exciting
functions nullified shall be satisfied by response functions of the
form A %t sin (wt +¢), or of the form A exp (pt). Show that the gen-
eralized natural frequencies of anétgt;'ogairtyi'cf;”ﬁ::ff;?u%?%egf general par-
allel elements, with the general equations (4), (5), (6), of Ch. III,
&2 (p. 72), are given by the solutions, p, of the following deter-
minantal eq_tfgtion (g/ssumlng that not every p is a solution, since aher-

= N e~ Mws—>  wise this would be meaningless):
T Yo K/ L (i 0 0 'TZ © 0 e | Mol |y cols.
.. o-1:--- 0. 00 - - -
21 122° 2N"o, RN Qf. . C? l._| O
X[ EEEEERANE A R . o
° » . 4 . ¢ > .
Wl " Y00 -to00-..0| etz O
OO: - O GDEY -~ —=-"=() .7 7
O (42)(22) - ——————- (7,2 2 .
N C? O L é?) =3}l O 4, n) =0
Lo Tl | : s (b=42,+33) bo=(2,+, )
QO - - O \4n)(am). -+ ————~—(n,n) i i —
0,030 - - MO O --- Oi0--—-0 3| AT
[2/’][2)’;]' ’ 'W,)J O O e O ‘O -—— 0 & (é://g),.,’/v) O
. . . L !
QS : : : : : : ,! ’l (m=42/,,/.,;’)J ]
{ lmama - w0 0 - 0 0---- 0
herei/ is the number of elements without wvcltage sources and L is

the number of elements with voltage scurces, assuming the latter io
be numbered last with the numbers N+1, N+2,..., ne=-N+nUS, and Yki is
the admittance at the generalized frequency p=o+iw between the ele-
ments Kk and 1, namely:
Ykl=Gk+‘DCk+1—;{/‘D if k=l, and Yk_a=1"]’{_l/p if k#L.
[Hi.n.t: Make use of the results of Ch. IV, §7 and £6, after substitut-
ing exponentially modulated sinusoids for all the time functions in
the general equations (4, 5 & 6) of Ch. III, 2, and then make use
of the known result on the existence of non-trivial solutions of
homogeneous linear equations; finally make use of Laplace's develop-
ment of a determinant to get rid of n,g rows and N columns cor-
responding to the coefficients of the unknouwns I . (.J@&hiz,,mayw‘:'llée;/}'e
k znﬂd'ﬂfi%
Problem 23. Show that the general complex equations of a

sinusoidal current network (at the angular frequency w) of general
mixed series elements of the kind shown in Fig. 13 are the same as

£ the eqs. 16, 17 & 18 of €1 (p. 125) but
A with: Zg=R+ioltfGricl) J k=1 ant Gy=iulyy if ##¢,
Fig./3. instead of egs. (15).
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$3. NETWORKS OF GENERAL MIXED ELEMENTS IN THE SINUSOIDAL STATE.

Let us consider an arbitrary network of n, general maéfgwgiﬁ}es
elements of the kind (whose transform is) shown in Fig. 1, , in which
all the currents and voltages are sine functions of the same angular
frequency w>0. Let an arbitrary reference direction be assigned to
each of these elements and let us number them consecutively from 1
to'ne. Assume the network to have n, components (separate connected
parts) and n, nodes, so that there are only néznn-nc Independent
nodes which, after omitting exactly one node in each component. are
numbered consecutively from 1 to né. Assume that nmane_né independ~
ent oriented meshes are chosen in the network and that they are num-
bered consecutively from 1 to n.. '

Then we will hauve for the complex vocltage drop in the current

source of the element k, in the assigned reference direction:

= - ] - - ]
Vcsk' Dk"zk(Ik '%sk) = Oy Iy - 2,1 csy , (%= =02, )’%) (1)

assuming ZA to be magnetically isolated; and for the complex current
through the element k, we will have:

I, =(Gy+ iwck)vck, (2)
so that the complex vcltage drop in the "leaky" condenser shall be:
Vo = I,/(Gy+ iwCp). (k=1,2,,..,7e) (3)

k
We will then have for the total complex voltage drop in the
general mixed series element Kk, in its assigned reference direction:

v v

V + V + V V

+
L vs

k Rk Ck X : csy
=Rka+I /(G +1.ka)+ zﬂleklIl E‘k+Z}'{(Ik'-- Icsk)
=é:\zklfl - By - zl'{Icsk’ (=12, ) %) (%)
where we have put: kl= ikal if k£l, and:
Zyy = 2, (say) =R, + Ly, +1/(G+iwC,) + Z[. (5)

Besides the above equations we have, of course, Kirchhoff's Laws:

Ne
(k,n)Ik==O, (n==1,2,.o,,né=nn—nc) (6)

n
;[i‘!m‘]vk=o’ (m=1’2’°"’nm=ng_nr’1)“ (7)
=1
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7
R
=)
7
\4’
%, [k

Let us next consider an arbitrary network of n, general mixed
parallel elements of the kind (whose transform is) shown in Fig. 2,
irn which all the currents and voltages are sine functions of ‘the same
angular frequency w >0. Let nas Rys nl,'1=nn-nc, nmsn.e-'-n.,'1 have the
same meaning as usual, and let all the elements and independent mesh-
23 bs assigned reference directions artitrarily, alse as usual.

Thain we will have for the complex currgnt through the wvoltage
source of the element k, in the aussigned refarence direction:

Tos, = YeCVirEy) = ViV + Yg By s (b=, 20m,) (8)

e
where Vk l9. the total complex voltage drop acroes the element k, ard
Yz & aeumed fo be magnetically isolated. 4iso, for the complex cur-

rent through the coil, we have (see Prob. 19, eq. (14), of §2):

= '= 4 ! - . i
I, =1 YLV Yh cof(Rké‘kl+lekl)/det(@:é‘kiha)Lkl).

k Y] (9)
where, as usual, d‘kl=1 if k=1l and =0 if i# L.

Consequently, for the (total terminal) complex current entering
the gereric eiement k in the assigned reference direction, we have:
Ik=I + I +IG+IC+I(IK)

C3) VI k K
- n
= Ic3k+Y (v, +§{)+G Vy+iwC, v, + z
g Y Vo+ 1, +Y;€Ek, (K=1,2,.,w_,ne) (10)
(=L *k
where we have put: Y., =Y., for k#1, and (f‘or k= 2’):
Ykk'y (say) k+ le +}’};k+}’" (11)
Besides the above equations we have Kirchhoff's complex current

and voltage laws, of course, nanmely:

”,
?: \Ung=0 (r=i2.n) 4 ? Goml\f=0, (m=i2,.,n ), (12)
=1 =/
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CHAPTER VI: THE MESH METHOD.

In Ch. V, §1 (p. 129) we have outlined a general procedure to
solve the complex (transformed) equations of any network of general
series elements in the sinusoidal state. In this chapter we will
consider another method of solving these equations, known as the
mesh method, which greatly simplifies matters. This method conslsts
essentially in makin% the following substitution:

Ik=é[k,m].fm (k=1,2,...,ne) (1)

of the complex currents Ik in terms of new (complex) quanttties.%n,
one for each mesh_g_(:],Z,...,nm) of a complete and independent set
of n, meshes of the network, known as complex mech (or circulating)
currents (first introduced in their original form by J.Clerk Kaxwell).

The importance of the substiiution (or change o) varicbles) (1)
i{s due to the theorem expressed by eq. (1) of Ch. II, &2, by means
of which we can show that the mere form of the complex currents Ik
given by the substitution (i) is enough to guarantee that Kirchhoff's
Current Law shall be automatically satisjfied for all the nodes of
the network, no matier what values the J, muay have. It shall then
only be a guestion of finding the Jm S0 Js to satiejy the other

egquacions of the network.

1. THE CANONICAL EQUATICNS OF THEE N2 EETHGS.

Joasider the general complex equations (15, 17 & 18 of Ch. V,8§1)
of an arbitrary network of n, general series 2lements in the sinu-
soidal state at the angular frequency w>0 connected into n, compo-
nents: with n_ nodes and n. tndependent meshes, which we reproduce:

n
n,
v, = ZalimEL =Dy (/.:.;,L,.,.,,ze, (2)
' =4 '
Ng
=1(L,n)Ik--U, (n=-1,2,...,LA=nn~nc) (3)
;n.
Z[k,m]u -0, (ii=i,2yene,n =n =n!) (4)

h B
where Akl are the imgcduances ¢f aald ha2tween the elenzals of tiie net-
work, at the aaguler Fir:guency ax§\J gtven by eqs. (i5), Ch. 7, &1.
y¢bot1tut1na (1/ iato +ho teft-hand member of (", we get:

Z oS i) -t » i{{- Al = zj 0

n=/
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gince all the sums tn the parentheses of the second member are zero
for all m and n, according to eq. (1) of Ch. II, $2. Thus Kirchhoff's
complex current law (3) is identically satisfied for all the nodes of

the network. |
If we now substitute (2) into (4) we get:

n
;Z[kﬂn]zkl I, = iﬁt m](E' +Dk), (m.=1,2,...,n.m)

which becomes, upon substituting the Il as given by (1) after the
_:-;\u:,v,utzon index m_is changed lnto another letter, _r, say:

- @Z[k I'L]Z,l[l r]) Z[k m] (E D) (m=1,2,...,n) (5)

Sezides these equations, we haue an equation (1) for each ele-

ment Kk witih @ current source, for which the corresponding complex

—

currents I, are (assumed) known. Thus, if the network has n,Z0 cur-

Y
rent sourzes which, witheut loss of generality, we muay ascswie to hbe
(s‘,' then besides the n
_ CcSN m
eguutions (5) with n, unknown Jm and n’cs unknown Dk we have the

nuibered jirst, consecutively from 1 to n

Joil owing Mg eguations:
L

L0
m=/ [k-’m]Jm=Ik' (k=1’2,00¢,ncssn,.) (.5)
and, of cource, thz D, in the egs. (5) for k=n_ +1, n, +2,...,n,

may be omitied, 30 that they can then be rewritten as follows:

H/;’jz‘[k m] 2, (1, ﬂ) ZE‘ m]E, +£ﬁ< m Do (m=1,2,...,n) (7)

(uze.l the network huasz no current source, iL.e. n.CS—O the complex

equaticns of the network are the egs. (5) with all the D, omitted.
Insucha cuse the egs. (6) are also to be omitted, of course.)
Zgquations (5) and (7), when nCS>O, or equations (5) with the Dk

omittad, whken n =O form a complete and independent system of Nt g

equations with t]llo same number of unknowno, 51 the meedan.ces Z, , and
C l ’d\m | kl

the complex EMFs. Ek are constidered as arbttrar_% These complex lin-

ear ogfuatt)unu with complex coefficients of an arbitrary constant para-
(slalicreny,

meter,\notworh 0fF general series elements in the sinusoidal state are

called the complex canonical mesh equations of the network.

&2, MESH IMPEDANCES.

The equations (5) and (7),0fr&§1, can be given a simpler appear-

ance by introducing the quantities z =zmn(iw) defined as follouws:

mn-

ne 7
zmn=§;ﬂt,mjzklﬁ,nj. (m&n=1,2,...,n) (1)
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Equatfons (5)&1, can then be written as follows:

¢/
;’,zmn Jn=$,&,mj(z'k+ D J=F (e (m=1,2,...,n) (2)

and similarly with eqs. (7), of §1.

When ncs>0 , the compl(fbttznarsd independent system of complex
canonical mesh equations of aAsmusoidal current network of ne gen-
eral series elements with n. independent meshes and nc(s;\) current
sources can then be given in the following final form:

n,
szn I Z[k mJE, gj[k m]D, (m=1,2,...,n )

n=/
(3)
- [km]J =1, ; (k=1,2,c..,n, .50 )
and when nc:.3 , the complex canonical mesh equations are simply:
”Z-/: an I n :[k m]E =E @3)(m 1 2,...,n.) (4)

The quantities z, . introduced by egs. (1) are called the mesh
impedances of the network at the angular frequency w (which i{s the
angular frequency at which the element impedances Zkl are computed).

It should be noticed that they depend only on the passive parts (i.e.
the parameters) of the network, on the way the elements are inter-

connected, and on the angular frequency, & , of the sources. The

quantities Zm are called the self-impedances of the meshes m( 1,..,,n)
and the quantities Zun (m#n) are called the nutuul-impedances of,

Qi bztwegn, the meshes m and n (=.Z_q2,”.,nm)., (me is also called
the mutual impedance of the mesh m with itself.)

If we dennte the real part of Zn by r

mn and the imaginary part

of Zﬁm by X, e we chall have:

Z o =Pt X (m&n:],.?,“.,nm) (5)

The quantity Trin is called the mutual-resistance between the meshes
m and n, and the quantity Xon Ils called the mutual-reactance between

these meshes. When m=n, these quantities are also called the gelf-

resistance and selj-reactance, respectively, of the mesh m.
Later we will cee how these mesh quantities can be obtained

directly by inspection of the network, in terms of its parameters,
and alsoc how they can be determined experimentally.

Problem 1. Show that if Zpp =2y Jor all k and L (=1 z,“.,n)
hen =2 Jor all_ri_und_r_t_( 1 z,...,nm), thence infer that aloo

Zmn nm
r

‘Pr"z =r,and x =x for all m and n.
(e (S (A — —

(0
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Problem 2. By substituting the values of the element imped-
ances Z,, (i&i:l,?,...,ne) given by egs. (15) of Ch. V, §1, into
egs. (1), show that:
Zon=Tmn * iwl”m+smn/iw , (m&n-= 1,2,...,n.m) (Y

where we have put:
n,

? . s, n, ’ [‘7{ m ﬁ{ nJS ’
wn” £ [k, milk,n] R, ;‘: )| -

l n=iiﬁt m]Lkl[l n]. (m&n=1,2,...,n)

Xpp= Wl =s, /a). (m&n-= 12,...,n) (8)

e s, fuf he Gt % yy 1ad e belfand motbol .'Li{?d_t?m between the meskes 1 &n
‘ "%‘rg:f.fenf' .m@ﬁgﬁ Q :n é"z’ggzﬁork ‘Izz'thou mu' u‘a —-itnductances

(i.e with all Zkz=° ifi;!_l) the mesh impedances are given by:

Thence show that:

_ [k,m][k,n] zZ,, (m&n=1,2,..., nm) (9)

and the mesh inductances are given by the following formula (while
the ron & Spn @re still gtven by the similar first two egs. 7):

mll ;[i{ ”][k n'JL (m&n'=121°°“,n-) (10)

Problew 4. Show that the general term [k,m]Z xy [Lsn] of the
n shall have the same sign as Zkl tf and
snly U the .rr.esh_m trauerses_ the element K in the same relative

double sum (i) defining z
senge as fie mesh n traverses the element 1 (i.e. both in the same
directions or doth in the opposite directions, assigned to the ele-
ments K and_l)g The same holds for the general term [k,m]Lkl[l,n]
of the double sum defining L., by the third of the egs. (7).

Problem 5. Let 2 : denote a summation over those elements_k
pelonging to the mesh m (l e. for those elements k for which[k,m]£0).
Then eys. (1) can tlearly be written as follows:

2= Qg Bord 2 () 2 nlkAZ,+ 25 thel 2yl (10)
o F el

and eqs. (7) can be written thus:

- % [c,nd k,n] R, %:ﬁs ] fe,n] 5,
(12)

lnm = Z[{’ ]L’ 1 [l nJ BM][‘MJL"fZ,\Z [‘a’"] [11'7].
em l&€n & ,(.ez#lzea *l

From the first of the eqs. (12) it can be inferred that the mutual-
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resistance between the meshes m and n is an algebraic sum of all

the resistances common to the two meshes (and no others), each re-
sistance being taken with a positive sign if the two meshes (m & n)
traquerse it in the same direction, and with a negative sign otherwise.

The same can be said about the mutual elastance, s between the

mn’
meshes m and n given by the second of eqs. (12), since it has the
same form as the first of eqs.(12). And the same can be said about the
first term in the last member of eq. (11), and of the last of the

eqs. (12), because they have the same form; and also of egs. (9) & (10).

Problem 6. From the preceding problem (5) show that in the
particular case of m=n, we have for the self-resistance, self-elast-
ance, and self-inductance of the mesh m, respectively:

Z Ry Som = Eé Sk.’ (m=1,2,..o,nm)

£
il (13)

. ; + 24:%;[11 ml[L,m] Ly,

From the first (two) of these equations we see that the self—restst—
ance (-elastance) of the generic mesh m is simply the arithmetical
sum of all the resistances (elastances) in that mesh. And from the
ioet of these equations, it can be seen that the self-inductance of
‘e generic mesh m i3 equal to the arithmetical sum of all the self-
znductances(bf coilsg) in that mesh plus twice tﬁgfsﬁh of all the mu-

-inductances between distinct coils of that mesh,eacﬂﬁbnm‘i“esljﬂf’[%ﬂ[fd

Problem 7. From egs. (7), or egs. (12), show that ron = Tm
Sun = Snm? and if Lkl:=le for all ji&_£=.1,2,.,.,ne, that lmn;=lnm’

Sfor all 21&11:.1,2,...,nm.

Problem 8. Show that the mesh-impedances zZon do not depend
on the reference directions assigned to the elements. They depend
only on the reference directions assigned to the meshes,in a given
network. [-INT: Use eqs. (1) to show that changing the reference
direction assigned to any one element does not affect any one of
the Zmn’

unaltered.

tf the reference directions assigned to the meshes are

we will now examine eqs. (1) for the mesh impedances in more
detaitl. In the first place we observe that for any given meshes m
and n (not necessarily distinct), only those terms of the double
sum appear for which [k,m];.‘o, [l,n];!o, and Zklfo. This means that
only thcse values of k which belong to elements of mesh m, and only
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those values of Ll which belong to elements of mesh n, need be con-
sidered. Denoting by %;: a summation over all values of Kk belong-
74

ing to elements of the mesh m (as in Problem 5), eqs. (1) can be
mdnel,2 .7y

o= Bl (= SRl 2y, 0] (20

€N
The practical way to evaluate this double sum, for any glven meshes

m and n, is as follows. An element k of the mesh m_is chosen to be-
_g_r_in wi_t-h. Then we run through all the elements l of the mesh n (be-
ginning with any one element of the mesh__n) and compute all the terms
[k,m]Zkl[l,n-] with a Z,, #0. (Each one of these terms shall be #Z,,,
with a + sign if the elements k and 1l are traversed relatively in the
same senses by the corresponding meshes m and n, respectively, and

written as follo

with a - sign if they are traversed relatively in opposite senses,

as is shown in Fig. 1. This will be called the rule of signs for

ithe impedances in the mesh method.) Then we pass on to the next ele-
ment k' (say) of the mesh m (e.g. in the sense the mesh m is oriented)
und again we run through all the elements 1l of the mesh n, computing,
as we go along, all the terms ﬁt',mjzk,l[l.,n] with a zm_;!o; etc.

We continue in this way until we have gone through all the elements

A c¢f the meszh m, each time (for each elgmentibf the mesth) going
tarough all the elements L of the mesh n. Finally we add up all the
terms so computed. (This is very much like adding up the terms in

a rectangular array of numbers. First we choose a row and then we

cud wp all the terms on this row. Then we choose another row and
proceed as before. Finally we add up the results of the various rows.,
In this way we obtain the impedance z., between the meshes m and n.

,"‘ 4 " N - ;7 Pl ,z'{ r"‘\\ 4€ \\
! i} fl '7\ f {l’ ") l[m 4 {4 »)) i 4} {L ,
\@‘-'u\ D l(; et \(\,, ot 2’ C\, @i é

AmZBn]=+Z, 4. (@) and (&), [4mZ unJ—-Z,, in €)and (d)
F'fg, 4 The rule _of Signs for the mesh method.

Example 1. The self-impedance z (say) of the mesh formed by
the elements 1,4,5,6,3 of the network shown in Fig. 7, Ch. V,&§1, is:

z=ZlI+Zl4+Z44+Z44+Z,_,_+Z,-6+ZG-,+233+236.

Problem 9. Compute the self-impedance of the mesh formed by

the elegments 1,2,3 of the same network considered in the preceding
exampie 1; also compute the self-impedance of the mesh (2,4,5,65) .(S%e Exé)
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Example 2. Consider the transformed network of that shown in
Fig. 2, Ch. III, &1 (p.65). Assume now that the coils of the ele-
ments 7, 8, 9, 10 are coupled magnetically. Then the self-impea-
ance 2 (say) of the mesh formed by the elements 7,10,8,9 is:

2=2525 107278"%279*210, 7*%107%10,8"%10,9" %877 %8, 10" 28* %89*

-Z97_Z9,IO+Z98:=Z7+28+Z9+Zlo+2(z7,10_278—279-28,10—29,10+z89)'

Problem 10. In the network of the preceding example 2, compute
the self-impedance of the mesh (3,12,8,11) assuming that all the ele-

gﬁﬁésgsf this mesh have coils and that they are all coupled magneticdl.
x»
Example 3. Let us compute the mutual-impedance Zy (say) between

the meshes (1,4,5,6,3) and (1,3,2), oriented in the orders given, of
the network considered in the example 1 (Fig. 7, Ch. V, §1, p. 123).

It is:
2y ==21~21572,1=2;,5~253~L3:

If the second mesh had been taken as (1,2,3) then we would have ob-
tained the negative of the above result.

Problem 11. In the same network (Fig. 7, Ch. V, ©£1) compute the
mutual-impedance between the meshes (1,2,3) and (2,3,3,?),(3«EEX~K>

Example 4. In the network considered in the example 2, the mu-
tual-impedance z, (say) between the meshes: (7,9,8,10) and (3,6,8,9),
assuming (again) that, besides the non-zero mutual-inductances already
shown in the network, there are also non-zero mutual-inductances be-
tween each pair of the elements 7, 8 9 & 10, is:

ZM:=-Z73+Z78+Z79_z98_29-z8—289-zlo,6+ZJO,8+ZJO’9°

Problem 12. Fvaluate the mutual-impedance between the meshes

6,7,11) and 10,11) of the same network considered in example 2
gndér the sazc bgpr f‘cgejs’. (e Ex. g.) s 2 ’

Problem 13. FEvaluate the self-impedances of the meshes (1,2,%),
(1,2,6,5), (3,2,5) in the network shown in ~ig. 9, Ch. V,91, p. 126.
Also compute the mutual-impedances between the following pairs of
meshes in that network: (1,2,%) & (3,2,6), (1,3.5) & (2,6,3), (1,2,%)
& (1,2,6,5), (2,8,2) & (7,8,3). (See £x./0.)

Problem 14. Show that {f the refercnce direction of exactly
one mesh~ﬂ_d} a network is changed, then the self-impedance of this
mech m does not change, while all the nutual-impedances of this mesh m
with the other meshes of the network change their sign (only). Use
this result to show that the canonical mesh eguations of a network

remain (essentially) unaltered under a change of mesh orientations.
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The mesh impedances z . obtained in terms of the element imped-
ances Zkl may be expressed in more detail in terms of the resistances,
elastances and (self- and mutual-) inductances, of the network by
replacing (in accordance with the egs. 15 of Ch. V, $1) each self-
impedance Z, =7, by Rk+ika+Sk/ia.> and each mutual-impedance Z,; (kél)
by iwLM.‘ We thus see that any resistance or elastance appearing in
a mesh impedance 2,n can only be due to a self-impedance of an element
on both meshes m and n; and conversely, any resistance or elastance

on both meshes m and n must necessarily appear in z__. All other

mn
terms in Znn shall be of the form Lkal.

It may be well to mention that just as the sum of the terms of
a rectangular array can be obtained in various other ways besides
that of adding by rows (e.g. by adding by columns, by diagonals, by
rectangles, etc.) so can that of the double summation in egs. (1)

tfor example)
Sfor the mesh Impedance 2__. Thus we may first find the sum of all

the terms with k=1, corre”slgondmg to the terms on the main diagonal,
and then we may add the sum of all the terms with k#l, corresponding
to the terms off the main diagonal; the latter, in turn, may be split
into: those terms corresponding to distinct elements k & 1l belonging
to both the meshes m and n, and those terms corresponding to distinct
¢lements k & | not (both) belonging to both the meshes m and n. It
is clear ‘that in this way all the terms of the double summation (1)
are split into mutually exclusive classes of terms, so that each
term s included and no term is duplicated.

All the terms with k=1 correspond to elements common to both

the meshes m_& n, and they are all of the form [k,m],zkk[k,n] =22,

=12k, which are precisely the self-impedances of those elements,
each taken with a sign according to the rule of signs exhibited in
Ffig.e 1, In particular, when m=n (i.e. when the meshes m & _n are the
same mesh) then [k,mllk,n] = [k, m]'l so that the self-impedance 2, of
every element A on the mesh m appears with a + sign in the c'elf—
impedance Z,m of the mesh m.

All the terms with k#l corresponding to pairs of distinct ele-
ments (both) common to both meshes m & n always appear in pairs:
[k,m]z l[l n] + (1, m]Zlkﬁt n] because the element k is on both meshes
m &n, and so is element 1, and so [k,m]£0, [k,n]#0, [1,m]#q [1,n]#0.
Now since Lkl‘le (for constant parameter networks, as Lg;\'?rlfém'fr{)
alternating current networks), we have Z,, =2 Therefore the above
pair of terms can be written ([k,rrd[l,n]+ [l,nﬂ[k,n])zkl; but the
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quantity in parenthesis can only be, in absolute value, either 2 or 0,
according to whether the elements k & 1l are in the situation (a) or
(b), respectiuvely, shown in Fig. 2. (It can be shown that any case
can be reduced to exactly one of these.) Consequently the mutual
impedances izkl between distinct elements which are (both) common

to both meshes m & n either appear twice or not at all. In partic-
ular, when m=n, we can only have the situation (a) of Fig. 2, so

that in a self-impedance Zpm of a meshlE, all non-zero mutual-imped-
ances Zkl between distinct elements of the mesh_m appear twice.
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All the terms with k#l corresponding to pairs of distinct ele-
ments, one on each mesh but not (both) common to both meshes m & n,
are all of the form [%,mjzkl Q,n]::izkl and cun only appear singly
(not in pairs)‘and this, in fact, only when m#n, each with a sign
gilven by the rule of signs. Hhen m=n, these terms are not present.

We can summarize all the above into the following practical
rule for the computation (by inspection) of the mesh impedances
of a network. First we shall consider the case m=n of a self-imped-

of a me.
ance,, and then the case m#n of a mutual-impedance between meshes.

A’
182). The self-impedance Zpm
self-impedances of all the elements of this mesh (all taken with a

of mesh m is the sum of all the

+ sign) plus twice the (algebraic) sum of all the (non-zero) mutual-
impedances hetween pairs of distinct elements of this mesh (each tak-
en with a sign given by the rule of signs exhibited in Fig. 1).

By substituting the impedances of the elements according to
eqs. (15), Ch. V, &1, we can state this rule in more detail as fol-
lows: Z.m is the sum of all the resistances in mesh m (all taken
with a + sign), plus 1/iw multiplied by the sum of all the elast-
ances in mesh m (all taken with a + sign), plus fw multiplied by
the sum of all the self-inductances (of coils) in mesh m (all taken
with a + sign) in addition to twice the (algebraic) sumn of all the
mutual-inductances between pairs of distinct coils in mesh m (each
of these taken with a sign given by the rule of signs given above
and exhibited in Fig. 1).
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29). The mutual-impedance 2z, between two distinct meshes_m
& n is the (algebraic) sum of all the self-impedances of all the
a{;ments common to both meshes (each one taken with a + sign if the
two meshes m & n traverse the element in the same direction and with
a - sign if they do so in opposite directions, irrespective of the
reference direction assigned to the element) plus twice the (alge-
braic) swn of all the non-zero mutual-impedances between pairs of
distinct elements (both) common to both meshes m & n (if and only
if they are in the situation (a) of Fig. 2; each taken with a sign
given by the rule of signs exhibited in Fig. 1) plus the (algebraic)
cum of all the non-zero mutual-impedances between pairs of elements,
one on each mesh but not (both) common to both the meshes m & n
(each taken with a sign in accordance with the rule of signs, Fig. 1).

By substituting the impedances of the elements according to
¢;z. (15), Ch. V, €1, we can state this rule in more detail as fol-
z,. (m#én) is thgf;uﬁ)of all the resistances common to both
meshes m & n plus 1/iw multiplied by the (algebraic) sum of all the
elastances-zommon to the two meshes plus iw multiplied by the (al-

lows:

gebrule) sum of all the self-inductances on both meshes (each of the
Sorzgoing resistances, elastances, and self-inductances, being taken
witn a + sign {f the two meshes m & n traverse (it in the same di-
recticia and with a - sign if they do so in opposite directions, no
st ter how the elements are oriented) plus iw multiplied by twice
the (algebraic) sum of all the non-zero mutual-inductances between
ruirs of diztinet coils (both) common to both meshes (if and only if
they are in the cas2 (a) of Fig, 2; each taken with a sign given by
the rule of signs exhibited in Fig, 1) plus {w multiplied by the
(algebraic) sum of all the non-zero mutugl-inductances between pairs
of coils, oae on each mesh but not (both) common to both meshes m & n
(each taken with a stgn glven by the rule of signs exhlbited in Fig, D,
Zhen polarity marks for the mutual-inductances between pairs of

. . . . i . . their absolute values ]
ils are gtuen, the jinal signs with whzc@N&hey shall appear in the

)

(celi~ ond mutuul-) mesh impedances shall depend only on the refer-
¢1re directions assigned to the meshes; because, If k£l and element k
i3 on mesh ja while element 1 is on mesh n, no matter how these ¢le-
ments cre oriented the incidence numbers [k,m] and f,n] in the term
(o) 2, ,L0,n) = wlk,m] L, [1,n] of 2z, will automatically take care of
referring everything back to the reference directions assigned to the

e , the ahsolute value of .
m2shes. In paerticular, when m=n,,a non-zero mutual-inductance between
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two distinct coils of the mesh m shall appear in Zpm with a + sign
{f the arrow assigned to the mesh is directed towards the two cor-
responding polarity marks or if it is directed away from both of
them, and it shall appear with a - sign otherwise (see Fig. 3).

In the case of two distinct meshes m & n, the absolute value of a
mutual-inductance Lkl between two distinct coils k & I (coil k on
mesh m and coil 1l on mesh_n_) shall appear in Zin with a + sign if
the two meshes_g & n are oriented relatively the same with respect
to the polarity marks on the coils kK & 1 (i.e. if the meshes trav-
erse the corresponding elements both towards or both away from their

polarity marks) and with a - sign otherwise (see Fig. 4).
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LExample 5. The self-impedance z of the mesh formed by the ele-
ments 1,4,5,6,3 of the network shown in Fig. 7, Ch. V, $1 (p.123)

2= EARAR AR AR + Sy + olley L+l ALty + 2l # L)

This can be checked with the result given in example 1 (above).

Example 6. The self-impedances of the meshes (1,2,3) & (Z2,4,5,6)
of the same network considered in the preceding example 5, are (resp.):

Z =R+ Ry + Ral+ Sy flw + il +Lg+H s +2L,5],

2'=(R 4R+ Rs#R )+ (S,+ S, Viw +iw[latlatlotlyt2(-Laa)].

Problem 15. Compute the self-impedance of the mesh (7,10,3,5)
~f the network (Fig. 2, Ch. III, §1, p. 65) considered in the ecxam-
2le 2 given above, assuming that the coils of the elements 7, 8, 9, i0,
are magnetically coupled, in terms of R's, S's, and L's. (C’ﬁec{% with Ex.Q.)

Example 7. The self-impedance asked for in Problem 1C is, in

2tail, the following:

! . .
z:(g+&=;z +& *17})'*:75(33 +8:*5, +5,")+Lwﬁ_,,+L/2 +Hgtl,+2 Uy ol g L,,)‘+L,2)” +[3)”)],
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Problem 16. Compute the mutual-impedance between the meshes
(1,4,5,6,3) and (1,2,3) of the network considered in Example 5. (See £x. 3.,

Example 8. In the same network (Fig. 7, Ch. V, 81, p. 123),
consider the meshes (1,2,3) & (2,6,5,%). The mutual-impedance is:

=T+, hw+iwlly ~Lig+Lia ~Lag—Lsg).

Problem 17. Compute in detail the mutual-impedance between the
meshes (7,9,8,10) & (3,6,8,9) of the network considered in example 2
(Fig. 2, Ch. III, $1, p. 65), assuming that there are also non-zero
mutual-inductances between each pair of the elements 7, 8, 9, 10, be-

ésg:des the non-zero mutual-inductances already indicated in the figure.
e Ex.4
Example 9. In the same network (Fig. 2, Ch. III, §1), the mu-

tual-impedance between the meshes (6,7,11) and (3,10,11) is:
0= -Ku- S.u frw +‘2°(’Z4,/a Ly 5= L;:, /o).

P
Example 10. In the netwcrk shown in Fig. .9, Ch. V, &1 (p. 126),
the self-impedances of the meshes (1,2,%), (1,2,6,5), (3,2, ‘6‘), and
the mutual-impedances between the following pairs of meshes: (1,2,%)
& (3,2,8), (1,3,5) & (2,%,3), (1,2,%) & (1,2,6,5), (2,8,3) & (7,8,9)
are (respectively):

Z=(7?,+7?z+&)+($}+$)/1'w +f'w(l.,+Lz+L4-+2Ll2)> (for mest /, 2,4_-)
Z'= (R, Ry + Byt R) + (S, #. 5+ Ss Vow * tew(L ity +Ly#l s 2L, 3), (for mest 14,2,65)
Z”=(PS+F +X")+($ +gé)/'w +{w(L3+L +lg +2L32)) or mest 5,32,5)

M p +wa2+2w(L/3+L'z+L25 +L4‘) (Ar‘ mes&es / 2 4-: 4 3,213)

I

"l =~ S/‘w‘lwls“‘o(L/e*L/a‘Laz) (for mesbes /3 s & 2 3 3)
Z, = P,+Pz+§,/2'w+z'w(L,+Lz+2L,2)+iw/_%, (for mesbes 1, 2,4 & 1245)

Z;/= ia)(-L‘;z):—iwL(;i ' (ycor meshes -?,6—,3) 7,5;4)
of CLT, §2 (4128

Exagrple 11. Consider the ne2twork shown in Fig. 10 (9'}1“ Assume
that the N's are the abscluie values of the mutual-inductances. The
self-impedance of the mesh (1,2,3) is:

z =R #R3+S,/ 1w +iw( L,+L +2[—M+M'J)

2
and the mutual-impedcnce between this mech and that formed by the
element 4 (oriented as shown) is:
Z' = iw(M" - f"’)
Problem 18. Compute the self- and mutual-impedances, of the
of R.L,91(p. 128)

meshes 1 & & of the networi shown in Fig. 10 (J)Ali‘l terms of the
reststances, elastances and the absolute values of the inductances.
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§3. THE MESH CURRENTS AND VOLTAGES AND THEIR INTERPRETATION.

It is easy to glve an interpretation of the complex mesh (cir-
sulating) currents I (m=1,2,°,.,nm) iniroduced by eqgs. (1) of the
introduction to this chapter. For this purpose, assume that all the
J, are zero except o (say); then according to those equations we
rave for all k=1,2,...,n, that Ik=[k,m’].fm,. From this we see that
all the complex currents Ik nre zero except those in the elements of
the mesh m'; because [k,m]= 0 for the elements % not on the mesh m'.
#e¢ also see that the complex currents through the elements of the
mesh m', in the direction assigned to the mesh, are all the same; be-
cause, if the element Kk is directed in the sense of the mesh then
[k,m'] =1 and so Ik=Jm" and if the element k is directed in a sense
opposite to that of the mesh then [kﬂnﬂ='—1 and so the complex cur-
rent through the element k in the reference direction assigned to
the mesh m' is -Ik==-[k,mﬂJm,= J,i- Consequently J , is a complex
current flowing in a closed path around the mesh m'; for this reason
it Is also called a complex circulating current.

If the mesh m traverses the element k in the reference direction
zssigned to it then [k,m]:.k and the contribution of‘Jm to the com-
slex current Ik through the element kK shall be Jm=[k,mJJm° If the
2sh m traquerses the element Kk in the opposite direction then ﬁgnﬂ:-L
and the contribution of J to I, shall be —Jm=[k,m]Jm. Noreover, if
the mesh m does not traverse the element k then [k,m]=0, so that the
contribution, which in this case is 0, is also given by [k, m]J .
Hence in every case, [k m]J is the contribution of the complex mesh
zurrent Jm to the complex current Ik through the element k; and so

the equation:

Zﬁtm}.f (k=],2,...,n) (1)

m=1
then expresses that the complex current through the element Kk (in the
ef

ference direction assigned to it) is the (algebraic) sum of all the
x circulating currents pessing throughi it, each one passing in
the reference direction assigned to the element taken with a + sign
and the ones passing in the opposite sense taken with a = sign. (In
the case Of an element with a current source, the corresponding eq. I
teils us that this sum adds up to the complex value of the current
source, as it should be.) Based on this, all the egs. (1) can be
written down by inspection of any given network, as soon as all the
reference directions are assigned to the elements and to all the
meshes(bf a complete and independent set of mesheﬁ of the network.
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It is also easy to give an interpretation of theﬂgﬁght—hund
members of eqs. (2), (4), and of the first of egs. (3). For E, and
Dk are the complex voltage rises in the voltage and current sources
of the element k (in the assigned reference direction). Therefore,
D‘:”‘J'Ek and [k,m D, are the complex voltage rises in these sources,
but now referred to the direction assigned to the mesh m, if the ele-
ment k is on the mesh m. (Thus multiplication of a voltage rise in
the reference direction assigned to an element k by the incidence
number of the element k with a mesh m, gives the voltage rise
in the reference direction assigned to the mesh.) Hence the right-
hand members of eqs. (2), $2, are the (algebraic) sums of all the
complex voltage rises in all the (current and voltage) sources in
the meshes m, in the reference directions assigned to the meshes.
Accordingly, the right-hand members of egs. (2), (3), & (4), of €2,
can be written down immediately by inspection for all the chosen mesh-
es n1=.1,2,.°,,nm of a complete and independent set of meshes of uny
given network.

Koreover, it is quite an easy matter to write down the left-hand
members of these equations systematically. One needs only to formally

write down express;fns (sums) such as: Zm1J1'+Zm2J2'+°’°'*‘mnm{nm 5
with as many terms,as there are independent meshes in the network,
orne for each independent mesh m. Furthermore, the complex coeffi-
clznts Z.n On&rz=1,2,e,l,nm) in these expressions may readily be
vxlained by inspection of the gluvern network, by the methods and rules
ivenr in the preceding section 052) Thus all the complex canonical

(stationary) . .
uaticns of any JLUQnAnOsz!K can be completely established directly

“-3

-4
Ly {tzpection of the network.
Essentially, egs. (2) (and the first of egs. 3, and egs. %) of
&2, express Kirchhoff's complex voltage law for the meshes m=1,2,..
Sa And since the righit-aund members of these equations are the
gbrailc) zums of oll the complex voitage rises in the sources of
he meshes m, the left-hand members must be the (algebraic) sums of

parts of
alc the complex voltage drops in all the other (i.e. in the passivgg

elements of thefe meshes, all taken in the reference directions as-
. mes es

aionzd to a%ﬂ The contribution of fhe complex mesh (circulating)
(aloebraic . .

curvent J, 04=‘,c5.o,,n ) to the gfum of complex voltage drops lnﬁkﬂzg

the ty Lrat mesh m Y J Lunsequently, z may be interpreted %)

(d?gebrmc) A mn n’ , mn )
as the of the complex voltage drops in the passive parts of the

elemenza of the mesh m (in the reference direction assigned to the
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mesh_@) due to a unit complex current 1/0° circulating around the
mesh n (in the reference direction assigned to the mesh n). In par-
ticular (when m=n), 2, is the (algebraic) sum of the complex volt-
age drops in the passive parts of the elements of the mesh m due to

a unit complex current circulating around {t. These remarks enable
us to obtain experimentally all the mesh impedances Zon (m&n =
1,2,..t,nm) (see problem 1, below). They (the remarks) also give

us a method to obtain them (the mesh impedances) by inspection. In
fact, this is the method found (and used) in the older literature.

It consists in imagining a unit complex current circulating around
the mesh n and then determining by inspection (or experimentally)

the complex voltage drops it produces in the passive parts of the
elements of the mesh m (by actually passing through them or by vir-
tue of the mutual-inductances), the (algebraic) sum of which is Zon
Of course, now that we have eqgs. (1), $2, to determine the mesh
impedances, the older method is not necessary. Actually, these equa-
tions (or the equivalent rules given in $2) will give us the mesh
impedances faster, easier, and with much less probability of making
an errory; and with them we can easily obtain the mesh impedances

jrom the table (matrix) of the element-mesh incidence numbers, or
Jrom a conventional graph in which identification of terminals is used.

Problem 1. Assume we are given an arbitrary a-c network. Sup-
pose Zié?hort—circuif’all the sources,; but otherwise leave the rest
i th%4elements as they were. This, of course, shall not affect the
mesh impedances; because they do not depend on the sources (except
for their frequencies). WNow open (in any way) all the meshes except
mesh n, into which a sinusoidal (voltage or current) source is in-
serted. Let Y24 sin wt (with A>0) be the complex current resulting
in this mesh n, so that the complex current in it is A/Q°% Let B[fi
(with B>0) denote the (algebraic) sum of all the complex voltage
rises across the gaps (i.e. the openings produced) in the mesh m.
(A1l these reckoned in the reference directions assigned to the meshes)
Show that zmn==zmn(iaD = (B/A)[#é_. By measuring the quantities 4,
B, and,8, the mesh impedance z  between any two meshes m & n can be
determined experimentally (and when m=n we obtain Z,m? of course).

The terms z_  J 1in the left-hand members of egs. (2, 3, & 4), §2,
will be called zJ-drops. The term meJm will be called the self-zJ-
drop around (or in) the mesh m due to its own complex mesh current Jm,
and z_.J, (m#n) will be called the mutual-zJ-drop around (or in) the
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mesh m due to the complex mesh current J around (tn, ar of) the mesh
n (all referred to the orientations assigned to the meshes). We can
then say that the (algebraic) sum of all the complex voltage drops in
the passive parts of the elements of a mesh is equal to the sum of
all the self and mutual zJ-drops around that mesh; and this, of course
is also equal to the (algebraic) sum of all the complex voltage rises
in the sources of that mesh, as {s indicated by the right-hand members
of egs. (2 & 4), and of the first of egs. (3), §2.

Example 1. The complex canonical mesh equations of the network
shown in Fig. 7, Ch. V, &1, for which nm=3, are (using the same com-
plete and independent set of meshes: 123, 2456, & 7, used in the ex-
ample 4 of Ch. V, 81, p. 123):

211.1’1+z.12.!2+213J3 = El (known)

221.!1 +z22J2+z23J5 =0

231.!1 +232J2+253J3 = D-7

J3 = I7 (known)
where: 211=R1+R2+R3+S2/iw+iw(L,1+L2+L5+2L12)

212=—R2—S2/iw—iwL2+iw(L.14—L12+L24+L36) = 25
Zy3 = 237 = o
222=R2+R4+R5+R6+(52+S5)/ia) +iew( L2+L4+L5+L6—2L24)
253 = Z3p = iwL57

233 = R7 + S7/1.w + le7.
These results can be checked with the results of Prob. 3, Ch. V, 1.

Example 2. Consider the network of example 5, Ch. V, $1 (p. 126)
and let us take the same complete independent set of flve meshes used
in that example. The complex canonical mesh equations are:

ZJJJJ +212J2+213J3+214J4+215J5 = 51'54'04

221.!1 +222J2+z23J3+z24J4+225J5 = E5—E'4+D5+D6—D4
231.]1 +252.1'2+253J3+234.}4+235J5 = El —E'j—E'S--D5
241.]1 +z42J’2+z.43J3+z44J4+z45J5 = E10+E11

251.]1 +z52J2+z53J3+z54J‘,++z55J5 = —D8

where.f R,+R +R4+(SJ+S4)/iw+ico(L1+L +L +2L12)

211 = "1t 275y
R4+R5+R6+(S4+S5+Sé)/iw+iw(L4+L5+L5—2L46)

220
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Z33 = R +R3+R5+(S +S 5)/Lw +ia(L +L3+L5 -2L 3)

Z,, = 9+ 10+R11+'(S9+Slo)/iw

255 = 7+R8+R9+(S +S )/iw +ia)(L7+L8-2L7 )

275 = RS, /1w +iwl,~L,c) = z,,

2735 = Rp#S; /1w +1W (L =Ly3+ly5-Ly3) = 254

214 =2y =215 = Z51 = 23, = Zp3 = Z35 = Z53 = Zp, = Zu5 = o
223 = -R5—S5/iw-iwL5 Z35

Z55 = le67 = 255

2,5 = “Rg - Sg/iw.

Besides thee equations we have also:
-J1—J2=I4, J2-J3=15, J2-I6, J5

These results can be checked with the egs. (20) of the example 5, of

Ch. V, 91, by substituting the expressions of the first eleven equa-

tions into the last five and then eliminating 1,,1, I5,I I »Iqq (e.g.)

=—I8 (all known).

Actually, the complex canonical mesh equations of the network
considered in this example are very easy to solve, because the net-
work has a lot of current sources (the complex current through which
are known). Thus, we may substitute:

Jp==I,=Ig, Jy=Ig, Jg=Ig-Ig, Jg

into the fourth of the complex canonical mesh equations given above

-1 =-I8 (all known)

and from the resul‘ting equation we may find J4= IZO=I11° Then from
the first, third, and fifth, of the cancnical equations we may find
D4, D5, ard D8’ respectively; and then from the second we obtain D6‘
Finally, we can obtain all the complex currents IK (k=1,2,3,7,9,10,11)
in terms of the J, (m=1,2,3,4,5), and then all the V) in terms of the
I, and D, (k=%,5,6,8) by means of the first eleven egs.(20),Ch. V, &1.

Example 3. Conscider the network of the example given in Ch. III,
&7 (p. 65), but now as a sinusoidal current network at the angular
Fregquency w >0, and let us use the same complrte & independent set
of (nm-9) meshes used there. The complex canonical mesh equations of
the network are then (using the notation of example 3, Ch. V, &1):

both
= - 1 - _ _
e ZonIn= Fu (m=1,2,...,9), J-j 1'5 & Jg=1Ig (fnown)
wheres Fy=Eyy Fp=Ep Fo=bsy Fo=Dgy Fy=Fy=Fy=Fg=Fg=0,
and Zon=2nn (m&n=1,2,...,9),
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and: 211=ZJJ=ZI=R1+iwL1+Sl/iw

T T T

=2Z,=R +iwL2+S2/iu,>

Zop=lpp=2=R,

z33=23+2,-203,=R3tR;+ (S3+55)/ 1w +1w(Lgtl, - 2]1,37[)

2,y =2,+2%g-2%,g

255 = 25+ Bg - 2259 = Rg#Rg + (S5+5g)/ 1w+ 1 (Lgtlg + 2,L59|)

Zgg = 26*210‘226,10 = Rg+Ry o+ (36+S_10)/ia)+iw(L6+L10—2/L6,Zd)

255= z7+zlo+211 = R7+RJO+R11+(S7+SIO+SI1)/ia)+iw(L7+L10)

2gg = 28+Z9+le =R8+R9+R11 + (S8+S9+S'11)/iw+ iw(L8+ L9)

249 = 28+ZJO+212 = Re*Rzo"Rze*(Sa*Szo*Szz)/iw*i“’(’“a*"zo)

= R, +Rg + (S,+8g) /1w + iw(L,+Lg + 2|L, o)

4t

Z10=214=215=216=219=219219=0, Z;3=123,= ~tlLy,
Z53= Z55=256=255=0, 25y = 2oy~ Zog= (Lo ol
25g= 2o = WO[Logl, 25 =Zog = w|L gl

23472357 2367 2387 239705 2377 ~Lptlzy =Ry S/ iw"l“’(‘fﬁ
Z,5=2,6=2,5=0, 2,5=2,5=-Z5+7,g= —Rg-Sg/iw —iw(lg*ﬂ#g/- '

256 = 257 = 259 =0, 255=-Zgtlsg = ~Rg=Sg/iw —iaw (Ly#[Lggl,
267==Z30*2%g, 10= "R1p - S0/ tw = 1Ly + iw[Ls’lof
26520, 2g9=210~ 2 10=Ryo+Sio/i0 + il g~ iwlLg 4

2585271 =Ry #51,/1W,  259=-2;5=-Ry5-5;5/10 - oL 4,

2gq = 28 = R8 + SB/ia)+ ing.

These egyuations can be checked with those of example 3, Ch. V, &1,
by substituting the V}i as given by the first twelve egs. (13) of Ch. 1
&1, into the last nine, and then eliminating Ig, I9 & I, (say).

Problem 2. Establish the complex canonical mesh equations for
the networks shown in figures 8 & 10 of Ch. V, &1.

S 4. THE SOLUTION OFf THE CANONICAL MESH EQUATIONS.
In any particular case, the best way to solve the complex canon-

tcal mesh equations of a specific network, asswning that they are
consistent, is to solve the egs. (6), &1, for n,, of the complex mesh
currents in terms of the (known) complex currents through the current
sources and the other complex mesh currents, and then to eliminate
them by substitution in the eqs. (2),862. In this way we obtain a
systlem of R equations in n, unknowns. By solving these n. equations
for the nn, urknowns left in them and then reversing the previous stepa
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complex
all the unknown complex mesh currents J (m= 1,2,...,nm) and,voltage

rises Dk‘ (k=1,2,...,n.cs) across the current sources can be /c\>btained.
They should then be substituted into the nptn, g complex canonical
mesh equations (3), $2, to check the results.

Once all the complex mesh currents Jm and all the complex volt-
age rises Dk have been obtained (and checked), all the complex cur-
rents Ik (k=1,2,.‘..,ne) through the general series elements of the
network may be obtained by means of eqs. (1) of the introduction to
this chapter; and then all the complex voltage drops Vi (k=1,2,...,n.e)
across the general series elements may be obtained by egs. (2), 1.

Finally, all the complex currents and voltages may be transform-
ed back to sine functions of the scgine a?gular frequency as that of
the sources, as explained in Ch. V,,by means of the fundamental iso-
morphism between complex numbers and sinusoids of the same frequency;

but this step is usually omitted because it is considered trivial.

Problem 1. Consider the system of n equations:

iaklxl=bk (k=1,2,...,n) - (1)

=1
in the n unknowns X Assume that the determinant, det (akl) = det,

of the coefficients is not zero. Denoting the cofactor of ) di-
vided by the'determinant by clk-cofakl/det show that we have:

x, - 2: by = Zb cof ay,/det.  (1=1,2,...,n) @)

Ev’z'nt. Fake use of the fact that "
[4]

hk%%1 =§ k1 ©OF ayp/det =;ahkckl - {: hi COF ay/aet = &y, ()

where d‘hl=1 if h=1, and w1 =0 if h#1 (Kronecker's delta)]

#hen the number Mg of current sources in a given network is

z2ero, and the determinant, det = det (z ), of the mesh impedances is
not zero, the correopondmg complex ﬂanonlﬂal mesh equations (4), 2,

. ly:
name ly mn n ;E{ m]E _E (m= 1,2,,,_,n_m) (4)

can be golved for the complex mesh currents in the following form:

),
J =;y”mgm=m=1 E_cofz /det =M 2&7}( [k,m] cof z, ./ det, &)

’1
fz /det,_,orm&n— 1,2, «ue, n, /‘)

And when ncs>o, the corresponding complex canonical mesh equa-
tions (3), &2, namely:

izmn n il;{ m]D A; :E‘ m]E, -E' (m=1 2,...,nm) (#)
N=4 {
Z[l n]J, = I; Gowr)(L=1,2,...,n,Sn) )
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(assuming the elements with current sources to be numbered first,
with the numbers 1,2,...,n__, and the othere last: n_ +1,... N, J,
cs e rises cs
can be solved for the complex mesh currentsAln the following way.
Let us defme the followlng quantities:

Z[l iy, Zif@ Wy, fomE, (1=1,2,...,n,)

n=t m_ n=L m=1 k=i

,
glk - :ﬁ)n]ynm[k:m_] (l&k=1,2:'°°jn-cs)
n=s

~ _ ~s ? - ' _ . ~
zkl-cofylk/det (assuming det' = det (ykl);! 0)
Then we will have from egs. (7) that:

J, = / ynm(Em'*Z’j[k’mJDk) (n=1,2,...,n)

where the y . are given by egs. (6), assuming det = det (z ),4 0, as betowe

dence, »4;3.,Ltuzll. hec.e expresstona in egs. (8), we get:

i&, ]J ZZ[ n]gM(E +Z[k frt]D) I, ; (l=1,2,.005n

es
%=1 m=1
that is: ~ N
IZ * glKD.th.Il ’ (2:1)23"'1”¢s) ("3
i=1
S0 tnhl.:.t ~
D, = 2 (I =1 )). (k=1,2,...,n,) ¢

=1
Hincw, substituting in egs. 12), we obtain:

Jn_:i‘: m{,} ZZ[A W2, (1 - T (red,2, 0,0,

m=1 d=t 1=4

Problem 2. C,heck that the J, given by egs. (5) satisfy eqs. (4. ;
and tnat the J and D, given by egs. (15% 14) satisfy eqs. (7 & 8).

, . (el3o collad anatunpl compble
frobien 3. If p=0+ iw is a generalized natural _frequency 0f a

network, tne general equations of the network with all the exc1t1ng

Sfunctions nullified shall be satisfied by response functions of the

form A e7tsin (wt+a), or of the form A exp (pt) Show that the gen-
tationary

(s
eralized natural frequenciles Gf un arbitrary, corgstant parameter net-

work of general series elements are given by the solutions, P of the
(assuming thet aot @very p (s a solution, dince othowise this would be mes iggless)

Sollcwi ng determinantal equatLonA, where Znn = Znn (p) are the ‘mesh im-

MZi Zia - - 2, 0,0 (20 - [n,]) L ' pedances at the gen-
L Zyn Ten, b2 A ¥ oz, | TR L —" .

ol : Pt ; é(‘ e )l (4= 1,2, 0) eralized frequency_p:
. . * - ‘ mensl,z, ™ . " -—

.!* Zng oo --Znn"‘[l'r;_] Ve [n”n"] =* | (m=4,1, ll )=O namely: s

|mapad---n] o 0+ .- Q - ! g = pr 4pl 4T

L["’JD*’J'“ [2‘,,.] fo) o e 0 3; [{,’n'] “ 0 mn(P) mn P mn p

&l" L .; co z‘(i—'ﬁ. m:.% (see eqs. 7, of §2).

! * Azl |
v [rzs,n ['zs.n..] o . . 0 L AL columrmn Py colimas 4 (Cf. Prob. 21, Ch. V8=

(When hgnso the #wwltzd ml‘nﬂl ""'F“"‘"’ are given by the silutions p of ;. det (2an()= e, (p)l= O:J carse.)
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§5. EXISTENCE AND UNIQUENESS THEOREMS.

The restricted alternating current problem of a network (see
Ch. V, 8§81, p. 115), i.e. the problem of finding the response sinu-
soidal currents and voltages of the same frequency as that of all
the exciting sinusoidal functions of the sources of the network,
shall have a solution {f and only if the complex equations of the
network have one. This is so because the isomorphism (i.e. the one-
to-one correspondence) between complex numbers and sinusoids of the
same frequency preserves linear combinations and equations, and car-
ries the equations of the network in the sinusoidal state into the
complex equations of the network, and viceversa. Moreover, due to
the reversible character of the transformation of the complex equa-
tions of a network into its complex canonical equations, it is clear
that they are equivalent systems and either system shall have a so-
lution {f and only if the other has one. Furthermore, it is obvious
that if all the unknown complex circulating currents Jm (m=1,2,...,nm)
and all the unknown complex voltage rises Dk (k=1,2,.,.,ncs)'through
the current sources are unique, then so are all the complex currents
Ik and all the complex voltage drops Vk (k=1,2,.,.,ne) through the
elements of the network. And the converse of this (s also true: if
all the Vk and Ik are unique then so are all the Jm and Dk“ Because
Lf there were two sets of Jm and Dk corresponding to a unique set of
I
that the corresponding Dk are equal; and from the eqs. (1) of the in-

g and V,, then by simple subtraction we could find from egs. (2). &1,

troduction to this chapter we could obtain:

th mjﬁ{)mJAJ’n = 0, (k= 1’2’0“’719) (-Z)
e =1

where, AJ’m are the differences between corresponding Jm of the two
sels. But the coefficients in this system of equations are the same
as those tn Kirchhoff's voltage laws (eqs. #, $1) for a complete and
independent set of meshes of the network, which are known to be lin-
early lndependent (c¢f. note of Ch. III, $1, p. 64); consequently from:

4 ;[k m v, A Z;l[k mlV,) A = 0,

(which is obtained from eqs. (1) by multiplying the kiﬁ-quation by Vk’
considered as an indeterminate, and adding the n, results) we infer
that all the AJm (m=1,2,...,n.m) are zero (see Ch. II, €4, 29, p. 56).
Now it is a well known theorem of algebra (see e.g. M. Bfcher,
Higher Algebra, Macmillan Co., p. 4#3) that the complex canonical equa-
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tions of a given network shall have a solutien for arbitrary source
the determinant of the coefficients of the un-
values lf and Only /clﬂj:aw,thao/uf/mzaaw anm/oranyj;mnswmflvg:

knowns does not (vamsh, that is, when n_ >0 (by eqs. 7 & 8, ©4), 1

and only tif:
2w glOw) - -- -5,‘.({(0) L1 B4 - - - O,9
Zy, (fw) Zggltw) - - - z,,%(z'w) [1,2] [2,2] C g, 9]

- e e
_ %, 6e) B 2l0d - - %a,, (iw) [‘a”n] [21"15\] N = #F 0O (2)
A=l 142 - 4al 0 0 --- O (th1) (0)

[2,4) [22) -+ (28] O O ... O

.

g M2l -+ agnd &6 0 -+ - O
and when n, =0, if and only if: det (z (t'w)) -/(z )lqé O (by eqs. 4 84);
where the z n(tw) are given by egs. (6 & 7), or by egs. (1), of §2.
Note thatco can then not be a natural angular frequency (i.e. O+iw =iw
can then not be a gen.eralz.zed natural frequercy) of the network.
Networks for whzch'%q:”(2) holds are called non-singular networks;

and when no mention is made to the contrary,REwe shall always assume

MARK:
the networks considered to be non-singular. Tnls, however, is only

a theoretical limitation; because in any actuaL network, all elements
have some resistance, inductance, or capacitance, and the practical
cources are not ideal, and it is cieur that the currents and voltages
through its elements will exist and be unique (even if it does burn),
Foc any given sources, so that relation (2) will hold when the net-
wark Us properly represented by taiing into consideration all these
things. (See the note at the end of §7 of Ch. XII.)

Jhen the relation (2) holds for a gliuven netwosrk, the unigue val-
ues of the unknown complex mesh currents Jm and current source complex
voltaye rises Dk can be obtained by the well-known and elementary rule
af Cramer, namely:

AjA (n=1,2,...,n ), =Dy =loy/A (k=1,2,....n.J, (3)

whers? Al (1=1,2,... sPpsy#lyeeayn +n, ) is the determinant obtained

From O by replacing the elements of the I.M column by the elements
th
l_._...

[ ~ I

ST B 1,12,...,1_,L“(i°e. by replacing the column in A |
by (ke Independent terms in the eqgs. 7 & & of 4). In ;,=:u~ticul..ar,6\¢)g
when ull the sources have null values, tiie only possible sclution is
the trivial null solution (with ali the uaknowns = 0)g because all
the AL are then zero, since each will then have a column of Zzeros.
When the relation (2) does not hold for a given network, let

r be the order (=number of rows) of the non-vanishing deteriinant
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of highest order that can be extracted from the following table, or

rectangular array: 4
g Y Z, 2y Z/q. o, 21 - ‘[ﬂcs,.i] &

Ziz Zas v o Ren, [,2] (2,2] - -[M2] By

. .

‘ ‘ ¢ . ) . %
%1 Zpa' " Zyn, [2,n] (2,7 <+ ¢ [Ng37] E,,

[1,1] [L,2]. - - [L,n,] O o .- 0 I (4)
[2,1] [82]. - - (2,7)] ? ? N I
o] Uiyl - W] © O« - - & I,

by the deletion of columns and rows (called the rank of the table),
and let r' be the rank of the table when the last column is omitted.
Then r'ér-f-nm-f-ncsg and it is also a well-known result of algebra
(see Bb6cher, p. 44) that the complex canonical equations (4, or 7&8,
of §4) of the network shall #kenm have a solution if and only if r=r';
and if r=r'<nm+n.cs then r of the equations (with a non-vanishing-
determinant of order r formed with the coefficients of r of the un-
knowns) are linearly independent while the rest are lineurly depend-
ent on them, and so the values of (the other) hm+ncs—r unknowns can
by assigned at will and then the other r unknowns can be determined
uniquely in terms of them from the r linearly independent eguations,
by means of Cramer's rule. The unknowns Hus found will satisty all 46 K4, equcticns.
In other words, when the relation (2) does not hold for a given
network, the complex canonical equations of the network statl haue
a solution only for particular complex source values, and that (if
ana) only if they are -linearly dependent for the given complex source
values ({.e. if and only if the rows in the table (4), consiiered as
coefficients of na*n.g linear forms in no#n, o+l indeterminates or

arbitrary variables, are linearly dependent); and when they are iLin-
_ ) . ., (Called the rark of the system)
early dependent, the maximum number of linearly independent ones,1s

the same as the rank, r, of the table (4), and the values of soég
set of n tn,.-r unknowns can be assigned at will and then the cther
T unknowns can be determined in terms of them. In any case wien (2)
does not hold, the complex equations of the network shall have in-
finitely many solutions if they hcve any, and s0 a soiution, if

it exists, can not be unique at any rate.

In the above,we have explicit criteria jor the existence and
uniqueness of the solution of the restricted alternating current
problem (i.e. the sinusoidal problem) of any given network, in terms
of the parameters (via the mesh impedances) and the combinatorial
structure (via the incidence numbers) of the network. However, even
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though the criteria and solution formulae based on the evaluation
of determinants are very neat, compact, and of great theoretical
" importance, for practical purposes they are clumsy and can not be
recommended (especially if the number of equations is large, say
four or more). In the appendix to this chapter we will develop,
along the lines of linear dependency, one of the finest methods
known to date of treating a system of linear equations, based on
an article by P.D. Crout: A Short Method for Evaluating Determin-
ants and Solving Systems of Linear Equations with Real or Complex

Coefficients, Transactions of the American Institute of Electrical
_Englneers, Vol. 60 (1941 1235-1241 ., Also see the article by Paul Si

Dwyer: The solution o ‘51mu£taneous qua ions, Psychometrika (l 41) T01-12¢.
Accordllng to &4, when det Ba!obnd, if O<n__ % cF. Tote

in Ch. III, §1, p. 64), when det (y“);!o, where the meshmlmpedances
Zon (m&n.:l,?,...,nm) are given by egs. (1), §2, and the gkl (k&l
=1,2,...,ncsénm)-are given by eqgs. (10), &4, in terms of the y, =
cqunm/’det(zmn) On&rz:l,?,...,nm), the solution of the complex
canonical mesh equations of a given network is given by egs. (5),%4,
when n, =0, or by egs. (14 & 15), when n, >0, of $4, and so exists
and s untique for arbitrary complex source values, and hence rela-
rion (2) then holds. However, the converse of this is not necessar-
ily true, unless Rog< My Because if n,g=n, then -A=[det (Et_‘,m])]z# 0,
us can be seen from eq. (2), by developing the determinant 4\ ac-
cording to the last n, columns by the method of Laplace (see Bocher,
Higher Algebra, p. 24), whether det(zmn)vanishes or not. On the
other hand, if ncs<"%z and A#0, then all the complex canonical
equations are consistent and linearly independent, in the first
place, and, in the second place, if det(zmn)were zero, we could mul-
tiply the miﬂ equation (7), §4, by cofz%u) and then add over all m=
1,2,.,.,nm (see the hint to Prob. 1, §4) to obtain:

ZZ: D [k m]cofz ZE cofz y (p=1,2,...,n)

N . .
and zheseAequatzons, whzch have onLy R un}\nowna, would either be
o
n €ase (7) § 4,
would either be inconsistent or lineurly dependent, which i5 a con-

inconsistent or linearly dependent, and so the first n

tradiction, hence we must have: det (zmn);é O. Once this is establish~
¢d, one can tien carry out the steps jrom eqs. (7 & 8) to egs. (13),

§1+, and since the latter must also be linearly independent if
AD£D, w2 must also have det ('ﬁ'kl);éo when Pg < Mo In short, when
n,<n . AFO0is equivalent to det (z,,) #0 & det (_Z/’M) £ 0.

28
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§6. THE SUPERPOSITION PRINCIPLE.

Consider any non-singular (stationary) constant parameter net-
sork with n, general series elements, n. independent meshes, and n
(snm) current sources (in elements assumed to be numbered first),
%:ssumed to be in the sinusoidal state at the angular frequency w# O.
1ie have seen in €5 that the complex canonical mesh equations of the
' wetwork have an unique solution given by Cramer's rule, expressed in
L eqs. (3), §5. If we now develop each of the determinants A, (L=
1,2,...,nm,...,nm+n ) accordzng to the corresponding liﬁ column
[formed by the elements El,... E‘nm, I sea0,1, , where the E‘ (m=1,2,
ces ) are given in terms of the complex electromotlue forces Ek
(k=1 2,...,n ) of the voltage sources in the network by eqs. (7),84
and the I (k 1 2,...,nc ) are the complex currents through the cur-
rent sources in the network] we will obtain the foélowzng equations:
Jm=;°mn5n * g Uity Z‘;é G [Lon] By + szamz"z ,
" feg - e (1)

K= Z"kn"]n*z_jbm"z Z%—j nlondBy 2 BTy
shere the amn’ a, bin’ b1 (m&n=1,2, R and k& (=1 35 nnst, )
are certain cofactors in the determinant [Se(of relation(d), §5), dz-
sided by Zﬁ, whose explicit expressions are irrelevant at present.
Now if we interchange the orders in the double summations in

QQS. (1)’ Qnd lf we put (fOI" 131’2,no-gn )

n,
A - ;a”'m [t,n]  and Z b, [t,n]

CcSs

D

we will obtain: Ne
E A + § a ,I,, (m=1,2,0.0,n_)
T ml l i ml™ 1 m 2
2
Dy = gﬁszZEl + byl s (k = J,Z,O.D,ncs)
I=1 l=4
shere the coefficients A1 9nis By > b,; depend only on the para-

neters of the network, its combinatorial structure, and ¢n the an-
Jular frequency W, but otherwise are independent of the sources.
Before proceeding, we wish to say a few words uabout the corn-

2ept of nullifying a source. To nuliify a source means to repluce
it by a similar source but of value zero. Thus to nullify a voitl-
age source means to replace it by a veoltage source of zZero electro-
motive force. This is like replacing it by a short-circutt (which
can be 'done by throwing the switch in Fig. 1 from position 1 to 2)
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[ oy /‘———C Q-——‘———Q P 4 - b
a . 12 Svitch b e - Zero
<

2aro resistarce 2, 3 conductance
Fig.i. Fig.2 . W

but without identifying its terminals; or better, by replacing the
voltage source by an element of zero resistance (or of zero imped-
ance). To nullify a current source means to replace {t by a current
source obliged not to.allow any current to flow through it. This is
like simply removing the current source or replacing it by an open
circuit, but without losing track of the circuit element across which
one may speak of a voltage rise; or bettter, by replacing the current

source by an element of zero conductance (or zero admittance), which
can be done by throwing the switch in Fig. 2 from position 1 to 2.
Now when all the sources in a given network are nuilified ex-
cept a typical voltage source in element l, then (by egs. 2) the
complex circulating currents in the corresponding reduced (auxilia-

ry) network are: I =4 : (m=1 385000y R ), and the complex voitage

rises appearing acrossméhe places where the current sources were
connected are: D, = B, |k, (k==1,2,°°a,nc ). Likewise, when ali the
sources except a typical current source in element L (1212%n ) are
nullified, then the complex circulating currents in the corregpund-

ing reduced (auxiliary) network are: Jo=a1, (in = iya,o,:,nr), and
n

mi
tiie complex voltage rises appearing across the pluces where the cur-
rent sources were connected are: Dk I (k=1,2,...,r cs)  More-

cger, the coefficlients in the egs. (2) do not depend on the sources
(except for their common frequency), and so they are the same in all
the auxilliary networks as in the original (given) network, taking
intc concsideration that, due to the proper concept of source nulli-
fication, the combinatorial structures are also the same. Accord-
ingly, by egs. (2), we see that the complex circulating currents Jm
(m=1 5@5 000N, ) and the complex voltage rises D, (k=1, 2,ua,,ncsj -
qcross the "urrent sources in the original. network can be obtained
by superposing (i.e. adding) the corresponding quantities of the
auxiliary netowrks, obtained from the original network by nullify-
ing all sources except one at a time. This result i{s called the
Superpostition Principle for non-singular networks.

Problem 1. With the help of eqs. (1) of the introduction to
this chapter and egs. (2), &1, show that the complex currents Ik
and the complex voltage drops V (k=1 z,n.,,n ) through the elements
of the given network can also be obtained by “UpQPDO°1t1u~q
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Another form of the superposition principle can be obtained as
follows. Imagine all the sources of a given non-singular network
arbitrarily grouped into two classes K and KXK', and let us split the
summations in eqgs. (2) accordingly, as follows:

Jm=(;&:mlf"l +ZamlIl) + (ZAm.lEl +ZamlIl)’ (m=1,2,...,nm)

1€kes) lekes, Ly (3)
Dk = (?:BKZEI. 2, b Ty) + (2B By +2 b Ty)s (k1,250 0in, )
el@ ZG&S) %@) Ié@s) )
where ’ and‘z;l, mean summations over those terms with | belong-
2

ing to a sourceeof the classes K, and K', respectively. Now by what
was said above, it is easy to see that the terms in the first paren-
theses in these equations represent the complex circulating currents,
andAgomplex voltage rises across the current sources, in an auxiliary
network obtained from the given network by nullifying all the sources
of the class Ki? and the terms in the second parentheses in these
equations represent the corresponding quantities in another auxiliary
network obtained from the original network by nullifying all the
sources of the other class K only. Hence, according to eqs. (3), we
see that the complex currents and voltages in a’given rnon-singular
network can be obtained by superposing (i.e. adding) corresponding
quantities in the two auxiliary networks obtained from the given
network, one, by nullifying only all the sources of one ¢f two class-
es into which all the sources of the given network are arbitrarily

grouped, and the other, by nullifying all the sources of the other
(This result can naturally be extended to any number of mutually exclusive ctasses by further spliting thess two classes.)

zlass onl,y./1 This 1s a second form of the superposition principle.

The superposition principle can also be generalized to (not non=)
stngular constant parameter networks; but besides superposing cor-
responding complex currents and voltages in the auxiZiary networks
obtatned from a given network by nullifying some of the sources at
a time, only, it is also necessary to add the corresponding gquanti-
ties in another auxiliary network obtained from the given network
by nullifying all0}éﬁw£9gﬁggfuigg%éEﬁggously (because sinuscidal
currents and uoltagesAmay spontaneously build up in it) in order
to ottain the complex currents and voltages in the given network.
However, the details are long and will not be given here.

Note. From egs. (1), or (2), we see that the complex currents
and voltages in the elements of a non-singular constant parameter
network are homogeneous linear combinations (without independent
terms) of the complex current and voltage source values (of essen-

tial eiements only). For singular ' networks, independent terms must
be added.
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THE DWYER-CROUT METHOD OF SUCCESSIVE ELIMINATION.

Consider a system of m linear equations in n unknowns (msn):
71

;ak'lxl = Qy =@y n.ge (k=1,2,...,m) (1)

The Dwyer-Crout method (see the references given in &5, page 181)
consists In reducing this system to an equlvalent triangular system:
n

X+ E_hfklxl = b, = bk,n+1 , (k=1,2,...,m) (2)

where the coefficients and independent terms bkl are computed suc-
cessively by the following scheme:

- - i £
by =a;, ézbkhbhl’ for l<k<m (3)
bkl=(a_kl— khhl)/bkk’ for k<l £n+1,

assuming that (all goes well and that) all the bkk;!O (k=1,2,...,m).

All the solut igns can then be found in backward succession from:

Xk=bk- bklxl, (k=m,m-1, -.n’2’1) (4)

;M

(cbtained from eqs. (2) by soluving for x, in terms of the succeeding 13‘)

where the last (n-m) unknowns may be given arbitrary values (when m<n).
To prove this, let us Lntroduce the following notation:

0, if k>l
b, ={1, if k=l (k=1,2,...,m; 1=1,2,...,n+1). (5)
byys if k<l

Then the egs. (3) can be put into the following recursive scheme:

a,; = %z:bkhb}‘” 5 bypbh; s for LSkEm (since bl =0 for h>1)

= ={
a,, = i:bkhbhl Zkzbkhbhl , for k<l%n+l, (since bhz('sg’fzz
A=t h=t
for h=k<l). Thus for all k=1,...,m and l=1,..., n, n+l, we
have: =
A = 2 _Prnbh1 - (6)
With the help of ﬁése equations, the first members of the

given system (1) can be transformed as follows:

Zakl 1= brnbri*1 =2 Pkn/ L PRi*1
I=| 4=l " =/ l=/

= bkh(xh"'é EthXl)’ (R=1,2,o-o,m), (7)
;cl
since b;al is O for l<h and it is 1 for l=h, and b} ‘bhl for 1l >h,
by eqs. (5);

hl
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:nd for the second members of eqs. (1) we have (by the ond eqs. 6):

Qo= ay 1= bkhbh nel = § byybp + (k=1,2,...,m) (8)

“ence, denoting the dlfferences of the fLrst and second members of
zqs. (1) by Ay (k=1,2,...,m), and the differences of the first and
zecond members of eqs. (2) by Bk’ we have (by egs. 7 & 8):

Ay = Z k1*¥1~ ¢ ‘i khzbhlxl /j:bkhbh (k=1,2,...,m)

=}Eb h(;:bhll B/ Zbkh(x Z n1*1 " bR) = Zbkh p e (9)

Ffrom these equations we see that the Ak are llnear combinations
3f the Bk’ in fact, Ak is a linear combination of Bl,,a.,Bk only.
¥oreover, when all the bkkfo (k=1,2,...,m), from eqgs. (9) we can
zasily obtain the Bk as linear combinations of the Ak; in fact, Bk
~esults a linear combination of AZ,..O,AK only. Consequently, when
2ll the Bk vanish so shall the Ak vanish also, and conversely when
zll the bkk;éo. In other words, every solution of eqgs. (1) shall
zlso be a solution of egs. (2), and conversely under the assumed
conditions, so that eqs. (1) and egs. (2) are equivalent systems.

Finally, eqs. (4) are obtained from egs. (2) by soluving them
Jor x, in terms of the succeeding x, (l=m+l,...,n). When m<n, the
.ast n-m unknowns: X100 9Xys Can be assigned-arbitrarily and then
x, can be found in terms of the assigned values by eqg. (%) for k=m.
Then x__, can be found in terms of X ,...,x, by eq. (4) for k=m-1;
and so on,till finally X is found in terms of XoseeesXy by eq. (4)
for k=1. This completes the proof of the method.

Problem 1. From eqgs. (9), show that the By (k=1,2,...,m) are
siven in terms of the Ak by the £ollowing recursive scheme:

Bl:=A1/b11 & Bk==(Ak-% lblel)/bkk (k=1,2,...,m). (10)

In practice, the method is carried out by tabulating the
coefficients and independent terms of the given equations (1), in

3 rectangular array, as follows:

977 %32 91n 9y
a a ce.e Q a
aml am2 amn am

and then constructing the table of the quantities bkl defined by

the recursive scheme (3), as follows:
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11 12 - in 1
b b . b b
bml bm2 bmn bm

This table coincides with thetable of coefficients and inde-
pendent terms of the eqgs. (2) only in the entries abouve and to the
right of the principal diagonal (formed by the entries byys b22,qnn)
while the corresponding table for the egs. (2), which is precisely
that of the quantitlies bil’ has cnes on the principal! diagonal and
zeros below; however, the entries on and beiow the principal diag-
onal in table (12) are made for computaiicnal purposes and may be
ignored at the end when egs. (2), or (what iIs ihe same thing) egs. (4.
are established to obtain the solutions ¢f the given sysiem (1).

According to the recursive scheme(3)., the first coiumn in table
(12) is the same as that in table (11), while the entries in the
first row of table (12) to the righ: cf bli are obtained by diuiding
the corresponding entries in table (11) by b;;=a,,5 and o typical
entry bkl in table (12) is obtained by subtracting froqw;fe corre=
sponding entry tn table (11) the (algebraic) sum of zthproaucLs of
the elements in table (12) on the same row k to the le¢ft, with those
on the same column 1l above, the entry bkig taken in crder (first with
first, second with second, etc.), when the entry is on cr below the
principal diagonal (k2 1), but dividing the resuit by the diagonal
element bkk on the same row k when the entry is above and tc the
right of the principal difagonal. It is fcund conuverienit io carry
cut the process by rows, from left ic righi. as we right in ernglish.

In practice it is customary %o add "checking” cclumns tc the

tables (11) and (12). Under the conditions assumed in the meth-
od, iet us construct the followlng auxiliary system of equations:
n
;E: Q x; =0 = § a; (by definition) (k=1,2,...,m) (13)
=1 =

with the same a (k=1 2,o€o,m l=1,2,...,n+l1) of the system of
egs. (1), and a new unknown x, . 7s and new independent terms O,
which are taken (by definition) equal to the (algebraic) sums of

the rows in table ). This system (13) will clearly have the solu-

tion: X = x. = -x = x -7
1-"27°°" " n~ “Tn+l1” 70

and hence so will the following equava7ent triangular system:

t Z:bkixl Pk (O( Zokh/@h)/bkk (k=1,2,...,m) (14)
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formed from the system of eqs. (13) by the method. Therefore
we must have: N+
1+ by, = /5;{ . (k=1,2,.0.,m) (15)
Thus i{f the columﬁ-o} o (k=1,2,...,m) is added to table (11)
as an extra column, and the corresponding column of‘ﬁ& computed in
terms of the O by the method (as indicated by the iast members

Kk
of eqs. 14) is annexed to table (12), each [%'must be equai to one

plus the (algebraic) sum of all the terms in the corresponding kiﬁ
row of table (12) to the right of the principal diagonal. This can
be (and is) used to check the process.

The method can aiso be used to compute the vaiue Gf the
determinanr det(akl)(7c&l =1,2,...,m) formed with the first m col-
umns of table (11). Because all the cperaticns performed on the
coefficients a of the first m unknowns in eqs. (1) to obtain their
coefficients bg, (k&l=1,2,....m) in eqs. (2) leave the value of
the determinant unchanged, except for the divisionrs of the rows by
bllf b22ﬁ o bmmﬂ which 175 equivalent to the division of the va'-
ue of the determinant by their product (b13b22*°°bmm)’ Thus we have:

det (akl) = b11b22=hubnmidet (b;z)==b11b22h,ubmm 5 (16)

since the determinant of the b;7 has a "triangular form" with cnes
on the principal diagonai and zeros below it, and so is clearly =1,

The cofactors of the elements a,, (k&i=1,2,...,m) in the de-

ki
terminant (16) can also be obtained by appiying the process to
the foilowing system: _m
E a,.x, =y, (h=1,2,....m), (17)
i kKi“l K

witth indeterminates Yy used as independent terms in the seccnd mem-
bers. First this system (17) is transformed into fts equtivalent
system in triangular form, and from the latter the X, can easily be
obtained as linear combinations of the Vs the coefficients of which
are known to be the cofactors divided by the determinant (16). Hence
the cofactors can be obtained by multiplying the coefficients in
these linear combinations by the determinant (16).

The cofactors, cqfalk,udth a given 1, can also be obtatined as
the values of the unknowns Xy in egs. (17) when we put yk=()(k;ll)
and yl==det (16); and, of course, this can be done by the method
Jor l=1,2,...,m in a continuous process.

Let us again consider the system of m equations (1) in n un-
knowns, but now without any restrictions whatsoever. The trivial
case in which all the ay (k=1,2,...,m; 1l=1,2,...,n) are zero can
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easily be disposed off; because if all the independent terms a,
(k=1,2,...,m) are also zero then the system is consistent, and any
set of values of the unknowns constitute a solution; while if any
one of the independent terms a, is not zero, the system is inconsis-
tent, and the eqs. (1) have no solution.

Consider then the case in which some coefficient a in the
system of eqs. (1) is not zero. Without loss of generality we may
assume (by a renumeration, if necessary) that a11¥CL and with this
much we can start the process and thus fill in the first row
(and the first column) of table (12). Next assume that all has
gone well and that we have filled up to the (k—l)§£ row (k>1). The
first k entries in the next row can be computed in succession by the

irst of the
ﬁ@qs. (3), without any trouble arising, and if bkk;!O we can compute

the rest of the entries in the K row by the second of egs. (3) and
thus complete this row. But if bkk=<) we must proceed differently.

In the first place let us compute the following auxiliary quan-
. -1
titiess: ' ? _
bkl-akl- !bkhbhlo (l=k+l, k+t2,...,n+1) (18)

(These computations will not be wasted, since they will be used later
If all these auxiliary quantities are zero, the kiﬁ equation of the
system (1) is linearly dependent on the first (k-1) equations of the
system (being then a linear combination of them) and so it can, then,
be omitted. However, if all these quantities vanish except the last,
namely, bk,n+1’ we obfain the contradiction bi,n+1==0, and so the
system of equations (1) results inconsistent. The only situation
left to constider is that in which (at least) one of the first n-k
auxillary quantities (18) (i.e. one of the bél with l=k+1, k+5...,n)
does not vanish. Let the first of these not to vanish be bAU' Then
we can exchange the columns k and l' in tables (11) and (12), together
with the corresponding unknowns x, and x; in egs. (1) and (2). This
operation will not disturb any of ﬁﬁzkggéﬁﬁfmgﬁgg%z% ngputed in

the first (k-1) rows of table (IEO,Asince each depends only on the
corresponding entry in table (11), and orn the entries in table (12)

in the same column and on those in the same row to the left of the
principal diagonal (the relative positions of which remain the same).
In this way we obtain a non-vanishing entry in the kiﬂ row on the
principal diagonal,and then we can proceed to divide the previously
obtained auxiliary quantities (18) by it in order to make the rest
of the entries in the corresponding places of the kiﬂ row of table

(12), thus completing (t.
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Continuing in this way, and assuming that no contradiction is
obtained on the way, we can finally exhaust all the gliven equations
before we obtain more than n equations in triangular form (omitting
the ones that result linearly dependent) which are clearly linearly
independent (each having at least one unknown less than the preced-
ing one); or else we first obtain n linearly independent equations
in triangular form before we exhaust all the given equations (which
can happen only if m2n, of course). In the former case, the number
r(2n) of linearly independent equations in triangular form, on which
all the equations of the given system depend linearly, is the rank
of the system of equations, and the last n-r unknowns can be assign-
ed-arbitrarily; and then the first r unknowns can be determined from
the r linearly independent equations in triangular form (by eqs. #)
in terms of the values given to the last n-r unknowns. In the lai-
ter case, the equations left over must be linearly dependent on the
first n linearly independent equations aiready obtained, or else the
originally given system of equations (1) is inconsistent. It is easy
to decide which of these two (s the situation; for all the equations
left over will be linearly dependent on the first n. Uf and only if,
upon annexing the coefficients and independent »efﬁé of each of the
equations left over, one at a time, as an (n+1)—— row to the table (12

correspo;?dm

(gzp)wtth m=n) the last entry in the, (n l)St (i.e. the annexed) row
_rlﬂ'-\

Lbtained by the process (by eq. 18 with l=k=n+1) results zerc
Jor each of the equations left over; and in such a case, the given
system of equations is consistent and of rank n, and so no unknown
can be given an arbitrary value, and hence the soiution of the sys-
tem of given equations is unique. This completes the discussion.

Note. The importance of the D-C method can be appreciated by
intentionally comparing the number of operations in general neces-
sary by this method, to solve a consistent system of n linear equa-
tions in n unknowns, with the number of operations necessary by the
method of determinants. Developing the determinants by minors, the
latter requires (n+l1)!-(n+1) additions, (n-1)x(n+1)! multiplications,
and n divisions; in adstlon to a tremendous amount of writing.
Considering that nl!= 4 (n/e) , wheré-4<4 <4.5, so that n! > &(n/3)",ifry,

it can be apprectiated that the number of operatzons by this method
is prohibiting. FEven if the determinants are developed by reducing
them first to triangular form. there is still need of about n times
more operations than in the D-C method, besides the tremendous
amount more of writin In the D-C method there is in general nec-
essity of n(n=1)(2n+5 /6 additions and this same number of multi-
plications, aqnd of n(n+l1)/2 divisions. These are the same numbers
of these operations necessary by the method of successive elzmlm%—
tions, but the amount of writing saved is enormous.(Yctaly e™</ze )
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CHAPTLR VII: THE NODE METHOD.

In Ch. Vv, S2 (p. 149) we have outlined a general procedure to
solve the complex (transjormed) equations of any network of general
parallel elements in the sinusoidal state. In this chapter we will
establish another method of soluving these equations, known as the
node method, which greatly simplifies matters. This methcd consists
essentially in making the following substitution (change of variables):

(k,n) Un (k=1,2,.,.,,n.e) (o)

Vk ) A=l
of the complex voltage drops Vk in terms of new (complex) quantities
Un’ one for each node_ﬂ_(=1,2,...,né) of a complete and independen:
set of né nodes of the network,obtained by omitting exactly one of
the n, nodes in each of the n. components of the network (so that:
né::nnwnc). The Un are called the complex node potentialis,referred
to the omitted nodes considered as base nodes (c¢f. Ch. IT, S4,p.53)
Of course, Un is the complex number corresponding to the actual sin-
usoidal potential (drop) U*(t) of the typical node n (to the corre-
sponding base node in the same component as the node n)

The importance of the substitution (0) is due to the theorem
zxpressed by eq. (1) of Ch. II, &2, by means of which we can show
that the mere form of the complex voltage drops Vk given by the sub-
stitution (0) is enough to guarantee that Kirchhoff's Voltage Law
shall be automatically satisfied for all the meshes of the network,
no matter what values the U may have. It shall then only be a

. .. of the ety
questicn of finding the U so as to satisfy the remaining equatlonsﬂ

S1. THE COMPLEX CANONICAL EQUATIONS OF THE NODE METHOD.

Consider the general complex equations (&, 7, & of Ch. V, ©2)
of an arbitrary network of n, general parallel elements in the sin-~
usoldal state at the angular freguency w>0O connected into n, com-
ponents with n. nodes and n, independent meshes, namely:

7.

= = .o 1

I]'§ - Ylel+Icsk+Iusk (k=1,2,. ,ne) (1)
- _ - o g

;it(k,n)Ik-O (n = 1,2,..05n)=n_ nc) (2)

[k,m] v, =0 (m=1,2,0.0,n =n,-n') (3)
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where the Ykl are the admittances of and between the elements of the
network at the angular frequency w, given by egs. (5), Ch. Vv, 2.
Substituting (O) into the left-hand member of (3), we obtain:

%’:E‘,MJI;QK,MUI&Z‘;{;(&M [k,mj} U, = ;:o.un = 0,

since, according to eq. (1) of Ch. II, 2, all the sums in the pa-
rentheses of the second member are zero for all m & n. Thus Kirch-
hoff's complex voltage law (3) is identically satisfied for all the
meshes of the network.

nIf g)e now substituten(l) into (2) we get:

ZZ(k,n)}’lel + ;(k,n)(Icsk+Ivsk)=O, (n.=1,2,ow,n,fL)

k=t =t
which becomes, upon substituting the Vl as given by (0) after the

summation index n is changed into another letter m_ (say, which will
not,be needed any more in connection with egs. 4):

n
z(k,n)y (l,m?U = - (k,n)(I_._ +I ). (n=1,2,...,n') (4)
met\Xel Ied ki " ; Sk Yk n

Besides these equations we have an equation (0) for each ele-

ment K with a voltage source, the complex voltage rises Ek of which
are (assumed) known. Thus, if the network has nvS>O voltage sources
which, without loss of generality, we may assume to be numbered first,
(=u) then besides the nr'l equations (4), with

vs
the n' unknown U_ and the n unknown IUS , we have the nog equations:

consecutively from 1 to n

n o M vs &
= - . — é 4
g(k,n)Un-Vk- Ey ; (k-1,2,.,..,nus nn) (5)
and, of course, the Ivs in the egs. (4), for k=nvs+1, nvs+2,“.,ne s

may, be omitted; so thatk they may then be rewritten as follows:

2;2 7 (k,n,)Ykl(l,m)}Um= - an(k’n)‘[cs - f(/{,n)IU . (n=1,2, m_,nr’l)
k=i k x=1

s
m1 ' Jet Tu1 k (6)

When the network has no voltage sources, il.e. n,s~ O, the com-
plex equations of the network are the eqs. (4), only with all the I,
omitted (the eqs. 5 also being omitted).

Equations (5) and (6), when n,o>0 or egs. (4) with the I
omitted, when n,s~ 0, form a complete and independent system of
n’;+nvs equations with this same number of unknowns, {f the admit-
tances ykl and the complex currents Ics through the current sources
are considered as arbitrary (cf. note 05‘ Ch. III, 91, p. 54). These
complex linear equations with complex coefficients of an arbitrary

constant parameter (stationary) network of general parallel elements

Sk

USk
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in the sinusoidal state are called the complex canonical node egua-

tions of the network.

§2. THE NODE ADMITTANCES.

The equations (4) and (6) of &1 can be given a simpler appear-
ance by introducing the quantities ymn-ymn(iax)defined as follows:

=§Z(}t,m)}’kl(1 n). (m&n=1,2,,..,,nr’1) (1)
=1

l=q
When the number of voltage sources nvS>CL the complete and in-

dependent system of complex canonical node equations of a (station-
ary) sinusoidal current network of n, general parallel elements with
n' independent nodes can then be given in the following final form:

n
n
YmnUn = - Z(k m) I, z(k m)I, vs, (m=1,2,...,n')

h— k=1 Jed,

: (2)

- - - =
2 (k,n)Un- Ek (k-l,?,...,nvs-.né)

and when nvs-O, the complex canonical node equations are simply:

= =T = ' \
;2:: YmnUn sz(k m)T "Im (say). (m=1,2,...,n)) (3}

The quantities ymn lntroduced by eqgs. (1) are called the node
admittances of the network at the angular frequency « (which is the

angular frequency at which the admittances of the elements are com-
puted). It should be noticed that they depend only on the passive
parts (i.e. the parameters) of the network, on the way the elements
are interconnected, and on the angular frequency ¢« of the sources.
The quantities Yom Q7€ called the self—-admittances of the nodes m=
1,2,+..,n., and the quantities Ymn (m#n) are called the mutual-ad-
mittances of, or between, the nodes m and n On&rz:l,?,...,né).
(y i3 also called the mutual admittance of the node m with itself..
I1f we denote the real part of Ymn by Imn and the imaginary part
of Ymn by b

mn

mn? we shull have:

Yn = 9mn * t O (m&n=1,2,...,n") (%)

mn .’l'

The quantity'gmn is cualled the mutual-conductance between the nodes

m & n, and the quantity bmn is called the mutual-susceptance between
these nodes. #hen m=n, these guantities are also called the self-

cenductance and self-susceptance, respectively, of the node n.

Later we will see how these node quantities can be obtained di-
rectly by inspection of the network, in terms of its parameters, and
also how they can be determined experimentally.



Ch. VII, &2. 194,

Problem 1. Show that if Y1 =Y, for all k & 1 (=1,2,..., ne)
then y .=V n for all.ﬂL&_ﬁ_(=1:2:°~°,nﬁ); thence infer that also:

Imn = Ipm and bmn.=bnm for all m & n.

Problem 2. Show that the node-admittances Ymn do not depend
on the reference directions assigned to the elements. (Use egs. 1.)

| Problem 3. By substituting the values of the admittances Ykl
(k&l:l,?,...,ne) of and between the elements, given by eqs. (5),
Ch. V, ¢2 (p. 144), into egs. (1), show that:

ymn=_gmn+iwcmn+ a’mn/iw, (m&n=1,2,”.,,nr’l) (5)
where we have put: "o e
gmn= (k’m)Gk(k’n)=gnm’ cm_n z :(k’ m‘)ck(k n)= Cnm
1- 1”1 (6)
an.‘: léi It(kvm)l"j{l(l,n). (m&n=1’2’ v o0 g n”l)
From this show that:
bmn=wcmn-);nn/w. (m&n=1,2’,°”,nr'1) (7)

The Copn QT€ called the (self- and mutual-) node capaciiances, and the

),

mn
ductances),Agetween) the nodes m & n.

are called the (self- and mutual-) node invertances (inverse in-

Probiem 4. Show that for a network without nmutual-inductances
(i.e. with all the Lkl
vertances Fkl and all the mutual-admittances Y,, are also O if k#£1)

=0, if kK#l; in which case all the mutual-in-

the node admittances are given by:

Ne
Ynn = (k, m)Y (k,n); (m&n:l,?,u“,zg,;_) (8)

and the node lnuertances are given by:

;(k m)Ly (k,n) = i(k M) (k,n); (9)

while Imn and cmn are (still) given by the similar (first two) eqs.®.
From these equations show that, in such a network, the mutual-admit-
tance, conductance, capacitance, & invertance, between two distinct
nodes m_& n, are given by the negative sum of all the admittances,
conductances, capacitances, or invertances, respectively, directly
connected between the two nodes m & n; and the self-admittance,; con-
ductance, capacitance, & invertance, of the typical node n, are given
by the sum of all the admittances, conductances, capacitances, or in-
vertances, respectively, directly connected to the node n by exactly
one of their terminals (all taken with a positive sign). This rule

shall be found of utmost importance in practice, since it shall be
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constantly needed. (HINT: When an element k has its two terminals

on two distinct nodes m & n, then exactly one of the factors of
(k,m)(k,n) is +1 and the other is -1, so that their product is -1.)

pProblem 5. Show that the general term (k,m)YkZ(l,n) of the

double sum (1) deflning the node admittances Yon shall have the

same sign as ykl if and only if the elements k & l are oriented (or

directed) relatively the same way to the nodes m & n, respectlvely
(i.e. if and only if both the elements are directed towards, or both
are directed away from, the corresponding nodes). And the same holds
for the general term (k,m)I}l(l,n) of the double sum defining zmn
by the third of the egs. (6).

Let us now examine egs. (1) for the node admittances tn more
detail. In the first place we observe that for any given nodes m & n
(not necessarily distinct) only those terms of the double sum appear
for which (k,m) #0, (l,n) #0, and }'kl;!O; this means that only those
elements k inciding on the node m, and only those elements 1l inciding
on the node n, need be considered. Denoting a summation over all the
elements k inciding (i.e. with exactly one termirial) on the node n by
2 , equations (1) for the node admittances can be written as follows

ean

ymn =;;(k,m) Ykl(l,n) =*Zm:(kgm)[1§,}’kl(lyn)]° (mln:!,‘?}m,';,l) (10)

To evaluate this double sum for any given nodes m & n (not nec-
essarily distinct) we first order the elements k around the node m,
and the elements 1 around the node n, arbitrarily (e.g. clockwisely
around the nodes, beginning anywhere, in the case of figures). For
the first element k' (say) inciding on the node m, we run through
all the elements 1 around the node n and compute all the correspond-
ing terms (k'_,m)}’k,l(l,n) with a rk,l,éo, Then we pass on to the
next element k" (say) inciding on the node m and again we run through
all the elements 1l around the node n, computing as we go along, all
the terms (k",m)Y ,,l(l,n.) with a Yt ,,l;éo. We continue in this way
until we have gone through all the elements k inciding on the node m,
each time going around all the elements 1 inciding on the node n.
Finally we add up all the terms so computed in order to obtain the
admittance y,, between the nodes m & n.

A3 was said in Prob. 5, each of the terms (k,m))’kl(l,n.) shall
be #Y,,, the + sign being used if the two elements k & 1 are oriented
relatively the same with respect to the corresponding nodes m & n,
and the - sign being used otherwise. This will be called the rule
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of signs for the admittances in the node method. It is illustrated

in Fig. 1; in (a) & (b), Y,, is taken with c + sign in y__, and in
kl , o mn
it is takep with a - sign. (Tersdes mén readnrt be distpci, of coqrse.)

(c) & (d),
N T\
/\X;K“{ / % @ % \(c) 7, /
m ” m n m n » n
Am) Y Ur)=+Y)  in (2) and (b). Am) %pn) ==Yy on &) and E).
Fig. 1., The rele of signs for 2he sude methed.

Example 1. The self-admittance y (say) of the node 1 in the
network shown in Fig. 3(a), Ch. V, &2 (p. 140), is:

yv= Y22—Y26+766—}'62+Y5'5—}'534-}’33-}’35 = Y2+Y3+Y5+Y6-—2(Y26+Y35) .

Problem 6. Compute the self-admittances of the nodes 0, 2, 35
& 4, of the same network shouwn in Fig. 3(a) of Ch. V, &2.

Example 2. The self-admittance y (say) of the node marked op
in the network shown in Fig. 4(a) of Ch. V, &2 (p. 142), is:
y = Y4+Y6+Y62+Y2+Y26+Y +Yg.

Problem 7. Compute the self-admittances of the nodes I, 2, 3,
4, & 5, of the same network shown in Fig. 4(a) of Ch. V, &2.

Example 3. Consider the transformed network of that shown in
Fig. 2(a) of Ch. III, &2 (p. 73). The self-admittance of ncde % is:

Yu4= }'1—}’15+Y5—)’51 = G1+i Cl+(IJ+I5 -2 .[15).

Problem 8. Compute the self-admiltiarnces of the nodes Ol’ 1, 2,
3, 5, & 6, of the samée network shown in Fig. 2(a) of Ch. III, &2.

Example 4. Consider again the network of Fig. 7 (considered in
Ex. 5) of Ch. V, §2 (p. 147). The self-admittance y (say) of the

node 6 is: .
Y=Y omY ot YotY 3=V s o4 ot g (Y= Ys, )
Problem 9. Compute the self-admittonces in the scme network
considered in Ex. 4, for the nodes 1, 2, 3, 4, & 5,

Example 5. Consider the network,shown in Fig. 8 of Ch. V, S 2.
The self-admittance y (say) of the node I is:

Y Y +Y . ~Y

V=YY,V 167,177 1,187 1,87 1,0 o1t Y g 167 7,277 7, 18
Yo 8 Y7, 07V16,17Y16, 7t 16* 15,17* 16,18 16,8 V16,27V 17,17

Y19, Y17, 16* 17* 17,16V 17,8 17,27 18,17V 18, 7'V 18, 16% 7 18,

+Yi8+Y18,8+Y18,2- 8,J'Y8, 7+Y8, 16+Y8,.Z7+Y8,18+Y8+Y8,2“Y2,1+
Y

Yo, *Ys 160, 17772, 1872, 8% 72,

+

7%
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Problem 10. Compute the self-admittance of the node 2 in the
same network considered in the preceding excmple 5.

Example 6. The mutual-admittance y, (say) between the nodes O
and 1, of the network shown in Fig. 3(a) of Ch. V, $2 (p. 140), is:
Uy = Y46-}’5+Y53+Y35— on
Problem 11. For the same network considered in the preceding
example 6, compute the mutual-admittances between the following

pairs of nodes: 1 &2, 1 &4, 1& 3, 2& 3, 2&4, and 3 & 4.

Example 7. The mutual-admittance Yy (say) between the nodes OJ
and 3, of the network shown in Fig. 4#(a) of Ch. V, €2 (p. 142), is:

Yy Yer=YotYop-Y +V¥g5s

and the mutual-admittance between the nodes I and 3, yy (say). is:

=-—Y

y,'q'-'}’?g 75

while that between 1 and %4 is: y,,=-Y, ;55 whereas: y15==0
: _ 5-

-Y

Problem 12. Compute the mutual-admittances between the follow-

tng pairs of nodes: Ol &2, 2&5, 2&3, 2&4, and 1 & 5, of the

sumeg network considered in the preceding example 7.

Example 8. Consider the transform of the network shown in
Fig. 2(a) of Ch. III, 2 (p. 72). The mutual-gdmittance between
tne nodes Ql and 4 is:
yy (say) = Yo -V + V0= ~Gmiw Cy# (I ,~Ty+15 ,)/iw;

.)
and that between the nodes 3 and %4 is: y 4--Y54-Y (I"I—I’)/za),
and thut between the nodes 1 and 4 is: y

5="Yzq 25‘( 25~ 12)/“‘)’
=Y

ik \N

5= 560 Y35= V560 Yo6= V370
Problem 13. Compute the mutuai-admittances belween the folliow-
ing pairs of nodes: 01 & 1, OJ & 2, uz & 3, Ol & 5, 5& 6, 6 & 03,

and 4 & 6, of the same network considered in the preceding example 8.

Example 9 Consider the network whose graph is shown in Fig, 7
of Ch. Vv, &2 (which was considered in the corresponding example of
p. 147). The mutual-admittance between the nodes 4 and 6 is:

Ype=V1o+ V13- Y5+ V4o Yy3-

Problem 14. Compute the mutual-admittances between the follow-
ing pairs of nodes: 4 & 5, 5& 6, 5& 7, 5& 1, 5& 2, and 5 & 3,
of the same network considered in the preceding example 9.
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Example 10. Consider the network whose graph is shocwn in Fig. 8

of Ch. V, §2. The mutual-admittance Yy between the nodes 1 and 5 is:
Yu=Y1,67Y1,10*Y1,16%V1,19 1,21* 1,12* 1,5V 7,67Y 7, 15t 7 16*

+Yo 19t 7 21t 7,117 7,5 16,6% 16,127V 167 716,197 16,217V 16, 11*
“Y16,5*17,6' 17,127 Y17,167 717,197 17,017 17,117 717,57 18, 6*
*Y18,107Y18,16° V18,197V 18,017 V18,11 V18,5% V8,6 8,107 s, 16*
“Ys,197Y8,217 V8,117 V8,5 2,6% 2,127 2,167 2,197 2,217 2,117, 5 -

Problem 15. Compute the mutual-admittance between the nodes I

and 2 in the same network considered in the preceding example IC.

The node admittances Ymn obtained in terms of the admittances
Ykl of, and between, the elements of a nefwerk can be expressed in
more detail in terms of the conductances, cupacitances, and (self-
amd mutual-) inyertances of the basic elements of the network by

(inaccordance with €36.5 of C'A.Y,é? ] ) .
replacing,each self-admittance Yszkk by Gk4m600k+I},/lu), and each
mutual-admittance Y, (k£1) by I;l/iaﬁc Fron this we infer that any
conductance or capacitance appearing in o icde admi?tance Ymn belween
two distinct nodes can ornly be due to a self-azdmittance of an element
connected directly between them, and conversely; whereas all other
terms in Ymn shall be of the form I;?/ia)v And any conductarce or
capacitance appearing in a node admittarce Yan cf a.node n can only
be due to a self-admittance of an element zonnected to the node n
by exactly one of its terminals, anid conversely;wheress all the other terms of 4,
skl be of the torm Dje/tw. ' _ _ . _

The double summation for the node admiitances Ymn GFuen by egs.(1)
(or eys. 10), can also. be obtained by first summing the terms with k=1l
and then adding the sum of thke terms with k#l. This may be expressed
thus: y._ = (k,m)Y, (k,n) + § {(k;,m)Y, . (L,n). (11)

mn kK ki (mé&n=1,2 n')
b 1z = 1e2seeny

The last sum (for the terms with k#l) may in turn be split into
the sum of those terms corresponding tc distinct elements k & 1 (both)
inciding on both the nodes m & n, and the sum of thcse terms corre-
sponding to distinct elements kK & 1 not (both) inciding on Ltcth the
nodes m & n. Thus eqs. (11) may be expressed as follows (putting &;§u$

Ymn = § (k,m)Y, (k,n) + § (k,m)Y, ,(L,n) + J(k,m)YkZ'(Z}rz)(lg)
Fommir A2Ton mén RErmey m ey '
k¢l (m&n=1,2,...,n!)

All the terms with k=1 correspond to elements common te hoth
the nodes m & n, and they are all of the form (h,m)Ykk(k,n):=iYkk=iYk,
the + sign always being used when m=n (since then (k,m)=(k,n) and so
(k,m)(k,n)==(11)2=1), and the - sign always being used when m#£n
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(since then (k,m)=-(k,n), as can easily be checked by considering
all the possible cases, and so (k,m)(k,n) = ~-1).

All the terms with k#l corresponding to pairs of distinct ele-
ments (both) inciding on both the nodes m & n always appear in pairs:
(k,m_)}'kl(l,n)4-(l,m)Ylk(}t,n)o Now since L, =L, so that I}l I' (for
constant parameter networks, as s always assumed to be true in al—
ternating current networks), we have Y K° Therefore the above
pair of terms can be written ZZk m)(l, n)+(<::5(k ")jykl:=+2ykl (since
we shall always have: (k,m)(l,n)=(C1l,m)(k, n) as can be checked by
considering all possible cases). When m-n, the + sigr is used when
the two elements k & | are directed towards, or both are directed
away from, the node n, and the - sign is used otherwise. When m#n,
the — sign is used when the two elements k & |l are directed towards,
or both are directed away from, the node m (or n), and the + sign
is used otherwise (in accordance with the rulé c¢f signs of Fig. 1).

All the terms with k#l corresponding to pairs of distinct ele-
ments, one inciding on each node but not (both) inciding on both the
nodes m & n, are all of the form (k,m)YkZ(Z,n)==iYkl and can only
appear singly (and not in pairs) and this, in fact, only when m#n,
zach with a sign given by the rule of signs exhibited in Fig. 1.

W#hen m=n, these terms are not present.

We can summarize all the above into the fcllowing practical rule
Jjor the computation, by inspection, of the node admittances of a net-
uork. First we shall consider the case m=n of a s»L’-uamzttanﬂe of

d\.‘-t\"tt
2 node, and then the case m#n of a mutual-admitiance between *woAnodesc

19). The self-admittance Vo, of the node n I3 the sum of all
the self-admittances of all the element~ inciding on this node (i.e
with exactly one terminal on this node), all tuaken with a + sign,
plus twice the (algebraic) sum of all the (non-zerc) mutual-admit-
tances between pairs of distinct elements inciding on this node,
taken with a + sign when the twc elements cre both directed towards,
or both away from, the node n, and with a - sign otherwise.

By substituting the admittances of the elements according to
egs. (5), Ch. V, &2, this rule can be stated in more detail as fol-
lows: y . is the (arithmetical) sum of all the conductances incid-
ing on the node n (i.e. with exactly one terminal on the node n, all
taken with a + sign), plus iw multiplied by the (arithmetical) sum
of all the capacitances inciding on the node n (all taken with a +

sign), plus 1/iw multiplied by the (arithmetical) sum of all the



Ch. VII, §2. 200.

gself-invertances of the (coils of the) elements inciding on the node
n (all taken with a + sign) in addition to twice the (algebraic) sum
;} all the mutual-invertances between pairs of distinct (coils of)
elements inciding on the node n (taken with a + sign when both the
elements are directed towards, or both are directed away from, the
node n, and with a - sign otherwise).

7ihenﬂpolarity marks for the mutual-invertances between the coils
of the elements are given, the final signs with which the absolute
values of the mutual-invertances are present in the self-admittance
Ynn of the node n shall depend only on the relative positions of the [-
polarity marks with respect to the node n, and not or. the reference
diree&fgﬁgngigigned to the elements, as can be checked by consider-
ing all,possible cases in accordance with the rule of signs for the
mutual-invertances given in Ch. I, §9., The sign with which the ab-
solute value /I}l/of amgﬁiual—invertance{bresent in the self-admit-
tance y,, of the node_g%shall be a + sign if thelpolarity marks are
both on the same sides of the coils kK & 1 as the node n or if both
are on the opposite sides; otherwise it shall be a - sign. (See Fig.2)

%

In (2) and k), [73,) appears in Y, with a +sign. Inge) and @), II)] appears with a -sign i1 G,p,

€2). The mutual-admittance y . between twe distinct nodes m
and n is the negative sum of all the self-admittances of all the
eiements inciding at the same time on both the nodes m & n (i.e.
with exactly one terminal on each of the ncdes m & n, ali laken
with o - sign), plus twice the (algebraic) sum of all the (noa-zero)
mutual- adrnittances between pairs of distinct elements inciding on -
both the nodes m & n (i.e. having terminals on both nodes, each tck-
en with a — sign when the elements of the pair are both directed
towards, or both are directed away from, the node m (or n), and
with a 4 sign otherwise), plus.the (algebraic) sun cof all the (non-
zero) mutual-admittances between pairs of distinct elements, one
inciding on each of the nodes m & n, but not (both) having terminals
on both nodes (each taken with a sign given by the rule of signs for
the mutual-admittances exhibited in Fig. 1).

By substituting the values of the admitiances of the elements
according to eqs. (5), Ch. V, §2; we get the follcwing more detailed
statement of this rule. The mutual-admittance Ymn between the dis-
tinct nodes m & n is equal to the negative of the (arithmetical) sum



Ch. VII, §2. 201.

of all the conductances (of the resistors) with one terminal on each
of the nodes m & n, plus iw multiplied by the negative of the (ar-
ithmetical) sum of all the capacitances (of the condensers) with ter-
minals on both the nodes_ﬂ_&_g, plus 1/iw multiplied by the negative
of the (arithmetical) sum of all the self-invertances (of the coils)
with terminals on both the nodes m & n, plus 1/iw multiplied by
twice the (algebraic) sum of all the mutual-invertances between pairs
of distinct coils both of which have terminals on both the nodes m &n
(taken with a - sign when the coils of a pair are both directed
towards, or both are directed away from, the node_g_(or_g)i and with
a + sign otherwise), plus 1/iw multiplied by the (algebraic) sum of
all the mutual-invertances between pairs of distinct coils, one incid-
ing on one of the nodes m or n and the other inciding on the other
node, but not both inciding on both the nodes m & n (each mutual-in-
vertance being taken with a sign given by the rule of signs for the
mutual-ingfrtances exhibited in Fig. 1).

WhenApolarity marks for the mutual-invertances Ikl between the
cotls are given, the final sign with which the absoclute value ’IRZI
appears in the mutual-admittance Ymn in which it is present shall de-
pend only on the relative posztlons of theroZartty marks with re-
spect to the nodes m & n and not on the reference directions assigned
to the elements. If theFpolarity marks are both on the same sides
of the coils as the two nodes m & n, or i{f both are on the oppoaitle
sides, then /Ikl/shall appear in y, . with a + sign; otherwise it
shall appear with a - sign. This is illustraied in Fig. 3.

/{W\% /@/ s f/ " \%\ f/ ! s
m )

I (2) and (b), Iy appears in 4, w:tA a +sign. In &) and @), || appears in 4, w/z‘za - 3ign.
Example 11. The self-admitlttance of the node 1 in the network
shown in Fig. 3(a), Ch. V, &2 (p. 140), is:
Vg —G2+u3+iw(C2+Cj) + (1}+I}+1'é+1'é—21"’26—2135)/£w9
This can beée chechked with the result of example 1.

Example 12. The self-admittance y (say) of the node 0, in the
network shown in Fig. 4(a) of Ch. V, &2 (p. 142), is:

Y= G4+G6+G9 +iw(C +C'2+C4+C9) + (Q+I}+I-1’++F6+F9 +2 1}6)/12/4),

as can be checked with the result of example 2.

Example 13. The self-admittance y (say) of the upper node in



Fz. viI, §3. 202.

izhe network shown in Fig. 5(c) of Ch. V, &2 (p. 144), is:

y=G1+G2+iw(C1+C2)+(J—3+I"2+2I}2)/iwa

Example 14. The self-admittance of the node 1 in the network
shown in Fig. 6, Ch. V, §2 (p. 146) is:
Yrg =G_z + 1aC, +1'3/iw o

Exagmple 15. The mutual-addmittance y, (say) between the nodes

Zand 1, of the network shown in Fig. 3 (a), Ch. V, &2, (o 140) is:

28 can be chechked with the result of example 6.

Example 16. The mutual-admittance y, (say) between the nodes
und 3, of the network shown in Fig. 4#(a), Ch. V, &2, (p. 142) is:
Yy = -iw(CJ+02) —(1}+I})/iw - 1}6/{.60 +I'é-7/ia) +1".é7/iw 1‘1",'_-_'9'/'?2{4) s

:nd the mutual-admittance between the nodes 1 and 3, y,j] (say), iss

1

These cun be checked with the resuits of example 7.

Example 17. The mutual-admittance Yy (say) between the upper
wode of the elements 1 & 2 and the right-kund node of the elemeni 3,
.n the network shown in Fig. 5(c) of Ch. V, $2 (p. I+#4}., isgs
yy=(I33-T33)/iw.

+ ™

Ecample 18. The mutual-admittance Y (say) bBetwesn tre nodes
and 5 of the network shown in Fig. &5, Ch. V, &2 (p. 148), is:
yy=(I74=Tp5)/ 1w

i

Problem 16. Compute directiy, in terms of corduciances, capas-
‘tances, and (self- and mutual-) invertances, the seljf- and mutigl-
zdmittances asked for in the problem 6, 7, 8, 11l

$3. THE COMPLEX NODAL QUANTITIES AND THEIR INTERPRETATION.

It is easy to gilve an interpretation of the complex votenfiais
U (n= 1’2’“"’%) introduced by the egs. (C) of the inirodusiion
;0 this chapter. For this purpose, le? ws [Jirel consider o oismit:

A with its two terminals on the distinci nodes n' and n” (oricni=d
From n' to n") as shown in Fig. 1, and ie¢i O be tie (arbitrocily chs

"' n=n |
q " =
/gf \\\\V////;7’3 /* > \\\Qﬂ
\ =t
n’/ Frg.1. ) / N
7 * Ny F;'J. Z. fi

©

v
gt

L
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base node on the same component as the element k. Then, putting Ub=O,

we always have: n

VK= 2(k’n)Ul’l = (k;n')Un' + (k;n")Unn = Unr - Un'ls (:.
n=i
so that Vk is equal to the potential at its tail-terminal minus the

potential at its head-terminal. WNext consider any node n on the same
component as the base node O, and let P be a (simple) path through
elements of the network joining n to O. Let n,(=n)n, Ry oos ny(=0)
be the sequence of nodes along the path P from n to O. If an element
of the path, connected between the nodes n, and Ny, 19 is directed in
the sense of the path from n to O, the complex voltage drop through

it in the reference direction assigned to it is U_ ~U s which is
Mg kel
the same as the complex voltage drop through "t in the sense of the

path from n to O; and if the element is directed in the opposite
sense, the complex voltage drop through it in its assigned reference

direction is Un -Un , and the complex voltage drop through it in
k+1 k

the sense of the path from n to O is then —(Un u-Uﬁ )==Uh -V, o

- = k+1 k K k+1

Consequently, no matter how the elements of the path P are directed,
the total complex voltage drop along the path from n to O is:
—Un2)+(Un -Un)+”u+(U «UHN):UanO:rU

1 2 3 Y. i
Thus the complex potential Un is the complex voltage drop from the

node n to the base node O in the same component of the neltwork, along

a path through elements of the network from the node n to the node 0.
According to Ch. II, $4, p. 53, we already knew that if the v,

were the complex voltage drops from the.nodes_g to fie buse nodes in

Vp="V,0= (U, n:

the corresponding components, then we had:
Vk=4:(k,n)vn,~ (k=1,2,0..,n,) (2)

but now we have shown that if new (as yet uninterpreted) guantities

Un are introduced by these equations, then the new quantities are

the complex voltage drops from the nodes n_to the base nodes in the
corresponding components of the networkfxg%lledAfke complex potentials
of the nodes n (=1,2,...,né) with respect to the corresponding Hase
nodes. Based on this, all the equations (1) or (2) can be establish-
ed directly by inspection, for any given network, as scon as all the
reference directions are assigned to the elements of the network, in
any way whatsoever, and as soon as a complete and independent set of
n'! nodes is arbitrarily chosen by omitting exactly one of the n_ nodes

n n

in each of the n, components (=separate connected parts) of the networx
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It is also easy to give an interpretation of the right-hand
members of eqgs. (3) and of the first of egs. (2), of $2. For I,
and Ivs are the complex currents through the current and voltage k

k
sources of the element k, in the reference direction assigned to

the element k, and so (k,n)I s and (k,n)I bg, are the complex cur-
k K

rents leaving the node n through the current and voltagghfogrggséyf
see 2,(8.2,63, p-
the element k (as can be checked by conSLderingAthe posstble casege,

so that -(k, n)I and ~-(k,n)I are the complex currents entering
cs) vs,
the node n through the current and voltage sources of the element k,

and consequently the right-hand members of the egs. (3) and cf the
first of eqs. (2), of &2 are the (algebraic) sums of all the complex
currents entering the nodes n through the (current and voltage)
sources connected directly (by exactly one terminal) to these nodes.
Thus the right-hand members of the complex canonical nodal equa-
tions of any given (stationary) network can be established directly
by inspection. Moreorver, the left-hand members of these eqddtions
are also easy to establish systematically. Thus, for the first of
the eqs. (2) and the eqgs. (3), of &2, one needs only to write down,

systematically, expressions (sums) such as: ym1U1+-ym2Ué oo F Yo Un
with as many terms né,as there are independent nodes in the net- non

work, one for each of the independent nodes n (=1,2,n°.,né)o Further-
more, the complex coefficients y On&r1=1,2,..n,né) in these ex-
pressions may readily be obtained by inspection of the given network,
by the methods and rules given in the preceding section 2. Thus all
the complex canonical nodal equations of any given (stationary) net-
work can be completely established directly from the network.,
Essentially, the first of eqgs. (2), and the egs. (3), of &2,
express Kirchhoff's complex current law for the nodes_g_(=1,2,°no,né)
of the network. And since the right-hand members of these equations
are the (dlgebraic) sums of the complex currents entering the nodes
m through the (current and voltage) sources (i.e. the active parts
of the elements) directly connected to them, the left-hand members
of these equations, namely: éz:ymn , must be the (algebraic) sums
of the complex currents leaving these nodes m_through the other (i.e.
the passive) parts of the elements directly connected to them (i.z2.
through the resistors, condensers, and coils, directly connected to
them). The contribution of the complex nodal potential Un(h=1,a.u,né)
to the total complex current leaving the node m through the passive.
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parts of the elements connected tc it is then yann= Consequently,
the mutual-admittance Ymn between the nodes m &_ﬁ may be interpreted.
as the (algebraic) sum of all the complex currents leaving the node
m through the passive parts of the elements directly connected to it
?%y exactly one terminal), due to a unit complex potential 1/0°=1+01
of the'node_g. In particular, when m=n, the self-admittiance Ynn of
the node n is the (algebraic) sum of all the complex currents leaqu-
‘ing the node n through the passive parts of the elements directly
connected to it (by exactly one terminal), due to a unit complex
potential, Un=1L°=1+Oi=1, of this node.

These remarks give us another method of obtaining the nodal
admittances Ymn On&r1=1,2,...,né) experimentally or by inspection.
It consists in imagining (or producing) a unit complex voltage drop
from the node n to the base node in the same componeni and thern de-
termining by inspection (or experimentally) the total complex cur-
rent it causes to leave the node m through the passive parts of the
elements connected directly (by exactly one terminal) to the node m;
and this is precisely y, .. This is in fact the method found (and
used) in the older literature.

The terms yann in the left-hand members of the complex canon-
{cal node equations expressing Kirchhoff's complex current law for
the nodes m will be called yU-currents. The term ynnUn will be call-

ed the self-yU-current leaving the node.ﬁ_(through the passive ele-

ments), due to its own complex potential U and the term y, U (m#n)
will be called the mutual-yU-current leaving the node m (through the

passive elements), due to the complex potential Un of the node n.

We can then state that the total complex current leaving the typical
node_g,(through the passive elements) is equal to the sum of all the
self- and mutual-yU-currents leaving this node (through the passive
elements), due to all the complex nodal potentials; and this, of
course, s also equal to the total complex current entering the node
n through the active elements (i.e. through the current and voltage
sources) directly connected to it by exactly one terminal.

Problem 1. Assume we are given an arbitrary a-c network. Sup-
pose we removed (or disconnect) all the sources, but otherwise leave
the rest of the (basic) elements as they were. This, of course, shall
not affect the nodal impedances, because they do not depend on the
sources (except for their frequencies). Now short-circuit (i.e. iden-
tify) all the nodes of the network with the corresponding base nodes,
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except the node n to which a voltage source is connected from the
corresponding base node in the same component, of a value Y2 sinw?
. (at the anglar frequency )
<«>»1/0°., Show that the self-admittance Ynn of the node n,ts equal
to the complex current through the voltage source, flowing from the
base node, on the same component as n, to the node n. Show also that
. - (ot the angular Fraguercy . ,
the mutual-admittance Ymn between the nodes m & n,is equal to the
complex current entering the node m through the short-circuit con-
necting it to the corresponding base node in the same component.
(Hint: Show that these complex currents arz2 equal to the total com-
plex currents leaving the nodes n and m, respectively, through the

passive (basic) elements connected directly to them.)

Example 1. Consider the network shown in Fig. 3(a), of the
example 2, Ch. V, &2 (p. 140). This network has n) =% independent
nodes and’nvs=1 voltage source. Using the same complete and inde-
pendent set of nodes used then, the complex canonical node equations
of the network are the following:

v;.Y; +-y12U2+y13U3+y14U =Icsz+ If.‘.33+ Is (node 1)
y21U1 +y22U2+y2jU}+y24U4=-ICSz (naode 2)
ylel+y32U2+y33U4+y34U4=O (node 3)
YV + V42V + Y43Us # 44Uy = T, (node 4)

U, =E (the known voltage rise in the vs)

where:
y11=y2+y}+-r5+r6—2(}'26+¥35)

y22=Y1+Y4+Y7
Usz=t,+7g
y44=}'2+)’6+}’8—2}’26

) Vo= Tue=VYos
V13=9=Y3;
Ygu="Yo-Ye+2V 56 = vy,
Yo3=T7=¥s3
You = Y46 = Y40
Y34 =Yg =VYyus3

These results can be checked with those of Problem 6, Ch. V, $2.

Example 2. For the network considered in example 3, shown in
Fig. 4(a), of Ch. V, $2 (p. 142), the complex canonical node equa~
tions with respect to the same complete & independent set of nudes
used' then are the following:
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U, + y15U5 ='-I033 (ith U3§—E = known)

VigVUptygoUotussUs+yg,
Uy +Yp5Us=1cs,

YorUs +yoUp*UpsUs+ oy

V31Us+ Y32V V33U3 34Uy *V35U5 = Teg " o
VugUs #4292+ ¥43Y5 * Yy Uy # V45Us5 =0

VsgUs +¥soUp t Us3Us + ¥s,Uy +Us55Us=0

where: I Y3 #Y,+ Y
Yoo = }'3+Y6+}’5+ }’9+2Y59
y33=}’1 +}’2+ Y7+ Y5-2Y27
Yasr = Y10
Vs5=Tg
Vip=-Y3+ Y= Vo
Viz==Yy+To7= V31
Y14 = ~Y4,107 Y41
Y15=90=Ys;
Yo3=-Y5+¥o6-Ys,-V59=V3;
You =0 =¥y
Yos=T5g+ Vg9 =Vsp
Y34, =0=Yy3
V35= V55 V53
Yu5=0=Ygy-

These results can be checked with those of Prcb. 6, Ch. V, €2,

Example 3. The complex nodal equations for the network shown
in Fig. 5(c), Ch., V, £2, assumed to be in the sinuscidal state at
the angular frequency w>0, are:

[G1+G2+iw(C1+C2)+(I"1+F2+2/I'32/)/iw_75 + (/I}.2/—/l'}3])U2 =I . +I
(T3 51~ I350E + (Gg + twCy + I3/ W)U, = O,

Example 4. Consider the network treated in Ex. 4, shown in
Fig. 6, of Ch. V, §2. The complex canonical node equations are:

u =~ (m=1,2,3,4,5
= ym_n n m 5 H 3 3 ) .
where N.Z:_ICSl’ ﬁ2=“'ICS‘!, ﬁ3=—=IUS 5 ﬂ4=1v5=o’ U}==‘-E,
and: Y;0=G,+1iwC,; + I“J/iw
y22=G2+IE‘UC2 + I}/iw
y33=G3+ 7.c<)C3 + 1"3/1.w

Yy = G,*Gc + ia)(C4+C'6) + (1"4+f'6)/l"w
y55 = G4+G5 + iCU(C#+C5) + (F4+P6)/iw
Y10 Y01 Y137 Y317 Y03 Y30" Yoy = Yyp= Y357 Y530
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Y14 =Ysp= Tpp/ 10, Y157 Y51 = ~Th,/
Yo5=Ys5p= To5/ 10, Yzy = Uy3= Tye/tw0
y45=y5#_—. -(G4 + i(/.)C'z‘L +I"4 /iw).

These results can be checked with the help of the equations given

in the example 4 of Ch. V, &2, by eliminating the complex currents

Ik (k=1,...,6), upon substituting their expressions giuven by the

first six equations into the equations expressing Kirchhoff's com~

plex current laws for the node 1 to 5, and then placing V4=- -V5-wV'
4

6‘9
and making use of the fact that: V1=U1, V2 U2, V3=U3, V5=U5, U

6 4"
Problem 2. FEstablish the complex canonical node equations for
the networks shown in figures 5, 7, 8, & 9, of Ch. V, €2.

$4. THE SOLUTION OF THE CANONICAL NODAL EQUATIONS.

When the number N of voltage sources in a given network of n,
general parallel elements is zero, the corresponding complex cancn-

ical node equat'ions (3) of §2, namely,
n

E ymn n- (k m) k = Im (Say)) (m = 1929°°°sn;1) (1)
can be solved for the complex nodal potentials in the following form:
Nn n Ne 1y
U =_§_ z T =E I cofy, /det =—ZZI (k,m) cofy, /det,(?)
n &= unom &= FK=1 m=1 %‘3 (n=,2,. ;'J.)

when the determinant, det = det (y ), of the nodal admittances is not

zero, where we have put: zmn-cofynm/det for mé& n =1 2,,“,nnu

And when nUS>O, the corresponding complex canonical node equa-
tions (2) of €2, namely (assuming the elements with voltage sources
to be numbered fu'st 1 2,”.,,n g» and the others last, from n +1 to n.e):

~
Zymn n Zr(k’m)I Z—l (k' m)ICS =Im (m=192:‘,"‘°9n;l)

(k’n')Un:—Ek (K=1,2,o”,nvs—fnr'l)

(3)
=
can be solved for the complex nodal potentials and the complex cur-
rents through the voltage sources in the following way.
Let us introduce the following quantities:

det = det (y ) assumed ¥ O (with m&n-l,.?,“o,nr'l)
- 1]
z, = cof_l’{,mn/det (n & m-=1 2,“0,n)
Z. _;, Z (k,n)z, (L,m) (k&1 =1,2,0.0,n,) (3)
E, = (k, n)z I, (k = 1,2,0”,77.03)

m=4 n=4
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det' = det (2),) assumed £ 0 (with k&l=1,2,...,n )
Yy = Cof Zyy /det’. (L& k=1,2,...,n ).

Then from the fzrst of the eqs. (3) we have:

Z; 64 Z”j(k mI, sy ). (n=1,2,...,n) (4)

kel
Hence, substituttng these expressions in the second of eqs. (3), we

t:
e Z‘(k n)U, ;m- (k,n)z (Im—zg;(l,m)lusl)=-Ek (}tzl,a.,,-nvs)

that is: i,, ~
2 zklIvsl=(Ek+Ek)" (It:l,.?,.,“,nvs)o

Consequently: L ”
Ivsk= ykZ(E'Z.+El) (k=1,2,ooo,nvs); (5)

and substituting these expressions in eqs. (4) we obtain:

nl
Un=;;z-nm[fm-gi(k m)ykZ(E +E')] (n-] Sy ’nr) (6)

1ed

It can be checked that the U, given by egs. (2) satisfy egs. (1),
and that the U, and qu‘ given by eqs. (6 & 5) satisfy eqgs. (3). as
an exerctise.

Even though the above formulas for the solution of the complex
canonical nodal equations of a network are of great theoretical im-
portance, in a given particular case of a specific network it is bet-
ter (when nUS>>O) to first soluve the second of the egs. (2&m:gr n,
of the complex nodal potentials U in terms of the (known)Aeleciro-
motive forces Ek of the voltage sources and the other complex nodal
potentials, and then to eliminate them by substitution in the first
of the egs. (3). In this way we obtain a system of né(:number of in-
dependent nodes of the given network) equations in né unknowns. By
solving these né equations for the né unknowns left in them (in prac-
tice the best way is by systematic successive eliminations) and then
reversing the previous steps, all the unknown complex nodal potentials
vsy (k=1,2,,ao,nus) through
the voltage sources can ke obtained. They should then be substituted

»nodal
into the complex canonical,equations to check the results.

u, (n=1,2,...,né) and complex currents I

Once all the complex nodal potentials Un and all the complex cur-
rents IU have been obtained (and checked), all the complex voltage
drops V, (k=1,2, YO8 ) across the general parallel elements of the
network may be obtaéned by means of eqs. (0) of the introduction to

(or; in practice, by egs. 1

this chapter; and then all the complex (terminal) currents I, (=13 " e)
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entering (and leaving) the general parallel elements in the refer-
ence directions assigned to them may be cbtained by eqs. (1) of &1.
Finally, all the complex currents and vcltages can be trans-
formed back to the actual (time dependent) sinusoidal currents and
voltages of the same angular frequency as that of the sources, by
means of the fundamental isomorphism between complex numbers and
sinusoids of the same angular frequency, as explained in Ch. V, §2
(p. 150); and we may be sure that these sinusoidal currents and
voltages shall satisfy the original (time dependent) integro-differ-
ential equations of the network as a consequence oOf the cne-~tc-one
correspondence between sinusoids of the same frequency and complex
numbers which transforms the original integro-differential equations
into the complex equations of the network and viceversa. Howeuver,

this final step is usually omitted because it is constidered trivial.

: ) . , R (atso called aratural zrpies fruguenc )
Problem. If p=0+iw is a generalized natural freguency,of d
4

network, the general equations of the network with all the exciting
functions nullified shall be satisfied by resgponse functions of the
form A eotsin.aut-+ad, or of the form Aexp (pt) Assuming all the
network parameters to be constant and all the exciting functions to
be null and all the currents and voltages to be exponentially modu-
[ated sinusoids of the above form, and then using the ocne-to~one cor-
respondence between such functions and complex numbers considered in
Ch, IV, §6 (in the manner used in Problem 4, Ch. IV, $6), show that
ifpils a generalized_natural frequency of a (stationary) constant
pa;aﬁeter network of general parallel elements we shall have (when
nUS>()and assuming the elements with a voltage source to be number-

ed first):

n, Ny,
y_ U+ (k,m)I =0 (m=1,2,...,n")
= - _ 2
(k,n)qn =0 (k-1,2,°b#,nusmnn)

=L
vhere ymnf:ymn(p) are the nodal admittances at the generalized fre-

quency p, namely: ymn=9mn**°mnp*'%mv7’<399 eqs. 6 of $2), and v,
(n=1,2,...,né) and I (k=1’2’°°°’nu3) are the complex numbers cor-
responding to the exponentially modulated nodal potentials and cur-
rents (through the nullified voltage sources), respectively. Finally,
assuming that the above egs. (7) are not identically satisfied, and
that they have a non-vanishing solution, show that the generalized
natural frequency, p, Of the network must satisfy the following de-
terminantal equation:
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Y Y2 " 3”)' 0 (37 (”u,/)
Yo, Yaa - Yan, (/.z) (z.z) + (1ys)%)

.e ‘ . e e e
N I . ', rm! ho., ' ymn(P) *, ”’)rmn o
; Hn,'l y'#z .o %,‘ (/,”,)(3;’%) ('Lgn”.) (bt een ) Ut )”:59-
G- 6 0 o +oo O | = [T ek tk) o (g
g (o,0(2,8- - (3n)0 © - .- 0O (k,n) 0
el . (fe=1,2, 00, Nyg)
I ) | (1=1,2)0m,)

(m.O(".:’) )0 0 ~ -+ O

nycolumns — >< Ny columas - >
When the number Nys of voltage sources in the network is zero,

the determinantal equation satisfied by the generalized natural fre-
quencies p of the network reduces to the following equation:

Yo Y2 Y
det (v, ) = [ dl= [( Gpntepnp + $pn/P)l = | 2 * Hm) = 0. (9
yn, y';" 'yl‘;,’ﬂ;

§5. EXISTENCE AND UNIQUENESS THEOREMS FOR THE NODE METHOD.

Consider an arbitrary network of n, general parallel elements
connected into n_ separate connected parts (components) with n_ nodes
, C indépendest a n
(i.e. with né=n ~-n and n n. independent meshes In which all the (cur-

rent and voltag:) sources have sinusoidal values of angular frequency
w#£ O. The-general complex equations (1, 3 3, &§1) of the network
shall have o solution If and only if the network has a sinusoidal
solution of the same frequency as that of the sources; morecver, as-
suming the network to have only nUS(SnA) voltage sources, inserted

in the elements 1,2,...,n ‘the complex canonical equations (2, €2)

2
of the network shall have gssolution if and only if the general com-
plex equations have one (see the general comments given in Ch. VI, §5);
hence the existence of slnusoidal solutions is equivalent to the ex=
istence of solutions of the complex canonical equations.

Also, the unlcity of a sinusoidal solution is equivalent to the
unicity of the solution of the general complex equations; because of
the tsomorphism between sinusoids of the same frequency and complex
numbers which establishes a one to one correspondence between the

e corres, wns

clnuSOldal rrents and voltages and the complex currents and volt-
agegqof a network Furthermore, the unicity of the solution of the

general complex equations is equivalent to the unicity of the solu-
tion of the complex canonical equations. For it is clear that the
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complex nodal potentials Un (n=1,2,.,.,né) and the complex currents
Ivs‘ (k:l,.?,...,nvs) through the voltage sources (which are the un-
knowns in the complex canonical equations) determine the complex
voltage drops Vk and the complex terminal currents Ik (k:l,?,...,ne)
through the general parallel elements (which are the unknowns in the
general complex equations) of the network uniquely, by eqs. (0) of
the introduction to this chapter and eqs. (1) of &§1. And the con-
verse of this is also true. Because {f there were two sets of Un
and IU (with differences zﬁUn and ZSquR corresponding to a unique
set of Vk and Ik then from eqs. (1), @1, we would obtain by sub-
traction: AQI b3y =0, and from egs. (0) of the introducticn to this
chapter we uould obtain by subtraction:

i(k n.)AU = 0. (k:Z,2,.,,.,ne) (1)
Lonseguently: n ! " ‘
Z(Z(h:w/-w.)—’ YR (k.m)I,) = O. (2)
el N=4 Nn=4 re 1=1 ]
But the expressions k, n)I are linearly independent {cf. C’hv II,

€3), and so all their coefflczents AU must vanish (cf. 22, p. 56);

heace the U and I are uniquely deter:‘zinea‘ by the V, and I,, toc.
n vsg “ k k
or.3§4
Now the complex canonical equaticns (2, §9) of a given network

of general pcerallel elements shall have a s0i utwn. for arbitrary sin-
uzcidal gources of the same angular fregusncy w if and only if the

determinant of the coefficients of the unknouns does nat vanish, t.e.,
L/l'z(iw) y12(i60). yjn!\lw) \-Zs-'-.) (2,1/...(3‘11)3,-2)

Y5, (iw) “Zg(Lw).‘.gpA’,l(Lw (1.2) (2,22...(n _,2)

® 9 U O e @0 89 860 s e 8 ® v e 5 s 0 0 2 9 0 c o0 LR B A . ] LK

A_ yn’,‘l(iw) nn!lw) --y r(’-w) (1, n,_) (6 .. vs’n") L 0, (3)

(1,1) (1,2) e (.Z,nn, O O e o e O
(2,1) (2,2) ... (2,n') 0 o ... 0
(nvo’l) (n ,z) . (n ,né) 0 0O ... 0

(here the danttn) are give s. (1), §2
the la°%"d§gr $;7g%§$n0; c% lumns being omitted when n,_=O; and then

(and only then) the solution shall also be unique for gzven sources.
Networks for which relation (3) holds are called non-singular net-

works (of general parallel elements), and when no mention is made
to the contrary we will clways assume the networks considered to be

nori~singular (which is no practical limitation; 3‘3 %heemé’ﬁki lonn ch. f%) §7
(Note that w cannct be a ratural aigular fmgyemy ef the retwork w/rw; (2) folds. ) '
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When the relation (3) holds for a given network, the unique
values of the unknown complex nodal potentials U, (n=I1,2,...,n’)
and complex currents Ivs‘ (k=1,2{,..,nus) through the voltage
sources can be obtained by Cramer's rule, namely:

v = A /A (n=1,2,...,n0), IUS;AW/A (k=1,2,.00,n, ), (4)

n"‘vs
tained from the determinant A given above in (3) by replacing the

elements of,the.ziﬁ column by the elements Ij, fé,..., In;’_Eﬁ’ '52’
...,-Enw{i.e. by replacing the tiﬁ column in Zi'by the column qf the
independent terms in the eqs. 3 of &§4). The I (n=1,2,...,né) are
given by the first of the eqs. (3) of &4, and the B, (k=1,2,...,n )
are the complex electromotive forces of the voltage sources.

Note that in non-singular networks, the only possible solution
when all the sources have null values is the trivial null solution
(with all the currents and voltages = O). Because all the ASL in
eqs. (4) are then zero, since each will then have a column of zeros.

When the relation (3) does not hold for a given network, any
sclution that may exist shall not be unique at any rate (see the re-
marks on p. 180); .and a solution shall exist if and only {f the rank
of the square array within the determinant:ﬁrgiuen in (3) i3 the

where zﬁl-(l=1,2,...,n&,né+1,,..,n'+n ) ls the determinant ob-

same as the rank of the augmented table obtained from it by annexing
~ ~~

a colunn with the entries: Il,I2,..c,fAA,El,Eé,..,,En(amich is
equioalent to say that the complex canonical equations of the net-
work are linearly dependent for %ﬁ%e articular zources giuen)o rs
£f<né+nus) be the common rank, theri,r of the complex cancnical equa-
tions of the network are linearly independent (and no more) while
all the rest are linearly dependent on them; and the values of (some
set of) né+nus—r unknowns are arbitrary while the rest can be deter-
mined linearly in terms of them by Cramer's rule, from the r linear-

ly Independent equations; moreover, the unknowns thus found will sat-
isfy all the complex canonical equations of the network.

Of course, in any specific cdse, all this (whether the eguations
have a solution or not, the rank of the system, which equations are
lineariy independent and which depend on them, which unknowns are
aréitrary, and the solution itself, if any exists) can best be in-
vestigated by Crout's process, as explained at the end of the appen-
dix to Chapter VI.

Problem. Show that: det:det(ymn);éo & det'=det (zkl)#O (see §4)
implies A#£0, and if n,<n, s AN#0 implies det #0 & det';éo.[&b’l"’”a'ﬂ’é‘s:]
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§6. THE SUPERPOSITION PRINCIPLE.

The superposition principle for an arbitrary (stationary con-
stant parameter) network in the sinusoidal state can also be estab-
lished by taking it (as can always be done) as a network of general
parallel elements, with the general complex canonical eqs. (3), €4,
whose solution is given by eqgs. (4, §5, when the network is non-sin-
gular. This undertaking is unnecessary of course, because the net-
work may also be taken as a network of general series elements, for
mhich the superposition principle has already been established in Ch.V.
However, it may be instructive to do so, even if only briefly.

In the first place we develop each of the determinants zﬁl
(l=1,2,...,né+nvs) in eqs. (4), &5, according to the corresponding  th
column. In this way we obtain each of the complex nodal potentials
Un (n=1,2,...,né) and each of the complex currents through the volt-
age sources, I (k=1, 2yevesny ), as homogeneous linear functions of
the I (n=1, 2,.J€,n') and the E (k=1 325000y ) Then replacing
the T' by their expressions gtven in the fzrst of eqs. (3), 84, we
can obtazn all the U and I as homogeneous linear functions of the
complex currents ICSk (k=1 2,...,n ) through the current sources and
the complex electromoiive forces E (k=1 2,...,nus) of the voltage
sources of the network. In short, each Un and IUS is obtained as
a linear combination of the complex source values of the network.

By eqs. (0) of the introduction to this chapter, and eqgs. (1)
of 81, we can then obtain each of the complex voltage drops Vk and
complex terminal currents Ik in the elements_ﬁf:l,?,...,ne) of the
network as a linear combination of the complex values of its sources.

Then, from these results (as was done in Ch. VI, §6), we can
infer that each Un’ IUS ,
age) of the given network can be obtained by superposing (i.e, adding)
the corresponding quantities in the auxiliary networks obtained from
the given network by nullifying all the sources except one at a time.
This is the first form of the superposition principle.

It can also be inferred that each complex current and voltage
of the given network can be obtained by adding the corresponding
quantities of the auxiliary networks obtained from the given network
first by arbitrarily grouping all the sources into mutually exclusive
classes and then by nullifying all the sources except those of one
of these mutually exclusive classes at a time. This is the second

form of the superposition principle, which clearly includes the first.

Vk’ Ik (i.e., each complex current and volt-
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CHAPTER VIII: NETWORKS OF TWO-TERMINAL STRUCTURES.

In the preceding chapters we have given the general theory
of networks of general series elements and of general parallel
elements. As we have saild before, any network may be considered
ei{ther as a network of general series elements or as a network of
general parallel elements, so that any further considerations are
not strictly necessary. However, it is sometimes convenient to be
able to consider more general consistent inter-ccnnectied collec—
tions of basic elements with two avatlable mutually accessible ter-
minals (by which tgmay be connected to other such things) as the
generic elements of a network. Such consistent inter-connected
collections (networks) of basic elements with- two auailable ter-
minals (considered as units) i ll be called two-terminal struc-

non-zero value

lures or boxes. When no sourchzo inciuded in a box, the struc-
ture will be called passive, otherwise it will ne called active.

Of course, a given collection of basic elements inter-connected

In different ways, or with distinct pairs of mutualiy accessible
nodes chosen as terminals (even if they are inter-ccnnected (n the
same way) gives rise to distinct boxes.

In this chapter we propose to give the general theory of (sta-
tionary constant parameter) networks of zuch tuo-terrminal structures
in the sinusoidal staie. Qur previous results will then be partic-
ular cases of the results of this chapter.

S 1., THE GENERAL CONCEPTS OF IHNPEDANCE ANLD ADMITTANCE.

sive two-terminal hkox with the nutugal-

Consilder an arbitrary coss o)
ly accessible terminals g and b (see Fig. 2). Let us assume that a
passive
ar box b
1 .
i Frg. U.
| 50
L._—.“_h-——-,

sinusoidal voltage source of anguiar freguency w L& cvonnected be-
tween the terminals g and b, as indicated by the adotted lines in

the figure. Since the terninals g ani k are (assuned to be) mu-
tuaily cecessible through (elements wiihin) the box, we =~an be sure
that the voltags source will be an eogsential element {n the augment-
ed network jormed by the box and the source; i{.e., the scurce wilil
belong to a certain mesh in the augmented network, which we will
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take as the mesh 1,and in which it may be taken as the key element.
Now let us choose within the box a complete independent set of mesh-
es, which we willl number 2, 3,..., Ry then the set of meshes 1,2,...,
n,shall be a complete independent set of meshes in the augmented net-
work (cf. Ch. II, $4). Since this network has a single source, name-
ly a voltage source, of complex value E (say), which belongs only to
the mesh 1, the complex canonical mesh equations of the network may

be written as follows:
i: Zipdn = E

n‘w'l‘lcz.,m‘fybnf';aMges §‘ P4 J O’ (m='2,3,o.o,n )
:ﬁéﬁzﬁlg i ‘:,fl'w"" ourvents =4 mnon entering the box m

and we Know""fﬁat J1 ils the complex current, through the voltage source.
If det(zmn) does not vanish, the above equations (1) may be

solved uniquely for the complex mesh currents J, (n=1,2,...,nm).

The only one we are interested in now (s Jl,for,which we have:

J,=Ecofz,,/det(z_ ). (2)

If our box is part of an arbitrary network in the sinusoidal
state (at the angular frequency w ), let V be the complex voltage
rop, and I the complex current, through the box (in the same arbi-
trarily chosen reference dire:teiso%), and let Jr’1 (n:é’,},...,nm) be
the complex mesh currents ln the meshes 2, 3, vess of the box.
he complex currents I and J

(1)

>

e+

# Ay o
box SHerd ¢ trewl/p

@

sl

125

b

pr <t

. (n=2,5,...,n”) substituted for the
v (3
('r:.=1,2,...,nm) will satisfy the same egs. (1), For m=2,3,...,0

Ao 1erming! g opd & oF e
~ "3 ¢
o

o e -I,l

“n
wilh the same coefficients z

1

m

&

mn’ and the complex voliage drop ¥V will

te gtven precisely by the first member of the first of eqs. (1), al-

(note AL
mash L 3

so with the same 'zm‘,,:'; andjaunder the conditions assumed aboue, the
complex current I willi be given in terms of the complex voltage drop
VY uniqguely by eq. (2), with £ and J_Z replaced by ¥V and I, respectively.
Hence, in any case, for a given angular frequency, the ratio of
the complex voltage drop across the box to the complex current through
it will be constant, namely:
V/I = E/J, = det(z, Jicofzy,. (3)

This constant of the box i{s cailed its imogdance at the angular
freguency & ; and the inverse is called its admittance. It can be
chechked that all our previous uses of the words (self) impedance and
adnittance gre consistent with the prezent use of the words.&cpmki,hh)

)

Denoting the impedance of a hox

C

by Z, and its udmittance by ¥,
the complex voltege drop ¥V, and the complex current I, through it (en
the same reference direction) -
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shall then te related by the equations:
V=2I and I=YV, (4)

where (in the notation given above):
Z=det(zmn)/cof211 and Y=1/Z=cof211 /det(z”m). (5)

Except for the explicit expressions (5) for the impedance and
admittance of the given box, the above resuits can also be obtained
by using the existence and uniqueness theorems, and the superposi-
tion principle, by what may be called a guess and check method. If
the box is connected in a network, and V is the comgiex voltage drop
across it (from the termianal a to the terminal b, say), let it first
be removed from the network and then connected tc a volitage source
of complex voltage rise_g_(from_g to_g) equal to V. In this situa-
tion, under the conditions assumed above, the existence and unique-
ness of the complex. currents and voltages in the bcx is guaranieed;
and ¢ they shall be the same as when the box was connected in the
network. (We guessed that they were the scme, and that they are (s
proved by this check.) Finally, the pPOQortﬁmﬂly belween the com-
blex current entering the box and the compiex voltage drop V=K coross
e 3ource).

it follows from the superposition principle (for a sing

Both the impedance Z and the cdmittance Y
crn the angular freguency @W. The real zurt cf lied the squiv-

Q
(o]

ent or ‘effective resistance (or resistiuve

its impedance) at the giuven frequency, i § irmuygingry gart is

called the equivalent or effective reaciance (o« reactiove part) of
e

the box (and of its impedance), at the given frequsncy. #When the
v

gquivalent reactance of a hox Iis positive ot a given jfregquency, the

box and its impedance are said to be Inductive al the glven freguen~-

cy; and when it is negative, they are said to bLe copecitive at the
gtven frequency. When the equivalent reactance (s zerc, the box and
its impedance are said to be (purely resistive at the given freguencu.

Similarly, the real part of the cimitiancez ¥ is callea the
eguivalent or erfective conductance (or conductive puart) ¢f the box

(and of its admittance) at the given Freguency, i its fmaginary

part is called the equivalent or effective susczotance (or suscep-
tive part) of the bor (and of its admiitance), at the yiven frequen-
cy. when the eguivalent susceptance of ¢ box is sositive at @ quen

equency, the box and its admitiance are salid to by gapacitive at
he given freguency; and when it s negatl they zre said to be

inductive at the given freguency. Otherwise, they ure said toe ope
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(purely) conductive at the given frequency.

A generic name for an impedance and an admittance of a two-
terminal structure or box is the useful word: itmmittance (or the

word: adpedance; see, e.g., Bode, Network_Analysis and Feedback
Amplifier Design, van Nostrand, 1945, p. 15). These terms are
sometimes used as synonyms of the word box as used here.

Problem 1. Compute the impedances and admittances of the two-

terminal structures shown in Fig. 1. 1a a
R L ]
a &l ¢ FE r G "¢ .
F'ﬁ i vb ‘b_

Problem 2. Let R be the equivalent resistance, cnd X the equiv-
alent reactance of a box with the impedance Z. Let Y be its admit-

tance, and G and B its equivalent conductcnce and susceptancze, re-
spectively (all considered at the same angular freqguency). Show

taat: V¥ =1/2=3/121 - - i - @ 418,
G =R/(R*+ X*), B=-X/(R*+ %), (65
z=1/v=Y/IrI’- sz ot - iy = R+ 1A, |
R=G/(G*+ B*), = -B/(G*+ B*).
cw {

From these formulcz, sk

\l

tive, or resistive, (F aona.only ijf fthke admiitance g induciive,
+
¢

capacitive, or conductive, regpec

)
mittance is uniguely defined.
Problem 3. If Z, (k=1,2,...,n) are the impgdcrces ¢ n boxes

cegnnected in series 23 shown in Fig. &, show tihat the impedance

the combination is the sun o/ the linpedances: =17 +Zyt.e 4L, . (7)
The admitiance of the series cembination i's then: Y= 7 i Vile---Yp ; '
)l/..;);.'.*..--f-s;»-'){ hd
—{Z {2}~ --{Z)—  Fig-2

froblem 4. Ir YV, (k=1,8ycc.,n) are ihe adniltances o) n boxes
connected in parallel as shown i{n Fig. 3, siow thal itne agumittance ¥V
of the combinaiion is the sum of the @ih_2231393: Y’-}fffcf..u*yno (&)
The impedance of the parailel cambmal:/o» i3 then: 2 = -1 5.25.--Z, 1 €
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Problem 5. Using the results of Frob. 3 & 4, find the impea-
ances of the following structures with the terminals a and b. ﬁbjsl¢)

Fi /f;\s, 4,

Problem 6. Compute thejémpedances of the following structures
com,
with the terminals a and b.,/1 (Hint: Establish the scanonical equations
of the network obtained by connecting a voltage or current source be-

camplex
tween the term:na%s a and b, and then find the q«oi+@n¢ of the, Sbct—
omplex
age rige to theAgurrent through the source; this is the impedance.)
= e = e e i e i |

a | ,\% % o LW
! | -1
4, I Figs.d. & | T : : ::

A — e o

In some cases, when a given two-terminal structure ccntains
many elements of the genorai rarallel type, it is better to compute
the impedance and the admittunce of the box (at a given frequency)
by making use of the complex canocnical nodal eguationg i{nstead of
the mesh equations (1). If the box has n. nodes in n separate
parts (=components), ii shall hcve nnnnn""' independent nodes only.
Assume that two mutually accessible rode ard b (on the same com-

ponent) of the box are iakan as the two mirnzis of the box, and

let us connect a sinusoidal (vcliaye or current) source of the given
. . ‘pade & as the wode 1 ancl .
JFreguency between them. Taking *noAnode_Q as the base node in the

¢y

corresgponding compongnt, and Jdenoting the complex current, and the

e source (from b to_g) by I and E,

L 8

mplex voltage rigse, tarouwgh
respectively, the conplex canonical nodai eguaticns of the augmented

network fcrmed by the Lox wnid the source wili L2 the following:

¢ [}
Ny
! = T g =0 = ¢ R . = 5
2 :yann 1, 2 :*mndn 0 (m=2,3,. *n e Ul E (9)
n= =1 complex
where the gm_ are the nodal comittances wnd the Ur are thqdnoda7
e [3

2
potenticls (referred to the corresgonding base nod

I det(y., / dnaz aot venissh, the egs. (HB) may fe solved unique-

ly for the 'umolg. nodal peotentials Un 28 followss
U = Icofy, /doilu__ ). 10
n v yl.:l I(_-an ("- )

The only one cof these wz are (nterested in (fo Fina the impedance Z
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arnd the admittance Y of the box) is Ul; and we have:
Z = 1/Y = E/I = UJ/I = cqulz/det(ymn). (11)

In any specific case, the impedance and the admittance of a
given passive box whose internal structure is known can best be
computed by obtaining this expression (11), or the expression (3),
SJrom the complex canonical equations by Croui s method.

Of course, the Iimpedance and admittance of a two-terminal pas-
sitve box at a given frequency can also be obtained experimentally
(without a knowledge of the internal structure) by connecting a
sinusoidal source of the same given frquency between its two ter-
minals, and then measuring the effective voltage rise [Eland the
efrfective current /1 through the source and the phase angle, % =
ang EF -~ ang I , between them. The impedance Z and the admittance Y

r ’ : IEl
are then /I[Q' and /—E‘;Q ) (12).

Definition. When a passive two-terminal box is taken as a

nziwork of elements. of the general series typd and the determinant
of the impedances of a complete independent setr of meshes in the
hox with its two terminals connected together does not wvanish, or
wheor. the two-termincl box is taken us o neivork of elements of the

E

al garallel type and the determinant of the nodal admittances

-‘(\

i
n

nct vanisi, then (and only then) the bdox will be called a

O

A~
(SR~

£

non-stagular 50x.

§2o. SYSTEMS OF TWO-TERMINAL PASSIVE STRUCTURES.

Let us now consider a set ojf W magreticaily coupled twoc-ter-
passive structures, numbered 1,2,...,N, as chown in Fig. 1. We
again assume that the terminals of eqch box are autually accessi-
ble through elements within the corresponding box, and that a ref-
erence direction is arbitrarily assigned to eachi Lux from one of
its terminals to the other. Sugpose that sinusoidul {voltage or
current) sources of the sume angular jrequency w are connected
across the terminals of each box (acs shown by the dotted lines in
Fig. 1), and let Vk and Ik denote the complex voitage drop and cur-

—_———i -2 = N
L JE Aw
‘\ l\, V. Li ( /\' % 2 PR I IR R B I IR} » ( l‘ VNN F/'i,i.
tT N
Lo L Lo
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rent (respectively) from one terminal to the otfer through the box
Kk in the assigned reference direction. In the rss.iting network
formed by the boxes and the‘sourées connected gcrcss their terminals,
each of the sources will be an essential element. Taking the source
connected across the box k as a key element, lei us complete a mesh
through elements of the box_§3 which will be taxen as the mesh k
(=1,2,...,N) oriented in the same sense as the box. Besides, let

us choose a complete and independent set of meshes within the N box-
es, which will be numbered N+1, 1V'+2,.,”,nm° Ther. the set of meshes
1,2,,.,5nm will be a complete and independent set cf meshes tn the
network formed by the boxes and sources, the compiex canonical mesh
equations of which are:

- - 7 )
> zpdn =V (=125 ) (1)
”_1Zann = O (m=ﬂj+1,eea’nm) (]b)
sz Ik (k=1,2,“.,,f.’) (1c)

e the Jn are the complex circulating currents around the meshes
/1(:1}2,..¢;nm) and the z_ are the mesh impedances. (In particu-
iar, notice that for m=N, zm is the impedance of the mesh m with
the terminals of the boﬁﬂ%onnected togethera)

#hen the determinant of the mesh ingedances does not vanish;

«Q

the system of egs.la,b shall be consistent und iinearly independent,
urd then the complex mesh currents J, (n:zl,zﬂ;.u,nm), and therefore
all the complex currents itn the elemenis of the boxes, shall be de-
termined uniquely by the complex vcltays arcos Vk (h=1,25...,N)

across the boxes, and viceversa. If, furthermore, the minor in the

geterminant of the mesh impedances corresponding to the last nm—N

(et aguations) Cor un knowns) . . o
rows,and columns,clso does. not vanish, then the system of egs. (1b,c)

shall also be consistent and linearly indepcndent, and then the com-
plex mesh currents Jn (n==1,2,u.°,nm) will uisc be determined unique-
ly by the terminul complex currents Ik (k=1,2,...,N) traversing

the boxes, and viceversa. Consequenily, when both these conditions
are satisfied, the complex voltage drops Vk (k=1,2,...,N) across

the boxes shall be determined uniquely by the complex terminal cur-
rents Ik (k=1,2,...,N) through the boxes, and viceversa. (In any
case, when the second of the® conditions is satisfied, it can be
seen that at least the complex voltage drops Vk across the boxes

ll be determlned untquely by the complex terminal currents Ik
through them. )
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When the determinants det(zmn) for m & n==1,2,°°c,nm, and

det(z__) for m & n=N+1, N+2,...,n_, do not vanish, the system_of
mn- -~ ) m (at_the angular fraguency
N boxes will be called a non-singular system of boxes,; and,unless
/1

otherwise explicitly stated, we will always assume this to be the
case. What we have proved above may now be stated as follows. In
a non-singular system of boxes, the complex voltage drops across
them are determined uniquely by the complex terminal currents trav-
ersing them, and viceversa.

The explicit expressions for the complex voltage drops Vk a-
cross the boxes in terms of the complex terminal currents Ik trav-
ersing them (k=1,2,...,N) can be found from egs. (1) by eliminat-
tng the complex mesh currents Jn’ in which we are no lLorger (theo-
retically) interested. Putting det::det(zmn) for m & n==N+1,,,=,nm,

and: ~
Ypn = €OF 2, / det On&rl:AHJ,DG@,nm), (2)

we obtain from equations (1b) and (1¢):
n,

= - Y _ ’ \
J, = E YomZmili (n-N+1,,e=,nm/= (3)
M=A =1

Aence, substituting in equations QaL we obtain:

% Z. I (k=1,2,...,N), (&)

k 7=4 ki™1

N
zkl=zkl_§ E 2z Y2 (k&1 =1,2,...,N). (5)

PI=NH =N+
In any practical case, {t is best tc obtaintgqso (3) directly

where:

Fron eqs. (Ib) by Crout's process, gfter replacingAeJn for n2N by In"

Eqs. (4) may be solved for the complex terminal currents Ik
(ulso) as homogeneous linear funciions of the complex voltage drops
Vk across the bcxes, tﬁys:

I, - E Vog/,  (h=1,2,...,0), (6)
=4 i

Y

where:
xi = coj’Zlk,/ det(Zklj (k& l1=1,2,...,N). (7)
And, of course, we also have:

Z,, = cofY;, / det (Y.} (k&l=1,2,...,0). (&)

In any practical case, these gquotients of the cofactors di-
vided by the corresponding determinants can best be obtained di-
rectly by Crout's process from equations (4) and (6), respectively.

Now assume that our non-singular system of N boxes is part of

a network in the sinusoidal state at the angular fregquency w, and
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let the complex currents traversing them be I, (k=1,2,...,N). We
assume that our system includes all boxes that are magnetically cou-

.

plg'c;f%tigo?é?i%?j?ggc/?%t the complex voltage drops across the box-
es will still be given by eqs. (4). Because, if these were Vk, we
could disconnect the boxes from the network and connect sources pro-
ducing complex voltage drops VA and complex currents Ik through them,
as can easily be proved by the guess and check method (§1, p. 217);
but since the complex terminal currents Ik determine the complex
voltage drops through them uniquely, we must have V':LQ{(R:Z,ﬁou,N),
Hence, whether the non-singular system of boxes is part of a net-
.work or not, the complex voltage drops and currents through them

are related by the uniquely determined homogeneous linear relation-
ships (4) and (6), once the reference directions are assigned.

The categorically determined coefficients, Zkl (k&:2='£&;k;’N)5
in the homogeneous linear relations (4), which are in general, func-
tioris of the angular frequency w of the apgplied sources (and in
fact, explicit functions of «wi), are called the (self- and nutual-)

{mpedances of the system of boxes. Z,,, which is often written sim-

cly Zk in practice, (s called the self-impedance of the box K in the

presence of all the other boxes of the system (or simply its imped-
cnce), and should carefully be distinguished from the impedance of
the box b1 itself, i.e. isolated, not an element of a system of box-
ez, Likewise, Z,__Z is culled the mutual-impedance of (or between)

AL
tiie boxes k£ aad L (at . the angular frequency W ) in the presence of

all the other boxes of the system, and it should carefully be dis-
tinguished from thelr mutual-impedance when they form ¢ system of
two bcxes alone. (zkk may be considered as the mutual-impedance of
the box k with itself, in the presence of the other boxes of the
system.) FEgs. (5) give us the self- and mutual-impedances of a
system of boxes in terms of their internai structural quantities.
Similarly, the categorically determined coefficients, Y

7
kK&l =1,2,...,/l}, in the homogeneous linear relations (€), ar

e

{ e
cailed the (seli- and mutual-) admittances of the system of Soxes,
at the giuven aaguiar freguency Ww. Y ofterc written simply Y

. e
. k.K.} y
tn practice, (s culled the self-admittance (or simply cimittance)

r

of the box k, or i{ts mutuai-admittance with itself, in the p
¢f all the other boxes of the system; and it shculdeare
atstinguished frow the cdmittance of the box by itsel

It 1s not part of o system of boxes; in particular then, in general
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Yk is not the inverse of Zk’ as it ts when the box k is magnetical~-

ly isolated. Likewise, Ykl is called the mutual-admittance of (or

between) the boxes A & | (at the angular frequency w) in the pres-

ence Of all the other boxes of the system, and it should carefully

be distinguished from their mutual-admittance when they are alone.

Of course, in general ykL is not the inverse of Zkl’ not even when

the two boxes k & 1 form a system by themselves (as can be seen

from eqs. (7), which give the Y,; in terms of the Zk’) (See Prob. 3bebW)
We again caution the beginner to distinguish between a box (or

a pair of boxes) when it is part of a system and when it i{s not,
- . N 1 if k=h
Problem 1. Show that: 2 Y1125 = ; A 3111 {o A

Problem 2. From egs. (5) show that Z,,=2,;, for all k & 1;

and then from egs. (7) show that Ykl= Y’k for all k & 1. This is, in
essence,

Aone form of the reciprocity theorm for networks of two-terminal

passiuve structures (boxes). See Ch. IX, §1.

Problem 3. Show that in a sustem of two boxes (N=2), we have:

Y, =12,/det, Y2:=Zz/det, Y12 Z,4/det =Y, where we
Aave put: det =24, - 2,525, = L,05- 2%
Lroblem 4. CShow that when for a certuin Kk, Z,.=0 for all l#k
and QK#CU we shall have: det(Z kl/ Z,cof Z,,. Thence infer that
Jor such a k&, we shail Rave: , —1/ Conoequently, the self-

tmpozdance and tae selj-udmittance cf a box not magneiically coupled
witi the oiher Soxes ofF a ecystem are reciprocal to each other and
colactde, respectively, with the impedance and admittance of the
Box a’eﬁigu itself, as defined earlier in $€1.

Problem 5. Considering that each mesh impedance Znn in eys.
(2 £ 5) is of the form: R+iwl +S/iw, show that eachk box immittance
(impedance 2 and admittance Ykl) is o ratiocnal function of wi.

Al fhe te rminology established for immittances oj Isolated

q\

two-terminal structures (boxes) in §1, is also used for boxes of
ve

e

¥y o~ 4
3L

[l.

eyulvalent resistance (or res

~~
©

a system. Thus we speah of ¢

i

partl), the eguivalent conductance (or conduetive part), the gquiv-
alent reactance (or reactive part), and of the equivalent suscept-
ance (or guscepiive part) of a (self~ or mutugli~) immittance (=im-

|

pedance or admittance), at a given frequency; and we aisc speak

of un immittance of being gapacitive, inductive, or purely resis-

73

tive (or conductive) ut a given freguency; Jjusi as we did in &1
for itsolated boxes.
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In some cases it is better to compute the impedances and the
admittances of a system of boxes (at a given frequency) by using
the complex canonical nodal equations instead of the mesh equations
(1). Considering the network shown in Fig. 1 again, let n, be the
total number of nodes, and n, the total number of components; in
the N boxes. Then the number of independent nodes shall be N’:nn«n:
Let us choose one terminal of the box k(=1,2,...,N) as a bdse node
Ok
after omitting exactly any one node in every cother component, iet

“tarbitrarily)

uianumber the rest of the nodes consecutively from N+1 to N'.

and the other terminal as the node k, as shown in Fig. 1; ard,

The complex canonical nodal equaiions of the networh are then:

; ymn n = Im (m=1,2,...,N) (9a,
- - - 14 12
Z;ymn(/n = 0 (m=N+1, N+2s5.0.,N") (9b,
U =V, (n=1,2,...,H) (9¢.

where the Un are the complex nodai potentials @voliage drops from
the nodes n to the correspcending base nodes in the same components)
and the Y., are the rnodal admittances. (Wotice that for nSH, Yan
is the seif-admittance of the termina. n of the box n with its ter-
minals loose.)
ting the complex potentials U, (rnSN) of the first N

nodes, given by 2qgs. (Soi, into eqgs. (9k) cr¢ szcluing for the other

- !
>4 4 A YR A *
UZ = - _5_ 277‘."ﬁ.y.7i'lrll/l \n = Wil yeovc :,.nf 7 (JO,I
wiere we have put, for m & n = N+#l, H+2,...,0":
N, . ’ 7y -
7,/ Wiih m&n=N+1,... K ,Z (
ouStltLtLl th2 pxeress ions (10) into eqgs. {(9u) we then get:

Z(yﬁ.l. ; ;ykr," mn nl/‘/l I; (k.:]sg,.;:,}v). (12)

m=N#| D=N+I _ A
Comparlng these eguations with egs. (6) we obiain for the ad-

det = det(y

mittances of the boxe%,of the system (self- and nmutuci=:

th Yr! _Z/ YionfmnYnl (h&l=1,2,...,0). (13)
mM=NH N=Nb
The (self- and mutucl- ) box impedances can then be found by egs. (8)

We might add that, once the complex uvoitage drops and currents
through the boxes of a system have beein cvbtained, the Iinternal com-
piex currents ard volitages may be obiuined either by first finding

the complex mesh currents from egs. (Za,b) {with whick the internal
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branch complex currents, and then with these the complex voltage
drops, may be found in the usual way) or else by first finding the
complex nodal potentials from eqs. (9a,b) (with which the internal
complex voltage drops, and then with these the complex currents,
may be found in the usual way). éfaykwa@ubr#wgamgaa
The self- and mutual- tmmittances of a system of boxegAcan

also be determined (measured) experimentally, without a detailed
knowledge of the internal structures of the boxes. The basis of
the technique to measure (self- and mutual-) impedances of boxes

of a system is the system of equations (4); and the basis of the
technique to measure (self- and mutual-) admittarnces is the system
of eqs. (6). From egs. (4) we see that if we open-circuit all box-
es ({.¢. disconnet their terminals) except (thcse of) box 1l (=1,2,
.v.,N) to which we connect a (sinusoidal current or voltage) source
of angular frequency «w, and if we measure the complex current I.
through i{t, and the complex voltage drops it produces across theu
terminals of each of the boxes k(=1,2,...,N), Vs (say), in the

assigned reference directions, then we wil: have:
Zkl= VKZ/IZ (14)

for each Kk and the gtven L. Of course, if we regeat the cbove
speration for each 1 we can determine all the 2 (fc& L=1,2,004,N),
Naturclly, it is only necessary to measure ii

2
sz and IZ and the phuse angle beiween them, lesay)= ang %j-—ang.[,

since:
Zkz.=sz/Iz=(|sz|/|Izl)/—%“ (15)
Similarly, from eqs. (6) we see that if we short-circuit all
hoxes (L.e. connect their terminals together) except {ihcs
ir

¢
box 1 (=1,2,...,N) to which we connect a (sinusocidal c:

A

vsltage source of angular frequerncy &, and if we measure the com=

o

plex voltage drop Vz across its terminals, and the induced complex

curreats I, (say) through each of the boxes k( =1.,2,....4; in the
referance directions arbitrarily assigned to them, then we will have:
ykl=:Ikl/VZ QIkZ{/'V Dl@k (k&1L =1,2,...,N), (16)
where 6A1==ang Ikl - ang % is the phase cngle between VL and IKlu

Naturally, the imnittances so obtained are the vaiues ra2ferred
to the reference directions arbitrarily assigned to the boxes. If
a single reference direction is changed, say that of box A; then atll
the immittances with only one index equai to k are changed in sign.
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That is, Z,, and ¥, (k#1) change into -Z,, and -V ., respectively,
but Zkk and Ykk remain unchanged. This can easily be seen from the
eqs. (14 & 16), or by means of the eqgs. (4#&6); or proved directly
from the original eqs. (1&9), or from the definitions (5&13).
When any number of the reference directions assigned to the bcxes
are changed, the corresponding changes in the signs of the (mutual-,
immittances between. the boxes can easily be found by changing one
reference direction at a time and applying the above ruie each time.
It can be shown that this process is consistent.

As usual, a mutual-immittance between two boxes will be indi-
cated tn a figure by drawing an arc between them and placing the
value of the immittance alongside. Of course, a system of arcs
cerresponding to mutual-impedances need not be the same as the sys-
tem of arcs corresponding to the mutual-admittances (not even) for
the same systen of boxes; hence an indicaticon as to the system of
arcs used should always be given.

Problem 6. Assume that all the N boxes of a system of magnet-
ically coupled boxes are connected in series in the same sense, as
shkoun in Fig. 2. (Tkere i{s no real limitation in this, since a re-
orientatiaon of some of the boxes may always be made first, if neces-
sary, with the corresponding changes made in the signs ¢f the mutu-
al-immittarces,) Show that the impedance Z., and the admittance Y,

nf the uerafs combination are given by:
N

Z=) 0 2., Y=1/7 = det(Y, l)/E i_u]“ Vg -  (17)
write these ocut in ful! for the case oj N=3 boxes. IHINT The total
cemplex voltage drop across the series combirnation is V= V tosot Vs

while all the currents are the same: I =I'-...=INu Then use eqso(4);

. 2 172"
N
— = 1+—{=—} oo — Fig. 2.
Problem /. dAssume that all the N boxes of a system of magnet-
ically coupled boxes are connected in parallel in the saime sense, as

shown tn Fig. 3. Show that the cumittunce ¥V, and the impedunce Z,

of the paralilel combination are given by:

'% y;iru, z-% -aet(Z,7)/ZZconkl (12
11=1

1 2.“ N l iwrite theseout in full for z‘ne case of 3 boxes.

: EHINT: The total compiex current entering the
-— parallel combination (s I =1I4+ Ip+...+1y, and
F/j,j_ all the voltage drops gre the same: Vy= ...=ly .
Then use egs. (6 & 7).




Y Q 3. NETWORKS WITH PASSIVE TWO~TERMINAL STRUCIUKED.

We are now in a position tc consider much mecre generai two=-
:rminal structures as the typica! eliemenis ¢of a network; and “r
I8 way we may generalize aqll our prauviCcus rasuits on netwcrks
7 general serigs and parailel eiements in the sinusolida’? sigf

First let us. consider the series connection of a voliage souirce,
. zurrent source, and an arbitrary two-terminai passive bexr (as shown
~n Fig. 1) as the typical element of a neitwork. Ary network may be
cnsidered as a network of such typical elements, since each of the
csic elements may be considered as a particular cgse ¢f such an

(box-source)
vement. Only the terminals @ and b of these geneiric sertes con-
wxctions will be considered as the Jjunction points or nedes of the
wtwork; and all the internal nodes and meshes within the boxes wili
x ignored. a —@—@-»@—ﬁb Frig. 1.
: Now assume that we have a netwcrk (in the sinusoidal siate af
tne angular frequency « ) of n, such typical series eiemenis, con-—
1zcted into n, nodes in n. components (= separate parts). Let us
rbitrarily assign q reference direction fo each of the typicail se-~
*.es elements and number them consecutivetiy from 1 1o figo Next. let
i omit exactly one node in each component and number the resi cor-
iscutively from 1 toc n' =n_~n_=number of independeni nodes. Alsc

n noc
it us choose, in the usual way, a compiele set of nm:=nﬁﬁn; ‘nde~

L=

gzndent meshes, orienied and numbered arbitrarily from I it o

Let V,, and I,, denote the total complex vcitage drup, and fthe
: . k . k dox-Seurce i ' ) '
pomplex current, through the typical,series element K; and let Vu% s

b:s.’ and VbO' , denote (respectiveiy) the complex voliage dreps A
khréugh the voltage source, the current source, and the box, ir the
?;pical element k; all in the reference direction assigned to 1t.
;Zso, as usual, let Ek and D, denocie (respecriveiy) the complex
i>ltage rises (=EMF) through the voltage and current sources cf the

ypical element k, in the assigned reference direciions. Then we

cill have:
= = V, -F. ~D. Kol 2y now ol

Vk Vus +'Vcs *'Vbox_ Voox Ex DK (a2, : g)’

. : k K K ,

awhich the CMGSF?IAQ’/»] term Should be omitted inany specifie case’ in which-a source or box /s %i8sing).

fut according to egs. (4) of @2, the compiex voitage drops aIrcss

4
the boxtsare: , .. ‘
Vbox. = zszz (K::lﬂQQOAHEHQ)?
K =1

<here the Zkl are thé se%f— and mutuai~impedances ¢f the Soxes. There-
Jore: ' LA ] _

Ve = 2,21, -E, -D, (h=1,2,,c..0,) (1)
b N Z=’1 ) - . - . - - .
iaturalliy, i{f in a particular instance of the typrca. elieman? SHhOUD

# ': win g ‘

‘n Fig.1, one of the things Is missing, *the correspording ierms in
these eqs.(1) should be understocd fo bg absent.)



Besides, we have Kirchhoff's complex current and voltage laws

“or the independent nodes and meshes of the network, namely:
Ne

Z(k»”)fk=o (n=1,2,...,n') & Z[km]t/ =0 (m=1,2,...,n ) (2,

k=1
The 2n, equations (1&2) are the general complex equations, in

the 2ne unknown complex currents and voltages, of the network in
the sinusoidal state. They are exactly of the samiuégrm as the
general complex equations (16, 17 & 18, of Ch. V, §%Q of an arbi-
trary network of general series elements of the type used in Ch. V,
&!, Fig. 2, p. 119. The only difference is that now the Z,, are in
general complex numbers (with real parts not necessarily zero) which
are more complicated rational functions of wi instead of special
rational functions of the form R+iwLl +S/iw (or purely imaginary
numbers of the form i{wL for k#1) as they were before (¢f. Ch. V,
§1, eqs. 5). However, concerning the formal treatment and methods
of sclution of these equations this is irreievant.

In particular, the mesh method of treating the network (and
the system of equations) may be introduced as usual by making the

substitution (see Ch. VI)
:D{ m]‘] (k=1529°=°5n-e)5 (3)

¢f the complex currents, k’ through the elements, in terms of the

<

complex circulating currents, Jm’ arocund the meshes_gg(:l,Q,ooo,nm)o
Kirchhoff"s complex current laws are then automatically satisfied;
nd by substituting (3) into (1) and the results into (2)F we ob-
tain (just as we did in Ch. VI, §2) thga?gmllzar compLex 3quat7ono
of the network. Assuming that there are n. ﬁzlg
the network, and that the typical elements with current sources are
numbered first (consecutively from 1 to ncs), the general compliex

canonical mesh equations of the network are:

Z_;Zm_n n= E +é :[k’m']Dkz Fm (Say) (m=1,25uao,nm), (40)
and
[k m]Jm:= I, (=known) (k=1,2,...,n, ), (4b)

m=4 cS
( known) . _ ~
where the,mesh electromotiveforces of the voltage sources,Em, and

current sources in

the mesh (self- and muﬁgal-)impedances z, ., are given as usual by:

Em=§[k,r:]5k (m=1,2,...,n ) (5)
zmn=k4§:[k,m]zszl,n] (m&n=1,2,...,n ). (6)

(The symbols z, . are not used here for the same purposes as in g2!)
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The practical rules given in Ch. VI, §2, pp. 166-7, for the de-
:rmination of the mesh impedances Zn in terms of the (now) box
~pedances Zkl are also valid here too, of course; because they only
zpend on the form of egs. (6), which is the same as that of egs. (1),
=, VI, §2; however, they will not be repeated here since there is
2 point in doing so. Nevertheless, one must notice that the mesh
~pedances are now more complicated rational functions of wli andnot
i3t the simple rational functions (6) of Ch. VI, §2 (Prob. 2, p. 161).

The general formulae (5) and (14 & 15) of Ch. VI. €4, for the
iclutiorn of the complex canonical mesh equations of a network are
1250 valid here; because the equations solved there are formally
;e same as the ones we now have here; and so they will nct be re-
ssated here. Also the treatment oz the general xtsfence and unique-

but the detinition of a gon-singuler adtwork isike same only i of baweslenon-singular a/lso;
12ss theorems, given th Ch. VI, 95, is the same. Agnd concerning the
jeneral superposition principle, given in Ch. VI, ®6, there is noth-
ing more to be said. '

Moreover, such concepts as the generalized natural frequenclies
i a network (see Prob. 3, Ch. VI, §4) are also the same and receive
5in(PJ
:: the generalized frequency:g, which are now more complicated ration-

:~e same treatment, except for the form cf the mesh impedances 2z

:. functions ing instead of the simple rational functions of the
ferm: r+pl+s/p (with r, 1, s = constants).
Problem 1. Show that the complex equations of a network with-

, R between lRe boxes
st (iee., With null) mutual-impedances,are the foilcwing:

né V[{:ZKI}{_EK_DK (k—1,2’;;oo’ne)3 (7)
'_?_,(k,n)Ikzo (71:1,2,;..,nr'1), Z[kym]VK=O (m:l,,2,”n,nm);
=1 k=1

end the complex canonical mesh equations are the same egs. (%), but
zow the mesh impedances qre given by the simpler formula:

[k,m]zk[k,n] (m&n:],.?,,“,nm)o (8)

FProblem 2. Show that the complex canonical mesh equations cf

I network with no current sources (nCS=(1)are the following:
n=1zann=E‘m= 4 [k,m]E,  (m=1,2,...,n), ©)
“ere the mesh impedances z_ are given by the same egs. (6), or

!y eqs. (8) when there are no mutual-impedances petween the boxes.

Example 1. Consider the following so-called Zkisj—phase net-

Lor k (ohown in Fig. 2). Let us take: mesh 1=(123), mesh 2=(2496),
t2s = (5763), mesh 4 =(789). Also, just for illustrative purposes,
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28N\ Fig.2.

et us aasume that there is a current source in the etemeri 6,

. X ., a .
through which there LsAO‘mown) complex current I and cr urkrown
complex voltage rise D. The complex canonical mesh equations are:

211J1 +212J’2+213J3+214J4=.’:','1+E'2+E'3

221.]1+222J2+223J3+224J4=52“D

23191+ 23070+ 23303+ 2340, = £ =D

24191t 24200t 24373 24404 = O

J2+J3 =-I

where 2, = Z‘ + 22 3 +2(Z Pl 22} + 231)

Zop=Ept 4 Z9+Z6'2245

233= Ly L5t Lyt lg- 2l

24y =0yt g+ 0g+2Bog+ g+ Zg,)

212=221=212*Z2+Z23

213 %31= %107 %17 213

214 =247 =0

Zo3=230= 2o+ Ly5 = lug= 259~ 2567 4g

2oy = 2407 Z9tlgptigg

234 = 2437 725" 258 Z5g:

Froblem 3. FEstablish the compiex canonical mesh egquations
Sfor the jollowing so-called Y-Y and Y—Aconnected 3 phase networks:
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Problem 4. Considering the }-phase networks shown in Figs.2&3
( ith th . sand e/er»mts 8deq intercha . 7
with the cs missing, ig. 2), when: 172 5= Zj, Z;5=2 23= 31,
mz5 Z 245:256=Z64’ Z7 Z8 Z9 Z78=289= 97 and ElnaE =q 53’
where a= /120° or /-120°, we say that they are ordinary balanced

S-phase networhs. Assuming the networks to be non-singular, show

that for these balanced 3-phase networks we shall have:

I, =al = oI V. =aV, . =a°V (k=1,4,7);

k+1 k+2 ’ k k+1 k+2

and for Figs. 2 & 3(a) we will then also have:
[T, =1151=161=V3 [1,[<V3 [t /3 1]

and for Figs. 3, using the double subscript notation:
[Viol=lVo5l=1Vss|=V3 v | = /5 lvo|= /370 5.

We will now show that any branch of elements connected in se-
ries may be considered as a single element, thereby obtaining a re-
duction in the number of elements of a network. (Cf. Prob. 19 of
Ch. V, §1.) This will permit important simpiifications in many net-
woerks. For this purpose, consider that in an arbitrary network of
ne(boxmsource serieQ elements, with the general complex equatiors
(1 & 2), N of the elements are connected in series forming a brarch.
Without loss of generality we may assume these elements to be the
eiements 1,2,...,N, and that they are all oriented in the same serise
aiong the branch. Denoting the common complex current through the
e¢lements of the branch by I, we will then hauve for the total complex

veliage drop along the oranch (by egs. 1):

v, - zv w,_,z I+ZZ I, -D,) (10a)
b K %= TET kG y Lmzkl K
:(;Zj 21k *Z,,;(ZZM)I ZDK’
chd for the uamp ex UOZLOQQ drops across the other e’ements, we have:
(jrjzkl)I-+2;“ZkZI Ek Dk (k:=N+1ﬁ,.c,ne)e (10b)

Ktrchhoff'a complex current law eguatiocons for the N-1 inter-
mediate nodes of the branch are already implied upon repiacing Il’
ToseeasIy (all) by L,and therefore drop cut; and all the other cur-
rent law equations remain the same. Foreover, %}can be substituted
for ﬁEiVK in Kirchhoff's complex voltage laws, which otherwise re-
main the same. N N N

Putting: E’b=ZE‘k, Dbzka 2y =ZZ~:2M

=4 k=1 =1 =1 ' o
and: N N k Z (14')

sz=2 Zkl (Z=N+1,...,I’Le), Zkbzlg_i:zkl (K=N+-Zs°°°9ng.),

k=1



equations 10 (a &b) become:

Vy = Zb"b’*% ZblIl -E, -Dy (b = branch)

V, =21 +?}_ 2,,I, -E, =D K=N+l,...,n_).
k= kb b k1*l1 Tk %k seceslty (totvy )

(Of course, since Zklzzlk for all k & 1, we will also have Zbl’"?lbh)

Comparing the above egs. (12), together with the Kirchhoff's
iaw egqguations left, with the general complex eguations of an arbi-
trary network of né-N+1 similar elements, we see that they corre-
spond to ¢ network (with elements named: b, N+1, ... , n ) in which
the whole branch is a single element with the self- zmptda

. , . M,JJ

with mutucl-lmpedances Z,, (& Zkb)’ with ¢ :0liage source ofﬂeaec-
tro~-motive force Eb, and with 7 current source (of complex current

Jb) through which there is é:ggftage rise D,, given by egs. (11).
Notice that the value of Z is the same as that given by the
first of egqs. (17),230 that the self-lmped wee of a branch is com=-
outed the same whether or not its elemenis aure magnetically coupled
. . other elements not of the branch (but wher they ure coupled

napnetically with other elements the admittance of the branch (s
nci necessartly the inverse of the impedance, 28 1n egs. 77,§gi
shich ts the difference). In words: The self-impedance of a branch
.5 egual itc the doubie (algebraic, if not all the elements of the
sranzh are oriented in the same gense) sun of all the self- and
nutuci=-impedances of and between the elerm=ntz of tae branch.

The (total) mutual~impedance ¢f the branch with any other ele-
ment not of the branch is-equal to the (algebraic, idem.) swm of all
the mutual-impedances of the elemsnts of the branch with that other
slement.

When a network has several series branches, the above results
may be used with advantage to reduce one branch at a time to a gin-
2 element, thereby reducing the number of elements in the network.

dowever, it must be noticed that when the mesh method is to be used,

{

gle

a5

the cdvantage is only very slight.

Example 2. Consider the network shown in Fig. 4. All the box-
es are passtive. The three boxes 1, 2, 3, can beo reduced to a single
£ 2
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box with the self-impedance: za.=zl+22+23+2(zl2+z2}+231)9 and a sin-
gle non-vanishing mutual-impedance (that with element &): Za4==224,
according to eqs. (11). Next the branch formed by the boxes 4, 5,
6, 7, may be reduced to a single box b. For this purpose it is con-
venilent to imagine the reference direction assigned to box 5 revers-
ed (with the corresponding changes in the mutual-impedances made,
even {f only mentally). By eqgs. (11) we find for the self-impedance
of this box: Zb..Z4+Z5+Z6 7+2(Z47— 45_256_257+267)’ and for the non-
vanishing mutual-impedances: Zb 224, Zb8:=z68’ Zb9.==Z595 and
ZbJO=:%5104'%710° Finally, the branch formed by the boxes 8, 9, I0,
can be reduced to a box ¢, with the self-impedance Zc 8+Z9+Z +

2(78 10" 289)’ and a mutual-imedance with box b, Z,, = Zgg+ 59+25 JO+Z7 10.
With all this, the network becomes the one shown in Fig. 5.

g Zab z, Zbc Z, L+ woly = E
E10y z|}| = Ol z,,z,,%I%cI =0

-£'
—Z L - ‘Z; Z +Zc o

& Fig. 5. i
?nce Ia’ Ib, ;c’ have been found, we will have: I]“I2 I3 =1 Q’ and:
14=»I5=I6=I7=Ib, and: 18=—I9=IJO=IC; and with these compaex cur—
rents, the complex vcoltage drops across the boxes 1,2, ..., 10, can

ve found in the usual way (e.g., V5 Z .- I +Z45I4+256I6+Z5qI7 59 9)

$4. NETWORKS WITH TWO-TERMINAL PASSIVE STRUCTURES (cont'd).

Now let us consider the parallel cornnection of a ucitage source,

a current source, and an arbitrary two-terminai passive box (as shown
in Fig. 1) as the typical unit of a network. Since each of the bas-
1c elements may be considered as a particular case of such typical
bix~source parallel elements, any network may be ccnsidered as a
network of such elements. These box-source parailel elements are

to be considered as units, and the internal meshes, as well as cll

the meshes and nodes within the boxes, are io be lgnored; the treat-
ment w’7Z be mude in terms of the overull characteristics of the unitz.

Consider a retucrk (in the sinusoidal state

FHM? at the angular frequency w ) of n, such typical
l ‘E’ box box-source parallel elements, conrected into
“5% n, nodes, in n_, components (=separate parts).

Let us arbitrarily assign a reference direction
Feﬁl, to each of these typical units and number them
consecutively from 1 to n,e Next, let us omit
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gxactly one node in each component (to be taken as base nodes for

the corresponding component) and number the rest consecutively from

1 to n'=n_-n_ (the number of independent nodes) lgo let us choose
n'n ¢ _
in the usual way a complete set of nmzne-né independent meshes; ar-

bitrarily oriented and numbered consecutively from I to e
Let Vk be the complex voltage drop across, and Ik the compliex
terminal current entering (& leaving), the typicai box-source par-

aliel connected unit_ﬁ; and let I , be (respectiveliy)

vsg”’ Ics;’ Iboxk_
the complex currents through the voltage source, the current source,
and the box of the typical urit k, all in the assigned reference di-
rection. Also, as usual let Ek denote the compiex ENF of the us. in
element k in the assigned reference directionr. Then we will have:

IK=IUSK+1CSk+IbOxK (K=1,Zsonu,ne):

But according to eqs. (6) of §2, the complex currents through the

n
boxes are: - .
I, = Z Y. .V, (h=1,2,ccc,n_),
boxk 5=7 Ki 1l e

where the Yk? are the seif- and nmutual-admittances of the bcxes,

referred to the ussigned reference directions. Therefore we will

k:zICSk +Iuo E Yk’ (k==1.2“,.-,.,n,)c (1)

OF course, when a saurre or box is missing 17 aspecific /psbance , the corresponding term in this egmzt/oﬂ sgauU be cosidered as omitted,
Bzsides, we have Kirchhoff's compiex currenit and vcltage {aws.

have: I

for the ind eeendent nodes and meshes of the network, namely:
n,

’ n
S fh,,)I =0 (n=1,2,...,n") & 2 kkgm]V.:=O (m=1,2,...,n_). (2)
re 1,=£ 1{ mn

Th 2n_ ejuaticns (1 & 2) are the generz! complex equations cf
< _

o

network in ¢

-~
.
P
<

e stnus>idal state, in tae 2n unknowr: complex cur-

nts and vcltages. They are exactly of the sume form as the gen-

(\

eral complex equations (6, 7, & 8, of Ch. V, §2, p. 145) of an arbi-
trary network of general parallel elements of the type used in Ch., V,
$2. Fig. 2 (p. 139). The only difference is that now the Y,; are in
genieral complex numbers (with real parts not necessariiy zero) which
are more complicated rational functions of wi instead of the spe-
tal quantities (5) of Ch. V, 2, p. 144. Nevertheless, for a given

o

Sreguency, these equutions can be treated and solued as before.

In particular, the node method of treating the system c¢f equa-
tions (1&2), and the network, can be introduced, as usual, by making
the following gubstztutlon (c¢f. Ch. VII):

Z(k U (k=1,2,...,n ) (3)
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of the complex voltage drops Vk across the units, in terms of the
complex nodal potentials Un° Kirchhoff's complex voltage laws are
then automatically satisfied; and by substituting (3) into (1) and
the results into (2), we obtain (just as we did in Ch. VII, $1&§2)
the same familiar complex nodal equations of the network. Assuming
that there are n, ( n ) voltage sources in the network, and that
the units with uoltage sources are numbered first (consecutively

Jrom 1 to nvs)’ the general complex canonical nodal equations are:

ﬂ' i
ZM YnYn =,,{m = (k’m)lvsk (m=1,2.000), (4a)
and ; N
. = - = . . N \ -
_ (kynJU, E, (k 1,2, 0005m, )y (4b)

where the (total) complex currents Im entering the nodes m (=l,cna,né)

through the current sources connected to them, and the nodai (self-

and mutual-) admittances Ypn Qre given as usuai by (c¢f. Ch., VII, ©2):
D

-

(k m)I, s, (m =1 2,~.u,n'> (5)

Yo = § ; (k, n)YkZ(L n) Cn&r::l,?,ﬁdgyné)o (6)

k=1 R
(The symbols Ypn GQTE rict used here for the sume purpcses as in s2!)

The practicai rules {12 & 29} given in Ch. VII, 92, zp. 199-200,
for the determinaticn of the nodal admittances Ym in terms of the

~

(riow) box admitiances Ykl are also valid here, of couﬂse, because
they only depend on the form of eqs. (8), which is the same as tha
of eqs. (1) of Ch. VII, §2. One must notice, however, that the nod-
e adwlttances are neow more complicated raticnal functions of wi
arnd rot nzcessarily of the simule form (5), Ch. VII, §2 (Prob. 3 pi94).
The general jermuliae (2) and (5&6) of Ch. VII, §4, for the
coiution of the complex cunonical nodal equaiicns of a network are
also valid here; because the egs. (4a & b) are formally the same as.
the egs. (2), Ch. VII, §2, or as the egs. (3) of Ch. VII, &4,
Also the treatment of the general existence and uniqueness
theorems, as given in Ch. VII, §5, (s the same here; but the dejf-
inition of a non-singular network is the same only if the system

of boxes of the network is non-singular also, in order that the
definition be the same as when the basic elements within the boxes
of the network are considered in detail as individuals (and rot as
grouped into boxes).

Concerning the general superposition principle, given in
Ch. VII, §6, there is nothing more to be said.
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The generalized natural frequencies p of a network of box-
source parallel elements are defined in the same way as in (the
problem of) Ch. VII, S4; but one must notice that the admittances

n(p) at the generalized natural frequency p are now more compli-
cated rational functions of_B, instead of the simple rational func-
tions of the form g+cp+¥/p (with g, ¢, ¥ = constants).

Problem 1. Show that the complex equations of a network with-

out (i.e., with null) mutual-admittances between the boxes are:

I, =V V,+I _ +I (k=21,2,...,n_),

2:\1& r)I, =0 (n=1,2,¢..,n' ), } @k rn]V =0 (nf-:-zl.,zf,“,,nm);

and the complex canonical nodal equattons are the same as eqs- (4),
but now the nodal admittances are given by the simpler formula:
n
Ymn = 2 (k,m)Yk(k,n) (m&n=1,2,...,n). (8)

Problem 2. Show thet the complex cancnical nodal equatiocns of
& netfwork with no voltuge sources (nvn=cu are the following:

n n 3
(a4 .
E U =1 = 2 : k I m=1,2....,0'
< ynn n-m -}=1( »m) cs, (i . ) n) (9)
where the rnodal adamittunces y_. are given by the same eqs. (6),

“mn
or by egs. (8) when there are no mutual-admittances between the bcxes.

Je will now show that any parallel branch (i.e., elements con-

rected in perallel)}, also calied a ghunt branch, may be considered
z For this purpcse, constder that in an arbi-.
tements, with the general

(¥}

voary network of g Lox-scurce parallel

Cs

omplex equations (1&2), N of the elenents are connected in paral-
lel, forming a (parailel) tranch. Without icss cf generality, we may
assume these elements itc be the elements 1,2,...,N, and that they
are all orignted in the same sense. Denoting the common complex
boitage drop cecross the elemenis of the parcilel branch by Vb’ the

totul complex termicxi burr nt entering tne branch will be:

Ne
_ - f e S vy \ |
Ib_ - :M‘ ](=L(Z=1Y}(Z/z+ _MIY"(ZIZ’.’LI s,_+Ius,j (10a)
=('é ALJY=/) § ( E Y, )V § . § I ;
k=t I=1 ar =N+ k=1 &l Tes K Uo
and for the comuplex éf minal ”Jrfentb enterzng the cther ezements,
we have:
I, - (15—: A IR T S t, (keN+l,...,n).
= =1 k (10b)
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"Kirchhoff's complex current law equations remain the same,
except for the substitution of Ib for g;:Ika Moreover, Kirchhoff's
complex voltage law is guaranteed for the intermediate meshes of
the parallel branch by substituting Vb for each of V1,V2,og,, VN;
while all the rest of Kirchhoff's complex voltage law equations

remain the same,

N N
Putting: E ' § ' E E
I = I I = I Y. = Y
R =S S T = A S = e 42
and: \ gfi
Y, = é;ykl (L=N+1,..0yn,), Yy = ) Yoy (ksN+l,...,n)),
equations 10(a&b) become:
éif shunt
Ib= }'be +z-+’ yblVZ + Icsb + Ivsb (b =/\bran.ch)
> o
I, =Y,V + YilVy + Icsk + I, (k=N+1,°,.,,ne)°

=NH n

(I=N+y, <) Pe)
(Cf course, since Ykl=ylk for all k& l, we will also have Yblzylg()
Comparing the abouve eqs. (12), together with the Kirchhoff's

luw eguations left, with the general complex equations of an arbi-
trary netuork of ne-N+1 box-scurce parallel elements, we gee that
they corresgpond to a network (with elements named: b, N+1, ..., ne)
in which the whole shunt branch is a single (similar) element with
the self-admittance Yb’ with mutual-admittances ybl (& ka), with

a current source of complex current ICS,, and with a voltage source

ol

ithrough which there is a complex curront IU ; given by eqs. (11).

Sk

Notice that the value of Yb is the same as that given by the
first of egs. (18) of €2, so that the self-adnittance of a shunt
branch is computed the same whether or not its elements (boxes) are
maghetically couped with other elements not of the shunt branch
(the difference being that when they are magnetically couped with
other elements the self-admittance of the shunt branch is not the
inverse of the impedance necessarily, as in eqs. (I8 of 92). In
words, the self-udmittance of a shunt branch is egual to the double
sum (algetraic, if not all the elements of the shunt branch are
oriented in the same sense) of all the self- and mutual-admittances
of and between the elements (boxes) of the shunt branch.

dlso, the (total) mutual-admittance of the shunt branch with
any other element not of the branch is equal to the (algebraic)
sum of all the mutucl-admittances of the elements of the shunt
branch with that other element.
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When a network has several shunt branches, the abouve results

may be used to reduce one shunt branch at a time to a sing.e element.

Example. Consider the network shown in Fig. 2. All the boxes
shown are passive. The shunt branch formed by the boxes 1,2, 3, can
be reduced immediately to a single box a, with the self-admittance

Y Y +Y and wilth oncy two non-vanishing mutual-admittances,

ot 3’

“amely, those with boxes 4 & 6: Ya4= 349 Ya6=Y369 according to eqs. (.
Next, the elements 4 &5 may be considered as a shunt branch which
may be reduced to a single box b, with the self-admittance YH=Y4+Y5+
2Y4-¢ and with mutual-admittances: Yba=Y43 and 7, 6'Y50 Fira:ly,
the shunt branch formed by the boxes 6 & 7 may be reduced to a single
Hox ¢, with the seif-admittance: Y Y6+Y7+2Y67,
4fter all these reductions, the

and wiith the mutual~

admittances: Yca=}’63 and ch=Y65o
network takes the simple jForm shown in Fig. 3, with the equations:

1 .. /ZF\ s

Ii{jcs) V lE ot X¥ - hE=0
T & 7 _ Yo+ Y V- E=-Tys
o, [ a ¥R /—-/% d ca et e
in these equations, I ard E are kncwn. From the first two zqua-
ttons we can find V =V1-_—V2=V3 and V / 5; whereus: V6=V7=~E were
ready known. Then from the last equatlon we can find Ivs° The

complex currents through the boxes can be founa in terms of the
ILJ’ t r =
comptex voltage drops as usual (e.g., I Y45V3+Y4V4+Y4EV5 I5)o
§5. THE CASE OF ACTIVE TWO-TERMINAL STRUCTURES.
(perkaps)

Constider an arbitrary system of N,active magnetically coupled

two-terminal structures (active boxes), numbered 1,2, .., N, as shown

in Fig. 1X (When N=1, we will have the case of a single box.) As-
sume that all the sources within the boxes are sinusoidal of a same
given frequency. Assume also that the terminals of each box are
riutually accessible through elemenis within the corresponding box,
and that a reference direction is arbitrarily assigned to each box,

Jrom one of its terminals to the other.
HWe assume that ot least ove of the bores of a system (t ép@/,{g/)a" active bores /s active.
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N
[ F/'g.ﬂ.,

l |
-

r—‘T' o . ="
! I
L 4 Aotive
(vs) ¢ "’5' 'vsv {vs) /V ‘ (:) (o
T
L_- - L_——
F;i
Suppose that we now connect sinusoidal voltage sources of the
came given frequency across the terminals of each bcx, as shown by
the dotted lines in Fig. 1. When this netwcrk Is non-singular we
will say that the given system of active boxes is nen-singular (at
the given frequency). Let V, and I, denote (respectively) the com-
plex voltage drop and current through the box K; in the assigned

reference direction. Let I; denote the complex current through the
box_ﬁ_(in the assigned reference direction) due to the totaility of
sources within the bcxes, with the voltage sources outside the box-
es nullified {i.e., replaced by short-circuiis), and iet IA dencte
he complex current through the box_ﬁ_(tn the assigned reference
avrection) due to the voltage sources outside fhe boxes, with aill
the sources within the boxes nullified (cf. Ch. VI, G6, p. 182).
Then, according to the superposition principle, we shall have Ik=
IA+I£. But when all the sources within the boxes are nuilified, we
shall have an ordinary system of magnetically coupied passive boxes
(uniess a box of the system is of the form shown in Fig. 2; in which

/n a sepse 4 .
ctse this box may,be considered as a current source that may be in-

(.

corporated into cne of the other boxes, thus reducing the rnumber of
boxes in the system), for which the results of §2 appiy. Thus we

will have (by eqgs. 6,82): f

I;ﬁ: )’k,V (k=1,2,...,N), (1)

l=1
u%g;gﬂig{ Ykl are the (self- and mutual-) admiftances cf the passi-
fied, boxes (when all the sources within the active boxes are nulli-

A
fied). ‘Consequently, we shall have (substituting in IksIk+Iz):
N Fy
T - [e) _ ”
J-k— YKZ,Vl: +Ik (k—1$2j,or.u5N)<- (Z)

Now assume that our system of active boxes is part of a net-
work itn the sinusoidail state at the given frequency. We can be sure
that the complex voltage drops Vk’ and complex currents, ka through
the boxes of the system shall stili be related by egs. (2), uniess
there are boxegoof the system that are magnetically coupled wiin them

A
({.e., as long as the system (s magneticaliy closed). Because, {f
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the system of boxes were to be disconnected from the network and

voltage sources of complex EMF. Vk applied to them, we could be

sure that the actual complex currents and voltage drops through
/n Lhe given network

the elements of the boxegﬂwould satisfy the system of equations

oj‘ngdnetwork and since it is non-singular, they would be the

only possible ones. Mzggzﬁza; the Ik would be the complex cur-

rents through the boxes,and hence they would satisfy egs. (2).
Thus nc matter how the active boxes are connected with other ele-
ments, the complex currents and voltage drops througn them shall
always be related by egs. (2), as long as they form a magretical-
ly clesed non-singular system of (active) boxes.

Eqs. (2) can be soluved for the complex vcitage drops Vk in
termes of the complex currents Ik through the active boxes, as

follows: )
Vk=ZZkzIz+V§ (k=1,2,0.05N), (3)
where: =1
=cof / 1l=21,2,60. ;
Zyi=cof Ny det(r,,) (K&l 2 SN) (&)
SHEE, N
Vo= 2 % 1% (k=1,2,0.,0). (5
=1 “
The Z,, arc called the (self- and mutual~-) impedances c¢f the

Kl
pozssijfled boxes. The independernt terms, Ig, in ggs. (2) are caii-

¢d tne Shori-circult complex currents of the active bcxes; because
Sl b

r ~

they are the complex currents through them when a:il the V=0, as

cen be seen from eqs. (2), i.e., wher. all thke boxes are short-cir=-

cutied. Similarly, the independent terms V& in egs. (2) are called

the gpen—circuit complex vcoltage drops through the active boxes of

tiie gluen sysitem; because they are the complex vcltage drops across

them when all the I,=0, as can be seen from egs. (3), i.e., when
all the boxes are opengd 72 will be found camenient to use: Ex=-\i" for the open-cirauit complex
voltage rises through the gctive boxes of the system (k=1,2,::,)N).

The equations correspondlng to a single magnetically isclated
active non-singular two-terminal structure are the jollowing:

S A I=YV+I®, where V°§Z§j°, I°=—YV°=YE"? (6)

I: may be in place to mention that these equations contain the es-

il i

. . (1883 @
sence of the classical theorems of Théveninj,and Norton, ﬁe“td‘”‘“"fgg.’g"

of this section, for a system of actiuve boxes, and the corresponding

eqs. (6 &4) of 2 for a system of passive boxes. When the boxes of

a system are active the reiations between the complex voltage drops

and currents through the boxes are no lLonger homogeneous; but in-

stead they are general linear relationships, with {ndependent terms

Imboltz Since |
One must notice the important difference between the egs. (2& 3),
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due to the sources within the boxes of the system.

The methods that can be used to measure experimentally the
K1’ zkl’ I;, and VE’ of a system cf ac-
tive boxes should now be clear to the careful reader, by this ftime.

characteristic quantities Y

It might perhaps be in place only to mention that each of these
quantities should be measured in the presence of all the boxes.

N
T s ; ; . — - o
Problem 1. Show that: Ykz_cofﬂﬁk/det(zkl) and Ii ‘;1 YRZVLQ(7)

Problem 2. Obtain eqs. (3) directly by assuming sinusoida:
current sources (of the given frequency) to be connected acrcss the

. , L used above, . .
boxes instead of the vcltage sources,as shown in Fig. 1.

Probiem 3. Suppose that our sysiem of N active boxes is part
of a netwocrk in the sinusoidal state at the given frequency. Let
V% and Ié be the complex voltage drops and currents through the N
hoxes, due to all the scurces of the network outside the N boxes,
whern. ail the sources within them are nuilified; and ler Vﬂ and Ix
¢ the coempliex voltage drops and currents through the bcxes, due to
tne sources within the boxes of the system, when all the st "ces
of the network outside them are nullified. Using the superpoasttion

principle and the resulits of €2 for passive boxes, show that ae

chail have for the complex voltage drcps Vk and currents Ik Thrcugh
the boxes in the network: N N
o= =T u nds ’_ i _v‘( ? . i7f
PK-VK+V s Ik IK+I . and Vk ZﬁZIL= I Y& 4 )

SAEE
7 7 e &
N o N
O _ [ ) T = n__i i o _ - = T!" _ Y. o.ye.
k=& ZZ_;ZRE‘L far e I %—'YKZV’ Ij=p ¥V

Problem 4. Show that wheﬁ;the_ﬁ active boxes cf aAsystemmére
connected in series (in the same sense), the series combination
wiil be an active box With the egs. 6) with a passified impedance Z,
and an openjgircuit complex voltage drop V°, given by:

Z = E Z, 1 and Ve = Vg . (9)
X1 7=1 all k=1 (magnetically closed)
Problem 5. Show that whenAiheJy active boxes of aXsystem are

cornected in parallel (in the same sense), the paraltlei combination
will be an active box (with the egs. 6) with a passified admittance
Y and a shori-circuit complex current I°, given by:

- o _ o d
Liirm and I _izk ., (10)

k=1 l=1 ~ k=1
Problem &. Show that if an active magnetically isolated box

(with the egs. %) is connected across a magnetically isolated pas-

o
sive box of impedznzce Z', and admittance Y'=1/2', as shown in Fig. 3,
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~-y° ~J°
we shall have: I=7T7%fr and V=-—?:—7r— . (11)

Acgle ) (Helmbakz's-) , ,
These equations express,Thévenin's and Norton's
b ! l I . : :
theorems (respectively) in their more common

T Fig.3. form. (Hint: V=ZI+V°=-2'I and I=YV+I°==Y'V.)

We will now consider networks of active two-terminal structures.
For this purpose we will consider structures of the form shown in
Fig. 4, or of the form shown in Fig. 5, as the typical ugﬁaﬁtogrthe
network; these will now be called simply the (geries aanﬁEFallel,
resp.) elements of a network. It shall be found convenient to as-
sume that the active box in the typical series element is not, in
itself, of the same form of a current source in sertes with another
ﬁ?oi:\and that the active box in the typical parallel element is not
‘%fjﬁf?allel connection of a voltage source with another box. However,
there is no potint in adding a voltage source in the typical series
element, because it could be incorporated into the active box with-
ouf any inconvenience; and, similarly, there is no point in adding
u current source in the typical parallel element, beccuse it could
be incorporated into the active box without any itncontenience,
Censider a sinusoidal current network of n, typical active se-~
ries elements (of the type shown in Fig. %) cornected into n, nedes
in n_ componenis (=separate parts), with ny=n -n, independent nodes
and nm=ne-né independent meshes (ignoring, of course, all the nodes
ard meshes within the boxes). As usual, let all the typical ele-
ments, itndependent nodes, and independent meshes, be arbitrarily
numbered and oriented. Dencting the (total) complex uvoltage drops
and curzsnts through the series elements of tﬁerﬁﬁtwork by Vk and Ik
(resp.),Athe complex voltage rises thro%%l théngrrent sources by Dk’

assuming that the active boxes in the ng slements a romsingalar system "
the complex eqﬁatté%s of the network will be (gccording'to egs. 3}%

n
Vi = "box,* Ves =Z: DIy #VR=Dy (k=1,2,.00,n,),
A Kk I=1.

Vs 7, (12)
jz (k,n)Ik==O (n=1,2,.°.,n&), zzjﬁqm]Vk:=O (m:l_.,?,”.,nm)°
=1 ]( =1 ‘

I'chmel
l ox |
' dor | 57.4 _ 3 | Fig.5,

We emphasize that the form chosen for the generic series ele-
ment, shown in Fig. 4, does not mean that every particular instance

of a series element in a specific network has to have a current
source and an active box. Rather, it should be understood that
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when in a particular instance the current socurce or the active box,
cr the sources within the box, are absent, then the corresponding
terms in the first of eqs. (12) should be considered as omitted.
And similar remarks should be understood about the generic parallel
element shown in Fig. 5, networks of which will be considered below.
Comparing eqs. (12) with the general equations (1&2 cf §3) of
a network of passive box-scurce series elements (of the form shown
in Figa.Z, §3) we see that a non-singular network of active boxes
can cluaus be reduced to an equivalent nctwerk with passive boxes
et in the sense that both networks have the same system
of squaiions), the passive boxes of the latter being the passified
poxes of tae foruer, ard the complex eleciromotive forces of the
liage scurces in the latter being the ucgn*';esg ~V?§ of the opern-
age drops (l.e., the open-circuit compiex volt~
o h’ prasence of afl the boxes)
say,) through the active: boxes yn the former.

that the active box in the element A can be

a2

box -0 .of self- zmpedaube Z Zik

cnd mutual-impedances Of the pa
s

source of compiex el ctromotive force Ef in
and mutual im-

sified boxes).

s
E; ney degend on ali the scurces within all the

7 the network; tut ij a purtficular bhox, K (say), is
magreticalily isolated, the open-circuit complex voltage rise through
it: ﬁkﬁ*VZszka ang (e impelance ZH when all the ecources within

iz are rulilfited, shall ce the same as when the box is isolated,

and therefore will geuu only on the box k'; and this 1s in effect

§4)

(CFt.CL.I, ,
Theuenln z theoremufﬁThu we sege that in

Lirg weli-known _,'nm \JA A
the pre %eiﬁng s)azemént we have a substaniial generalizticn of the

theorem of, Théevenin. (We might add that Thévenin's theorem i3 stat-

ed wrongly in the bock on Electric Circuitéﬁi&itten by the ¥.I.T.
electrical engineering staff, itnasmuch that {t calls for the pas-
stve box to have the impeaancs 0f the active box when ail its
sources are shorted, and not nullified. Tnis,in turn,would be

ct {f the active hox nad voltage sources within It oniy.)

With the above reduction of any givern netwcrk of active struc-

1

tures oj tag jorwm shcun in Fig. 4 to a network of passtive box-source
ts (of the form shown in Fig. 1,63), that were treated
in detaii in €3, we may consider this part of the tcpir on networks

of active structures as concluded.
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Problem 7. By making the substitution: I,= m_z_ [k,m]Jm (k=1 5ee5n )

in egs. (12), establish the following complex canonical mesh egua-

a network of n active series elementss

n

3“ = o =.Z o o0

‘r/v_1'zmn‘]n " Em * F1 ;] Dy (m=1,2, ’n’m)’ (13)
[k,n].]n = I, (h=1,2,.0c4n,.),

where the mesh lmpedanﬁes Zz__y,and the mesh eleciromotive forces E°
(due to the sources within the active bores) mn the
Aare giuen in terms ofF the passified impedances ZKL,a;qqorawmﬂzrcuat

tions of

complex voltages V°—~E° by (for ﬁi&fl—.L Pyovos It m

;i[ff mz,, [L,n],  Ee- L[h rr]E°-=ZIj[A Wve, (1)

assuming that there are n, (<n ) ele%ents with expl:czt" current
sources numbered first. Alsu eatabllSh the sclution formulae of
these cancnicai equations. (See egs. 14& 15 of Ca. VI, S4.)

Let us now constder a sinuscidal curreni network of a_ typical
-
active parallel zlements(of the type shown in Fig. 5) connected into

1, nodes in n, components, with annn“ﬁﬂ indeperndent nodes and

c
nmzne-n; ‘ndependent meshes (ignoring, of course, all the nodes and
! €

meshes within the boxes). Let ell the typlica

~a

5, inhdepend-

:

l
ent nodes, and Independent meshes, be arbiirarily numbered and orient-
ed. Dencting the (total) complex ucltage drops and currents through
the parailel elements of the network Ly V d I. (resp.; kel ,oo.,n_)

. "explic ft” A K e
and the complex cuyrrenis through the vol ta;p sources by IW‘:"9 the
complex equutions of the network wall be (aszuming that the active
) v

(2):

5

bexes in the n, elements jorm a non-~singular &ysien,

O
Ll
1]
£
V)]
-]

fg Ne ' (15)
Z(}t, n)-[K = O (77.=1’2, a0 o 'c,n;l)’ -:- [;{ i Vk = O (ffL 35, 0 0 0 ?ﬁ. )
K= 1’=1

Jomgaring these eguations with the general equations (1 &2, §4)
of a network of passive box-source parallei clements (<f the farm
shown in F1g°.2,§4), we gee that a non-siagular netwcrk of active
Soxes can always be reduced to an 2guivalent network with passiuve
boxes (with the same system of equuiicns), the passive boxes in
the latter beinyg the puassified boxes of the former, and the complex
currents through the current sources in the laiter being the shori-

circuilt complex currents through the active boxes of the former

(with cll the boxes present).
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In particular, we see that the generic active box in the ele-
ment Kk can be replaced by a current sourcz of complex current IR in
parallel (shunted) with a passive box of self-admittance YE=Yé;—dnd
mutual-admittances Ykl (the self- and mutual-admittances of the pas~
sified boxes). This is a substantial generalization of the theorem

eimhekz and) £ .
__1;,\Norton° In general, each I; shall depend on all the boxes of the

network, so that one should imagine the system of active boxes to

be glven before any box is replaced by a current source shunted by
a passive box; but if a particular box, k'(say), is magnetically
isolated, the short-circuit complex current through its IE""yk'Vk"
and the admittance Y,, of the box when all the sources within it
are nullified, will be independent of the other boxes; and the
statement, that in this particular case the magnetically isolated
active box can be replaced by a current scurce of ccmplex current
equal to the short-circuit complex current I?, of the active box
tn shunt wl}ﬁhthgbgasszfzed box of admittance Yk" is the better
nnown form of, Norton's theorem. (Cf. Ch. IX, §5.)
With the above reduction of any given network of active struc-

tures of the form shown in Fig. 5 to a network of passive box-source
puraliel elements (of the form shown in Fig. 1,84), which were con-
sidered in detail in 94, we shall consider the topic on networks

of active two-terminal structures concluded.

1

”n
Problem 8. By making the substitutions V, = (k r)U_ (for
k=l,2,00c5n )in egs. (15), establish the followzng complex canon-

tcal nodal equations of g network of n, active parailel elements:
I

Zymnn= Z(k Wl (R=1,2 00

n=4

(16)
;:(k n)U = -E, (the known ENF. of vsk) (k=1 oon,nvs)

where the nodal admittances Ymn? and the nodal complex currents fﬁ
(due to the sources within the active boxes), are given in terms

of the passified admittances Ykl,andjshort—circuit complex currents
IR by (forrn&rz- 1,2, .,,n’)

),
Ymn = ZZ(k m)¥,,(l,n), N,; = - ;(k,m)I}‘; , (17)

assuming that there are nvs(énn) typical active shunt elements with
"explicit” voltage sources (of complex EMFa.Ek), numbered first.

Also establish the solution formulae for these canonical equations.
(Cf. egs. 5 & 6 of Ch. VII, $4.)
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CHAPTER IX: THE CLASSICAL NETWORK THEOREMS.

In this chapter we wish to present some useful general (now
classical) network theorems, which are mentioned briefly and used
here and there in the literature, but which are too often present-
ed lcosely (and many time mistakenly), and hardly ever i{n a gener-
al form. (The superposition principle, which is the most impcrtant
of these general results has already becen presentea in detull in
chapters VI & VIi, and so will be omitted here.)

It will be cconvenient to lay down the meaning of a ferm Io
be used in the follcwing. By the effects of scmething (on the cur-
rents and vcltages) in a network (in tha sinusvidel state, here),

(a/gebnz/c)
we shall understand the increments in the (compiex) currents and

voltages in the networm that are produced Lty that thing

§1. THE RECIPROCITY THEOREMN.

In a non-singular sinusoidal curreant network with no current
ources, the effect of a voltage source inserted in the branch (=

passive box-source series element)_ﬁ_on the current through the
branch 1 is the same as the effect of this voltage source (remcved
from the branch k and) inserted in the branch | on the current
through the branch K.

To prcove this, consider tne complex canonical mesh eguations
of the network, nanely (egs. & of Ch. VIII, §3):

n n
E anan=Em= z [k,m]E'k (m=1,2,..0,n ) (1)

n=j k=1

where the mesh impedances z,., are given in terms of the box imped-

mn
ances by egs. (6} JJ T /II4 ,93. The SOLUth:L of egs. (i) is:

Z:E’ cofz /det (7 )Zy (n:l‘,2,.“_gn.m), (2)

The quatitie° rl/dez(zmp , which are of the nature of

Jnm
admittances, are called the (short-circuit) mesh admittances of
the network, and ﬁ’ is called the (total) R e S c tromot ive

ferce (tnrouoh the voltage sources,) of the mesh m. Yom is called

rg-poin (or
thé&%%lfﬁbamzttance of the mesh m, and y, (m#n) is called theﬁnu—

tuai or) transfer admittance between the meshes mé&n (or from the
mesh n to the mesh m). THe frequently wused reciprocals of these aenht/es are callkd the

dri gl:gvgamt and transter (meshinpadances , respactively.

Now since the box impedances are symnetric (1 e. zkl"zlk Jor
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all kK & l; see Prob. 2,82, Ch. VIII), it is easy to see from egs. (6)
of Ch. VIII, §3 (see Ch. VI, §2, Prob. 1) that the mesh impedances

r Z. J ‘u . l:.v = 1-, P = coc
z,, are also symmetric (i.e., Zyn=Znm for ail the meshes mé&n-=1, ,nm)

and so we shall also have that all the cofactors and the determinant
of the z,, are also symmetric; hence the mesh admittances Ymn skall

also be symmetric (i.e., Yy i for m&n=1,2,...,n_). Ag a con=

mn™Y m
sequence, if all the voltage sources of the network are nuwiified
;. \ . of complax dectromotive force E
(shorted,) except a single voltage source,in element k (or if there

is a single voltage source in the network, in elemen? k), the com-
plex current through the element 1 (=effect of the uvoltage source
in the element k,, nanme

ly:
n ", TQ‘\
I, =§[l’n”]"n =§iﬁ,rﬂ ymgm?;;ﬁ,n] Yo % s, mE,
=ﬂ2ﬁ’n]ynm[k’m’.]E ’ (3)

h={ M=y
will be egqual to:
N
I, = E [k,m]y . [1,n]E
< mn -"? ? -
LA nn (3a)
which is the complex current through the elenent # winern ihe onl
. . nd copnected In Series wit )
voltage source (left) in the network is changea tﬁatne cloinent L
which proves the reciprocity theorem.

Another form of reciprocity theorem can be cbrained by caongid=-

ering an arbitrary sinusoidal current (non-singular) network with
passive boxes and without voltage sources, the _complex cancnical

. (Consider-e4 86 2 nefwork (af‘ bak-source shunt elemenbs) o .
nodal equations of which,are (see egs. 9 of Ch. VIII, $4):

n

[ad

U, = == me=I,2 e, 2

2 ymndn Im (k’m)Ics . ( <5 » e/ («)
=i k=1 K ) .

where the nodal admittances Yun aT€ given in terms of the box ad-

mittances by egs. (6) of Ch. VIII, §4.  The soluticn of eqs. (4) is:
; n
= T g = =4 o6 o ! .
Un = '/jm=|; Im cof Ymn /det (ymn_) = 2-—-’ ZPJTLIITL (n=1,2, ’nn.) (5)

(The Ymn and z . used here do not have the same meaning as they
had above in the previous treatment of the reciproctty theorem!)
Lo ~ exciting or driving o
The quantities Im are the (totalz1ggmpi£z currents acrriving
to the nodesm through the current sources connected tc them. The
ouantities znm==cqumn/det(ymn), which are of the nature of im-
pedances, are called the (open-circuit) nodal impedances; =z is

Ariving-point (or ) nn
called theAselfﬁmeedance of the node n, and Zon (m#£n) is called

the mutual or transfer impedance between the nodes m &_E-(or from

the node n to the node m). The frequently used reciprocals of t@ese
quantities are called the driving-point and transfer (nodal) admit-
tances, respectively.
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As the box admittances are symmetric (see Prob. 2, Ch. VIII,&2),
it can easily be shown (as above) that the nodal admittances are al-
so symmetric, and then that the transfer impedances are symmetric.
Consequently, when all the current sourciﬁmzﬂyiﬁimﬁgiﬁgzﬁ!are nul-
lified (opened) except a single current sourchln element k (in or-
der to find its effects), or if there is a single current source

te
in the networkaﬂn element k, the complex voltage drop through the

e?ement (box) 1L, namely
v, 2{?(1 n)U = ZT}Z n)znmIm 2;32ikl n)zn”( ;ﬁ}kjm)1c32=
=1

n—o m=t n=t m=i

= - l,n)z k,m)I 6
,.Z=,: £ (1yn)2,(k,m) (6)
will be the same as: n! !

n,
Vk=—;;§l,m)zmn(1,n)I (6a)

which is the complex voltage drop across the element (box) k when
the only current source (left) in the network is changed to the
element (box) 1 (shunted across it).

That is, the effect produced in the voltage drcp across the
box k by a current source connected across the box l, is the same
as the effect it would produce in the voltage drop across the box 1
were it to be connected, instead, across the box K.

§ 2. THE COMPENSATION THEOREH.

The efrfects of a change AZ in the self-impedance (only) of
an element of an arbitrary network in the sinusoidal state (assumed
to be and remain non-singular) are the same as the effects of a
compensating voltage source inserted in (series in) the modified
branch (as changed) of complex electromotive force —AZ-I in the
reference direction of the element,’ié%’;n%ZIexl%uy}'ent £ through the
changed branch before the modification, after the network resumes
the sinusoidal state.

Actually we are going to prove much more than this, the above
statement being a particular case of our result. To do this, con-
sider the given network as a network oﬁf%assive box-source series

elements with the complex equations (1&2) of Ch., VIII, §3, namely:
sz | - E, =D, (k=1,2,...,n,),
Na (1),

3 W 5
3 — — — = -"
- (k,n)I, =0 (n=1,2,...,n), k=/£k,rr5] V=0 (m=1,2,...,n9.
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Now consider the network after the self- and mutual-impedances
of the box in the element h (only) are changed and the sinusoidal
state resuned. Denoting the new quantities in this network with
dashes (primes), the complex equations of the modified network
will be: n.

VI'(= - Z‘{dIi '-EK'DI'g
(2)

n
; ;(k r’)I —O (n=1,2’ooo,n;l), il}-{’mj szo (m=1’2’ooagnm)’
A=/ = :
wvhere, of course, AZk -Zl'd Zkl will be zero when k and & are dif-

ferent from h; and AIK-—I}'{ Ik will be zero when there is a cur-
rent source in the element k. Putting (also): AVK l/k Vk’ ADK Dk D

(k=1,2,..., ne)g

we will have (subtractmg egs. 1 from egs. 2):

Z Z AI + I'AZ, - AD, (k=1,2,000;n
l = Xl K ? 9(3)

E(A n)AI, =0 (n 1,2,0005n, '), Z[k,rﬂA/ =0 (m=1, 2,o,o,nm),

But’ t,Le.se eguations are the comylex‘ equcztzonu of the network with

the modified impedances, with the increments in the complex currents
and voltages (=efjects of the impedance changes) as the complex cur-
rents and voltages, with all the current sources nulli {fited, and with
tiie complex values of the voltage sources replaced byt fi’céﬁb’ii’av‘-

ing electrumotwe jorces: . n

E] = § Az, I,  (i.e., Ef=- 2 B2, 1, & Ej=-AZ,.T,, k#£h), &)
z AL

=
where the .lL are the complex currents ’Ln the origiral neiwork (de-
fore the modification). Therefore, the effects of the cihuanges in
the self- and mutual-impedances of the element h are the same as
the effects of the compensating voltage sources of complex eleciro-
motive forces EA {(given by egs. 4) inserted in (series with) the
elements it_(:l,?,..,,ne) of the network with the modified impeduances
(and with the sources of the original network nullified).

In particuiar, when only the self-impedance (of the bocx) in
the element h is changed (by an amount AZ), soc that AZM=O if
kfZh or 1#h, and Azhh= AZh=AZ, we will have: E‘}'{:O if kK#h,
and EA:—AZ'Ih; and so, in this case, the effects due to a change
AZ in the self-impedance of the (box in) element h are the same as
the effects of a single voltage source of complex value —AZ'Ih
inserted in (series with) the element h, where Ih is the complex
current in the branch h of the original (un-modified) network;

and this is precisely the usual form of the compensation theorem.
Corollary: A part AZof a magnetically isolsted impedance Z through which the
complex current is I can be replaced by a voltage source with a complex EMF.
E=-I14Z (i.e., with the same voltage drop as A%Z) in the reference direction
for I. Because Z=(2-42)+ AZ.
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Problem. Show that in an arbitrary non-singular sinusoidal
current network, considered as a network of passive box-source
parallel elements (with the complex equations (1&2) of Ch. VIII,
§4), if the self- and mutual-admittances of the box of the element
h (only) are changed by amounts AY h1 and the network remains
non-singular and resumes the sinusoidal state, the effects of these
changes are the same as the effects of compensating current sources

of complex currents:
' n

Iés —Z'_TA v I' = Aykh'vh (for K#h),
shunted acrods the elemgnts k(=1 2,.6.,n ), where tie V, (l:l,..,,ne)
are the complex voltage drops across the parallel elemeﬁts in the
original (unmodified) network. In particular, when only the self-
admittance of the element h is changed, we will have: Iésk=() if

k£h, and Iés = ASYthh, and the effects of the change are the same
s the effects of a cingle compensating current scurce of complex
current Ié$h=‘AY 'V iy shunted across the element h (as modified).

(Gf course, to computo the effects of the cc tlwk current
scurces, it is best to nullify all the sources in the given net-
work, make the modifications of the admittances of tie element h,

and then shunt the compensating current sources acrcss the admit-
tances 9s modified. The complex currents and voltages in this, SO

] ccordin o the superppsition principle.
construcied networi wlllt%e the g_}QCto “oup uﬁ? P P

S 3. THE INSERTION OFf SQURCES.

Theorem 1. If a sinusoidal voltage source is connected be-

tween two mutually accessible points a and b of a given sinusoidal
of the Same frouency

current netwurk (which (s and remains non-singular after the in-
sertion) uetweel which there is a complex voltage drop Vab’ and if
the comnlex electromotive force_E_(say) of the voltage source,
from a to b, is equal to the comblex voltage rise -Va = V. from
a to kb, then thz effects of the insertion of the voltage sour;e
are null. That is, the complex currents and voltuges in the net-
werk remain unaltered by the insertion, and the complex current
I (say) through the inserted voltage source shall be zero.

Proof: This is done by the guess and check method: We guess
that the effects of the insertion of the voltage source shall be
null, and then we check that this is true by substitution in the
equaiions of the network; finally, we make use of the existence
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and uniqueness of the currents and voltages in a non-singular net-
work to show that the guess is possible and that it Is the only ona.
Let us assume that we have the aet of all the complex currents
and voltages in the glven network, which exists (not meaning that
the currents and voltages are # 0) because {t is non-singular. The
complex currents of this set, together with I=0, will clearly satis-
fy all of Kirchhoff's complex current laws for the nodes of the new
network (aqugmented by the inserted voltage source), because they re-
main essentially the same as for the old (given) network. MNoreover,
the complex voltages of the set, will cleaé?y satisfy all of Kirch-
hoff's complex voltage laws for the meshes in the new network that
can also be found in the old one, because they remain the same;
while for the new meshes, they are guaranteed because they can be
obtained from the previous ones with the help of the eguation:
-E+Vba=Vab+Vba-O, which is true by hypothesis. Furthermore, all
the equations expressing the complex voltage drops through the ele-
ments in the new network which can be found in the old one, hold
also; because they are the same as In the old network; while for
the new elament (the tnserted voltage source) thils (s true because
Vab”"E’ by hypothesls. Thus the check and the proof are completed.

Theorem 2. If a silnusotdal current source is inserted in p—
(series in) a branch B, of a given sinusoidal current networkdiesme,
(which is and remains non-si{ngular after the insertion), which
carries a complex current Ig (say), anéAthe complex current I (say)
through the current source ls equal to IB’ then the effects of the
insertion are null. That ls, the couinzlex currents and valtages In
the network shall remain unaltered by :he lnseriion of the current
source, and the complex voltage ritse D (say) through the inserted
current source shall be zaro.

Proof: This l3 also done by the guess and chack method. Let
us assume that we hgue the set of all the complex currents and
voltages in the given network, which exists bgcause it is non-
singular. The complex currents of thils set will clearly satisfy
Kirchhoff's complex current laws for all the nodes in the new (Qug-
mented) network which were in the old (given) one, because they
are the same as for the old network; while for the new nodes (=the
terminals of the inserted current source) thau are guaranteed be-
cause 4I+IB=-O by hypothests, iioreouer, the complex voltage drops
of the set, together with D=0, will clearly satisfy all of Kirchhoff's
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complex voltage laws for the meshes of the new network, because they
are essentially the same as (they differ only in the addition of D=0
to some of them) in the old network. Furthermore, all the equations
expressing the complex voltage drops through the elements in the new
network hold also, because they remain essentially the same (except
for a possible addition of D=0 in one of them), as for the old net-
work. This completes the check. Finally, they are the only possi-
ble complex currents and voltages in the new network, because it ls

non-gingular by hypothesis. Thils completes the proof.

) voltage source (in series)
Theorem 3. The effects of the insertion o0f a sinusoidal, Gouma

tn a branch or a current, soupce;(n RSFGSIR Ln§F258 1 HuB5885  state
of the same frequency (assumed to remain non-singular) are the neg-
atives of the effects of the lnsertion of the same source (but) in
the ogrposite sense {(i.e., with the terminals invertgq). o

Proof: In order to find the effects 0F st‘}%’é’r?%%%tﬁfé‘dp’é%’%fﬁé’%f;
we nullify all the sources originally in the given network, and
thaen we Insert the source in guestion and find the complex currents
and voltages it produces in this network. These are the effects of
the inserted source. Now consider the complex ecuutions of this
network {(which contains a single source) with the source inserted
tn oneg sense. L(hanging the signs of all the terms in these egua-
tions wiil yield tne complex equations of the netuork with the
sourcez ingerted in the opposite sense, as cun 2usily be checked.
Therefore, {kz negatives of the complex currents and valtcgss in

o
the Former netuwork satisfy the conslex eguuiions of the lattile

-

r;
and SgcGuae of trne unicueness of the complex curranis and vuilages
in g noa~sitngulur network they are the only gpossible snes. [als
shews that the offects in the fornmer network (with the source in-
sertad in one sense) are the neggtives of the efjects in the lat-
ter nztwork (with the source inserted in the oprosite sense),

which completes the proof.

Theorem 4. Ij in a giuen non-singular sinusoidal current
networi, twd equal and oppositely serics connected stausoidal
voliuge sources of the same frequency {as shown in Fig. 1) are
inserted in & 2rcach, the effects of the inserticn are null.

£E—> - I =¥

£rg. 1. . cs-I Fig. 2.
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Proof: It is easy to see that the equations of the network re-
main (essentially) unaltered by the insertion of the voltage sources.
This means that the complex currents and voltages in the old (given)
network satisfy the equations of the new network (augmented by the
inserted voltage sources). And since the network is (assumed to be)
non-singular, these complex currents and voltages arék?he only pos-
sible ones in the new network. This in turn means that the complex
currents and voltages remain unaltered by the insertion of the
sources, which means that the effects of the insertion are null.

Theorem 5. If in a given non-singular sinusoidal current net-
work, two equal but oppositely parallel connected sinusoidal cur-
rent sources (as shown in Fig. 2) of the same frequency are con-
nected between two points @ & b of the network, the effects of
the insertion are null. _

Proof: If we write the equations of the old (given) network
and those of the new network (augmented by the inserted current
sources), we see that they are essentially the same. This means
that the complex currents and voltages in the old network satisfy
the equations of the new network; but since the network is non-
stngular, these complex currents and voltages are the only possi-
Lle ones in the new network. This means that the compliex currents
znd voltages remain unaltered by the insertion of the sources, and

this means thut the effects of the insertion are null.
Problem. Show that if all the sources in a non-singular network are
inserted in tée opposite directions then all currents & voltages are changed

4. THE THEOREM OF HELMHOLTZ AND THEVENIN. in sign (only.

In Ch., VIII, &5, we have clready given an accouwil of tiis
theorem and of its generalization. Nevertheless, hera we will
again constider the (simple) form of the theorem from another in-
teresting point of view. For this purpose, consider a non=singu-
lar network in the sinusoidal state, consisting of un active two-
terminal structure {(box A) with a finite open-circuit pzzsified
impedance ZA(= impedance of the structure 4 with all its sources
nullified), connected to an arbitrary passive two-terminal struc-
ture (box B) with mutually accessible terminals a&b and imped-~
ance ZB’ as shown in Fig. 1, assuning that these structures are

not coupled magnetically.

b Al = £¢—-§ B
[E: B F@i, [:: ‘E? {E?a F@piﬁ

a‘

De
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Let £ denote the open-sircuit complex voltage rise from @ to b
of the box A (w%th the box B removed). By theorem 4, €3, we can
insert two.;qual and oppositely connected voltage sources us' &uvs”
of complex electromotive forces kK, as shown in Fig. 2, without al-
tering the currents and voltages. MNow let us apply the superposi-
tion principle to the augmented network (of Fig. 2), with all the
sources of the network grouped into two classes: (I9) that of all
the sources within the active box 4 together with the voitage source
vs', and (2°2) that of the single source us". By the superposition
principle, the complex currents and voltages in the given network

sums of the quantities of the two auxiliary networks obtained
shall be thepcorrespondinga
by rullifying the sourcﬁfeﬁegfv%n’? géa%sz.tlaici?'igicime(shorted) and tie net-

A L=

work is left with the sources of the first class, we will first
prove (by the guess and check method) that the cowjlex currents
and voltages in,and through,the box B are null. But tiais is easy,
because ithe hypotheses that all the currents and voltages in,and
through, the passive box B are null, and that the wart of the net-
work (of Fig. 2) to tie left of @' &b is just the

opened at these points, are clearly consistent witii iz cguulions

o

e as tf (t were

&)

of the network (since K was chosen to bz the open cirudvi 2280¢X

1

- PR y .. - ian g . e SN . A . N L. 5 e
uzltzge of the structure AJ); and by the existence ciwi uniguiony

theorems for mon-cingular networks, they are the only possiile on2s.

As a congeguence, ull the currents Fnd voltages itn tie posciae hox
\ . e , Sngie. :
B shall be due exclusively to thejvoltage source vs', when all the
rest of tliz sources in the network (of Fig. 2), of the jirat zl<ss,
agre nulli“ied Sul this means that all the currents und vollages
. arbilrory passive .
in the,box B will be tite sane as when it (s connected
l

¢

T

7
, B G a voltuye

source of complex electromctive force £ in series wiin the pessified
daince Zﬂ, as saown tn Fig. 3. 4And since the paszsive box
ry, this means that the active box 4 can be repluced
by the series coninection of 5?U%ltage cource of complex electry-
motive force £ (=3sen-circult complex voltage of the uctive box 4)
and a passive box uf i.pedance ZA (=impedance of box 4 when all its
sources are nullifited); end in particular, the comglex current flow-
ing into bhox B will then be: E/(ZA+ZB)‘ And this is precisely the

ordinary form of ihe theorem of Helmholtz and Thévenin.
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§5. THE THEOREN OF HELMHOLTZ AND NORTON.

In Ch. VIII, §5, we have already given an account of this the-
orem and of its generalization; but now we wish to give another in-
teresting proof of its simple form. For this purpose, consider a
non-singular network in the sinusoidal state, consisting of an ac-
tive two-terminal structure (box A) with a finite short-circuit pas-
sified admittance YA (=admittance of the structure A when all {ts
sources are nullified), connected to an arbitrary passive two-ter-
minal structure (box B) with mutually accessible terminals a&b and
admittance Y,, as shown in Fig. 1, assuming that these structures
are not coupled magnetically. .

9

. -1

10 Dep ok B
a Fid. Fig.2. S Fig.3.

Let I denote the short-circuit complex current through the
box A from g to b (with the box B removed and a&b connected to-
gether). By theorem 5, §3, we can insert two equal but oppositely
connected current sources c¢s' and c¢s" between a&b, of cocmplex cur-
rents I, as shown in Fig. 2, without altering the currents and volt-
ages in the given network. Now let us group all the sources in
the augmented network (of Fig. 2) into two classes: (12) that of all
the sources within the active box A together with the current source
ce', and (22) that of the single source cs". By the superposition
principle, we know thdt the camplex currents and voltages in the

(augmented and hence also in the given) network shall be thu%surgf the
g g A

?‘%?S%t&rfié%)sl of the networks obtained by nullifying the sources of one class at a time.
hen cs' lS rnullified (opened) and the network is left with the
sources of the first class, it is easy to prove (by the guess and
check method) that all the complex currents and voltages in and
through the box B are null; because the hypotheses that all the
currents and voltages in the box B are null, and that the part of
the network (of Fig. 2) to the left of a&b is just the same as if

it were shorted at these points, are clearly consistent with the
equations of the network (since;g was chosen to be the short-cir-
cuit complex current of the box A); and by the existence and unique-
ness theorems for non-singular networks, they are the only possible
ones. Thus all the currents and voltages in the passive box B will
be due only to the single current source cs" acting alone, with all
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the rest of the sources in the augmented network (of Fig.2), of the
first class, nullified. But this means that all the currents and
voltages In the arbitrary passive box B will be the same as when it
is connected across a current source of complex current I in paral-
lel with the admittance Yh of the passified box A, as shown in Fig. 3.
And since the passive box B is arbitrary, this means that the active
box A can be replaced by the parallel connection of a single current
source of complex current I (=short-circuit complex terminal current
of the active box 4) and a passive box (box 4 with all its sources
nullified) of admittance Y,i and in particular, the complex voltage
drop across the box B will clearly then be: I/(XA+YE} But this is
precisely ﬂhe simple form of) the theorem of Helmholtz and Norton, gec.

§ 6. THE SHORT-CIRCUIT THEOREM.

Wnen two mutually accessible points (tuken as nodes on the
same component) of a network are joined together directly (i.e.,
identified, or combined into a single node, on as it is sometimes
descriptively put, connected together by an "impedanceless connec-
tior), we say that they have been ghort-circulited, or simply shorted.
Usually the definition is restricted to cases in which the two
points are at distinct polentialsy; but this restriction is clwunsy
nnd unnecessary. The two points must not, however, be the terminals

of cn tdeal voltuge source of non-vanishing value; for otherwise an
lnconsistency would arise. The short-circuit may be produced in-

tentionully (as when a switch is closed;, or accidentally; and it
. . disastrous . ] )
maey or may not be of consequences (all this being irrelevant to

;hﬁltheory). By a multigle (or compound) short-circuit we mean the
simultaneous
identificution (=direct connection) of more thcn two mutually ac-

cesstble points of a network.

The short-—-circuit theorem (which seems tc have been mentioned
first, without a proof, by J. R. Carson in his bock on Electric
Circuit Theory and Cperational Calculugggf 15326) states that the
effects (=increments in currents uand voltages) due to a (simple)
short-circuit between the points a&b c¢f a given non-singuiar net-
werk (which remains non-singular) are the same as the effects of
a single voltage source connected between Q&QAW;;%&M%;% % hJiustg
Foeews jrom a to b equal (at all subsequent time) to the voltage
drop from g to b that would exist in the absence of the short-circult.
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That is, the effects of the short-circuit between a&b are the same
as the currents and voltages produced in the network,when all its
sources are nullified, by a single voltage source connected between
a &b which produces the negative of the voltage that would other-
wigse exist between them had the short-circuit not been. made.

Of course, here we are dealing with networks in the sinusoidal
state at a given frequency, only, and- so the voltage between aé&b
will be stnusoidal in the absence of the short-circuit; and hence
the voltage source producing the same effects as the short-circuit
will also be sinusoidal, of the same given frequency. This sinu-
sotdal voltage source shall, however, produce certain transients
which need not be stinusoidal, and which may sometimes be the most
important parts of the effects of the short-circuit. Nevertheless,
these transients are not treated here; and we imagine ifhat they
have died out (without destroying the network) and that the sinu-
soidal state has been resumed.

Our task is then to prove that the increments in the comzlex
currents and voltages in the non-singular network (=effects) due
to the short-circuit between g &b are the same as the ejffects due
to a single voltage source connected between a¢&b of compulex elec—
tro-motive force £ (from a to b) equal to the complex voltuge drop
Vab (from a to b) that would exist if the short-circuit had not
been made. These effects may then be found by nullijying all the
sources in the givén network,and then finding the complex currents
and voltages produced by the single voltuge source X connected
Sfrom @ to b. These are the increments produced by the shcert-cir-
cuit, and so if they are added to the corresponding complex cur-
rents and voltages that were in the network before the short-cir-
cuit, we will have the complex currents and voltages in the net-
work after the short-circuit is made.

To prove this let us insert between a&b a voltage source of
complex elctromotive force equal to the complex voltage rise be-
tween these points (sense and all). By theorem 1, §3, we know
that this will have no effects on the.complex currents and volt-
ages in the given network. Now let us group the sources in the
new (augmented) network so obtained into two classes: (12) that
of all the sources of the glven network, and (22) that of the new
(in'serted) voltage source only. By the superposition principle,
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the complex currents and voltages in the dugmented (and therefore
sums of the quantities of the two

in the given) network will be the,corresponding,
ayxiliary networks obtained by nullifir\in/g‘l t};ﬁe?%?ézﬁg,otihoenecg%l% sexatcartiime.
rents and voltaggs L Lhe Qe Mo itor B St i o R R
ing quantities in the network with the short-circuit,added tZ/}e}jZnh;)
corresponding quantities in the new network when all its sources,
are nullified except the newly inserted voltage source. That is,
the original complex currents and voltages in the given network
minus the corresponding quantities in the network with the short-
circuit (which are precisely the negatives of the effects of the
short-circuit) are equal to the effects of the newly inserted volt-
age source, when all the sources in the given network are nullified.
Consequently, by reversing the connections of the new voltage source
(i.e., inserting it in the opposite sense) it will produce tie same
effects in the given network as the short-circuit (see the problem at
the end of §3) ; which is precisely the statement of the shcrt-

circuit theorem (for sinusoidal current networks.

§7. THE OPEN-CIRCUIT THEOREM ON THE EFFECTS OF AN INTERRUPTION.

Roughly, an interruption or break is the opposite of a short-

cirecuit. It may be defined, without loss of generality, us the
splitting of a node of a network into tws nodes. The treak must
rat be, Aowever, in a braach with a current source of NON~Zro
current; jor otaerwise an tncoisfstenzy would arise. An interrup-

tion may be produced intentionaliy (as when a switch is cpened),

or acctdentally {as when there [s 2 break in a conductor); but

Ats iz irrelevant to the theory. 44genegsc Qame for short-cir-

<k

cu

-

. . . 1049 R ,
te and interruptions is 2 fault (@uenAafzone s inclined to con-
sider a juult as distruciive, or at least accidental). By a mul-

- tivle (or compound) inferrustion or breai we mean the simultaneous

v -
- et

splitting of a node (or of several nodes) into several nodes.

we will now prove the following thecrem on an iaterruption,or
opening of a switch, for siausoidal current networks (due in essznce
to J. R. Zarson, it seems ~-~ see note in $6).

The effects (=iacrements Q%nggggﬁmlex currents and voltages)
due to an interruption (=break), in a bfgnch)of a given non-singular
sinusctdal current network (whﬁgh remains so), which was to carry

(in the absence of the break) , A
a comzlex current ﬁ, are the same as the effects of a current source
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of complex current I inserted in the broken place, in the opposite
sense to which I was referred. The effects of the interrruption
will then be the complex currents and voltages in the network ob-
tained from the given network by nullifying all its sources and
then inserting a current source In the place of the break, of a
complex current equal but opposite to that which would otherwlse
exist in the absence of the break.

To prove this, let us insert a current source, in the pluace
where the break is to be made, of a complex current equal to that
which would exist in this place in the absence of the brecih. By
theorem 2, €3, we know that this will have no effects on the com-
plex currents and voltages in the given network. Now let us group
the sources in this new (augmented) network,so obtained, intc two

0

lassess (12) that of all the sources of the original {given) net-
work, and (22) that of the newly inserted current ssurce qifng.

By the superposition principle, the complex currents and vclizges
in the augmented (and therefore also in the giiven) networi will be
the corresponding suns of the effects of the sources aof these two

- - ‘ acting
clasees. Sut the network with the sources of the firat cias%, oy

)

@

(r

with the single (current) source of the second class nullified, i
nrecisely the network with the break (which we asswie to have re-
gained the sinugoidal state). Therefore, the complex currenls ond
voituges in the gilven network are egual to the correspondiig quin-
titiez {n the netwcrk with the break, added to these in the network

ned by nullifying all the sources in the given neiwori (thos:

~

3

n
«

~,

¢ first cicss) and inserting the current source (of tie seeond
class) in the break. That is, the original complex currciis und
voitages in the given netweork minus the corresponding guuintiiies
in the network with the break (which are precisely the negatiuves
of the effecis of the break) are equal to the currents & voltages
iigggg%%éwéﬁgiggglgource (that of the second class), when «ll the
scurces (of the first class) in the given network are nullified.
Conseguently, by reversing the connections of the new current source
(i.e., inserting it in the opposite sense) it will produce the same the
effects in the given network as the break, according to the problem ae\
end of§3; und this is precisely the statement of the open-circult '
theorem (for sinusoidal current networks), the proof of wiich is

thus complete.
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$8. THE EXCHANGE OR TRANSFORMATION OF SOURCES.

Consider a wvoltage source in series with a magnetically iso~
lated passive box of impedance Z#0 (arnd admittance Y=1/Z), as
shown in Fig. 1(a), to be part of a network in the sinuscidal silate.
The complex voltage drop from the terminal @ to the terminui b ig:

=zl , -F 1)
Vab ab ’ (.
where I, is the complex current entering a and leacving chrough b,
and £ (s the cumplex electromotive force of the voiiage source.

pt now Ln

[yl

On the other hand, consider exuctly the same Lox
parallel (shunted) with a current source of complex current I, as
shown in Fignl(bL tc be substituted for the structure of Fig. 1(a)
in the giuen retwork. The complex unitaze drep from the lermincl @
to the terminal b ()4L~n is now equal, Zn this case, o the voliage

drop thxougn ite b&x'carrying the ~omnlicx current I’:I”HHI) 1ss
. = I = [ . - -‘ i f,_:“
Vao zI Z ab 41 { )

Eguations (1) and (2) will be identical if and cnly i7:
E=2I, ¢r I=YE. (3)

That ts, the two structures of ¥ig. 1{a&b) will have identluui
termincl charecieriatics (at ihe frequency of the gisen not
g¢ occurce in Fig. 1(a) has

[
if and cnly (F the welta
Force K, and the current scurce In Fig.

tromctivae
piex current I, which satis,y tie equaticn (3)y una it fhin o.se,
csquat complex voliage drops will imply equal complex terminal our-

rents through the two ctructures, und viceversa; and 30 eqius COM-

S

'bilexr voituge drops will e eguivalent to equal complex terminal

Currenis through ithe struciures, co that one may be exchuanged with
the other without altering the equations of ihe given network, and
hence without altering tlhe complex currents and voltages in the
other elements of the network (if it is non-singular, of coursel).

Iy y =y 2 y o . o7 & L bl A (s ! B
rhils resuit is the well-knowr thesrem on the gxcharnge, or trans-

formaiion, of sources, wiaica jinds many practical dppiicatiOHSQ
Z -—L—D 1 ) I"Lé
E f us (@) rf Z ' @)

Froblem 1. With the help of 2gs. (6) of Ch, VIII, §5, shou
t the above result holds even for active boxes with non-vanish-
e

sified impedances.
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Problem 2. With the help of the source exchange theorem, ob-
tain the (simple) theorem of Helmhcltz and Norton (given in §5)
from the (simple) theorem of Helmholtz and Théuvenin (given in § 4),
and the converse also.

Problem 3. Show how the networks shown in Fig. 2(a&b) can
easily be solved (i.e., how the complex currents and voltages can
be found) by making source exchanges.

8 ) =
C?;_£:::} [i’ Elﬂ /éﬂz, @)

The above result on the exchange of sources can easily be

generaiized to the cuse in which the boxes in series with the volt-
active and

age sources areAmagnetically coupled. For this purpcse, let us

-

censider a sinuscidai current network with N structures as sinown

in Fig. 3, consisting each in a voitage source in series with an activeor
passive box, and (et us assume that the N boxes of these structures

are magnetically coupled with each orher (but with no other boxes,

thus Jorming o magretically zlcosed system of boxes).
LR K
—_ N7 =S
1 b, . b, ‘ I
c ca Cj sz Cj cee & (f
! V4
1 L 2 ) Yoo £
! ” 9. 3.
“a, ~.a, L a, ?

The complex wvoltage drop from the terminai a ic the lterminali
) e ]
‘-

5, of the typical pox k (=1,2,....H) is, according to egs. 3, ¢

_ 7 o _ L

= G I+ VB, (k=1,2,...,0), (&)
I=i

where the Z_, ure the (self~ and mutuali~) paszified impedunces Gf

ne S
the sysiem of boxes (with all their triernal sources nulliljied),
Ik {s the complex terminal currenil entering through Qg ancl lezving
through b Vﬁ ts the open-circult ocomplex voltage drop z”ow?ﬁtjhe
bex K, and Ek is the complex 2lectromcilue force through tl“Avo't Lge

acurce of the structure X; everything being referred to the aszsigned
orientaitlons (=rzference directions).
On the other hand, consider exactly the same N active Loxes
L . . but now
of the system, with the same magnetic couplings,in parallel (shunted)
with current sources of complex currents I (K=1,2,..,N), us shown

o
. k
in Flg. 4. The complex voltage drops will be the sume as thos

through the active boxes, namely (according fo egs. 3 Ch. VIIL §5):
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b,
-
IT cs) It ~ zh
1 % .
¢§ z, /@zAL
-—
a, i
N N N
o _ - o _ . °
V}fﬁzkﬂi Vg = ) 2T Tes )+ VK PIRIREEE ZZ,’Z} les, *Vk =
I=l 2= Z=t = 2,08y - (B)
since now the complex currents through the boxes are: IkzI?wIcs.ﬁ
where the Ik are again the complex terminagl currents through h
the structures (k:gz,u-,N%
Equations (4) and (5) will be identical if and only if:
Ek = ZklICS (k=1y2’oou,}v.)t (6)

1=/ l
That is, the two systems of structures of Figs. 3&4 will have iden—

tical terminal characteristics (at the freguency of the given ngt-
work, if and only if the complex electromotive forces Ek of the
voltuge sources in ig. 3, and the complex currents Icsk through
the current sources in Fig. 4, satisfy the equations (6); and in
this cuse, equal complex voltcge drops will imply equal complex
terminal curreats through the two systems of strucitures, and vice-
versa; thus equal comzlex voliage drops will be eqguivalent to egual
complex terminul currents through the itwo systems ofF structures,
and so one wysitea may he exchanged with the other without altering
the ecquaiions of the giuven network, and herce without altecring the
complex currents and voltcges through the other structures of the
network (assuming that it is non-singular, of course). This re-

L

sult is a substantial generaliziion of the (simple) theorem on the
which is indeed
exchange, or transformation, of sources given above,,very useful.

When det(Zkl);fo, egs. (6) can be written in the fcllowing
equivalent form: ~ .

Icsk" - Yklbl (k=1,2,...,N), (7)
where the Ykl=cqulk/det(zkl) are the (self~ end mutual-) admii-
ances of the passified boxes of the system With their sources nullifled).

Problem 4. Show that a sinusolidal current network of structures
of the kind shown in Fig. 5 (or of the kind shown in Fig. 6) can al-
ways be transformed into a network of box-source series element of

the kind shown in Fig. 7, and also intc a network of box-sgource
shunt elemenits of the kind shown in #ig. &8,

Saaea)

;iié Fiy. 7 Fig. 8.
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CHAPTER X: THE DUALITY PRINCIPLE.

By this time the careful reader may have noticed a certain
relation between the treatment (and equations) of an arbitrary
network of series elements of one kind or another (that we have
considered in the preceding chapters) andmﬁgﬁmzfeatment (and equa-
tions) of an arbitrary network of parallel,elements of the corre-
sponding kind. Thus, making abstraction of the detailed structures
of the networks, it may be checked that by making the interchanges
of corresponding quantities (in juxtaposition) of the following
table (using the notation of the text):

series|shunt series|shunt series|shunt series| shunt
Ve I, R, G (k,n) | [k,m] ggtz ,f()dt
I v S c [k,m] | (k,n)
K k Kk k I d[?

- !

Ek Icsk Lkl I;l n T ()dt dt
D | ~Tus, 2k | i "o n w | 1/iw
im gn X1 Bri Mes s 1/iw | iw
Em In Zmn Ymn pleoria) /4
Ep Ip e ¥

the generic equations and solution formulae of an arbitrary net-
work of series elements (e.g., egs. 3,81, Ch. V, and eqs. 1,2,3,4,
§1, & 1,3,4,82, & 14,15, &4, of Ch. VI) are transformed into the
generic equations and solution formulae of an arbitrary network of
parallel (or shunt) elements (e.g., eqs. 3,82, Ch. V, and eqgs. 0,1,
2,3, §1, & 1,2,3,82, & 5,6, 84, of Ch. VII), and viceversa.

This statement may properly be called the abstract duality

principle, since it is based on a correspondence between symbols
pertaining to generic (in contrast to specific) elements and net-
works. And corresponding quantities in the above table are called
dual quantities, or simply duals.

Of course, the proof of this statement is in great part the
contents of the preceding chapters; so that this result could hard-
ly have been used to reduce the material presented. And once the
material has been presented it is just as easy to write down the
general equations of one network as those of the other. Thus this
result turns out to be too abstract to be of much use, unless it is
used as a memory guide. Naturally this was to be expected of such
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a general result, since it was based on representative elements and
overall characteristics of the networks, all individual character-
istics being lost by the abstraction. As a consequence it is to be
expected that we must make some kind of restrictions in order to
continue; and this will be done in the rest of this chapter.

&1. THE DUALITY THEOREM.

The general complex equations of an arbitrary network of n,
general series elements interconnected into n, components (=sepa-
rate parts) with n, nodes (and n&:nn-nc independent nodes) and n_=

m
n,-n; independent meshes are eﬁe following (cf. eqgs. 3, $1, Ch.V):

e
Vk-Rka+Ska/iw +§ikalIl ~E,-D, (k=1,2,...,n),
(k, n)I (71=1,2,...,né), (1)

E[k mjV, =0 (m=1,2,...,n.);

and the mesh method is introduced by making the substitution:

[k, m]J (k=1,2,...,n,). (2)
M—I

Similarly, the general complex equations of an arbitrary net-
work of Ne general parallel elements, interconnected into NC com-
ponents with Nn nodes (and Néan_Nc independent nodes) and Nm=Ne-Nﬁ
independent meshes are the following (cf. eqgs. 3, §2, Ch. V):

Ik"Gka+ 1kaVk+zZ k1 /Lw +I SK+IUSK (k=1,2,”.,,Ne),
(k,n)*I, =0  (n=1,2,...,N!), (3)

k=t
X@ m]*V, =0 (m=1,2,c.,N );

where (k, n)‘ and [k,m]* denote the incidence numbers of the ele-
ments with the (inderendent) nodes and meshes, respectively, of
this network; the node method being introduced by the substitution:

20{ MM (k=1,2,.00,0). (4)

If ne=Ne’ the number of general series elements of the former
network will be equal to the number of general parallel elements of
the latter, and a one to one correspondence can be established between
the elements of the two networks. Further, if né:N and Nn N,

then the number of independent nodes of one network will be equal

to the number of independent meshes of the other, and a one to one

correspondence can also be established between the independent nodes
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of each network with the independent meshes of the other.

Under these conditions, the number of (independent) equations
of the first network will be the same as that of the second network;
and if (and only if) for some enumeration of the elements, nodes,
and meshes, and for some orientation of the elements and meshes, of
the two networks we have: (k,n):(k,m]‘ and [k,m]=(k,n)* for all the
corriggg?ding elements, nodes, and meshes, then the systems of equa-
tionspof the two networks become interchanged upon interchanging (all)
the corresponding (dual) quantities according to the table given
above; the columns on the left sides referring to the (first) net-
work of general series elements, and the columns on the right sides
referring to the (second network of general parallel (shunt) elements.
Moreover, this interchange of equations of one network with those
of the other is effected in a one to one manner; with the equation
expressing the voltage drop across an element in one of the net-
works passing over into the equation expressing the current through
the corresponding element of the other network, and the equation
expressing Kirchhoff's current law for a node of one network passing
over into the equation expressing Kirchhoff's voltage law for the
corresponding mesh of the other network, as can easiliy be checked
(under the assumed conditions) by a glance at eqgs. (1) and (3).

This result is called the duaglity theorem; and the two networks,

one considered as a network of general series elements and the other
considered as a network of general parallel (shunt) elements, are

called dual networks.

Of course, since any networki may be considered as a netwcrk
of general series elements, and also as a network of general paral-
lel elements, it makes no difference which is considered as one and
which is considered as the other, as long as the conditions of the
theorem are met with. Mbreouer, it is not necessary that corre-
sponding quantities (duals) of the two networks be the same numer-
ically (of course); rather it should be understood that their in-
terchange, as indeterminates (or symbols), will interchange the cor-
responding network equations in a one to one way, in the manner
mentioned above. When the equations for one of a pair of networks
o e St S POl St R ey 7 Y othEr e tuork
sLan be obtained immediately by substituting all the dual quantities
in the given equations, in accordance with the table given above.
Notice that according to this table, voltage and current sources
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are interchanged, but passive elements are changed into the same
kind of elements. (Later we will consider another (more restricted)
kind of duality, which is the one commonly found in the literature,
in which passive elements of one kind are changed into passive ele-
ments of another kind.) eprinciple imolvod inall tis is called ¢fe (general) duality privciple.

When two quantities A & B are defined for two dual networks
as functions of corresponding given dual quantities, and these func-
tions become interchanged when all the given dual quantities are
interchanged, then the quantities A & B are also called dual guan-
tities, or simply duals.

Thus, from eqs. (15), €1, and egs. (5), §2, of Ch. V, we see
that the impedances Zkl of (and between) the clements of the network
of general series elements, and the admittances Ykl of (and between)
the elements of the dual network of general parallel elements, are
dual quantities. This was anticipated when the table of dual quan-
tities given in the introduction to this chapter was estabiished,
of course, and for this reason this pair was included in the table.
Likewise, according to eqs. (1), §2, Ch. VI, and egs. (1), €2, Ch. VII,
the same can be said of the mesh impedances Z, . and the nodal admit-
tances Ymn of a palr of dual networks, and for this reason this pair
was also included in the table. And the same can be said about the
(compiex) mesh or circulating currents Jm and nodal potentiais Un’
introduced by eqs. (2) & (4); and also about the other quantities
(cf the mesh and nodal methods, etc.) which were included in the table.

§2. THE CONSTRUCTION OFf DUAL NETWORKS.

The equations: [k,m]=(k,n)* and [k,m]*=(k,n), between the
element-mesh and element-node incidence numbers of a pair of dual
networks, imply that it is possible tc choose the independent mesh-
es of each of these networks in such a way that no element belongs
15 more than two independent meshes; because, for a given element K,
(k,n) and (k,n)* are non-zero for at mocst two disri”Ct.ﬁﬁfféeLﬁﬁéﬁﬁi.
of) n; and so the same must be true of [k,m] and [kgm];V Now 1t
can be shown that this i(mplies that the networks must be ngaﬁ;ﬂ
(cf. H. Whitney, Planar graphs, Fundamenta Mathematicae (21),A1933);
that is, that their graphs may be mupped upon a plane without ele-
ments crossing. And since the converse of this implication is
clearly true, we see that the duality theorem of &1 is limited

to networks (the graphs of) which are planar.
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Let us now consider a given planar network drawn upon a plane
without elements crossing, and let us take the 'openings” as the
meshes of the network. Also, let us take the base node in each
component of the network (re-numbering the nodes if necessary) to
be on the outside boundary of the corresponding component, as shown
in Fig. 1. In each opening (mesh) in the given network let us take
a point as a prospective node for a new network, and for each com-
ponent in the given network let us take a point outside of the net-
work as a prospective base node for a corresponding component in
the new network. In this way we will be sure that the number of
independent nodes of the new network will be equal to the number
of independent meshes of the given network; and we will now show
how the prospective nodes of the new network CQE%PQ Joined togeth-
er in such a way that the new network wLZgﬂgdgg the same number of
elements, the same number of components, and a number of independ-
ent meshes equal to the number of independent nodes of the given
network.

Q
COm,bo»enf

O /_-7.?'1' .
In the first place, for each element of the giuven network which

is common to two of its openings (meshes), let us construct an ele-

ment of the new network, joining the prospective nodes enclosed by

these openings, across their common (boundary) element. Next, for

each element on the boundary of a given component and belonging to

a single mesh of the given network, let us construct an element of

crossing the bourdary élement a
the new network, jolning the prospective node enclosed by this sin-

gle mesh to théAprospectLve base node corresponding to the given
component (taking care, as the construction progresses, not to en-
close ang‘ of ,the bafe nodes of the giuven network in g me/iizdif z;he
new netu,)or'f a"?'znally, for each non-essential element/‘a(belog'gmg
to no mesh) on a given component of the given network, let us con-
struct an element of the new network starting from the correspond-
ing prospective base node, or from the prospective node of the new
network within the same opening of the given network in which the
loose terminal lies, then crossing the non-essential element, and
then returning (back) to the starting prospective node of the new

network; and for the only non-essential element with no loose ter-



minal which may exist on a given component of the given network
(whose removal would split this component in two; one part P of
which would.mot contain the base node of the given component), let
us construct an element of the new network, starting from the corre-
sponding prospective base node of the new network, then going around
the terminal of the non-essential element which would be on the part
P not containing the base node, and then returning (back) to the
starting prospective base node. (Examples of these constructions,
are the elements 1', 2', 3', &', 5' of the new network, correspond-
ing to the elements 1, 2, 3, 4, 5, of the given network, as shown
in Flg. 1, where dashed lines were used for the new elements.)
‘____——-Wﬁth this construction we are sure that the new network will
also be planar, since it will have no crossings amongst the new ele-
ments. Moreover, since exactly one element, and exacily one com—
ponent, of the new network was constructed for each element, and for
each component, of the given network, we are sure that the number
of elements in both networks, and the number of components in both
networks, will be (respectively) the same. (It shall be found con-
venlent in carrying out the above constructicn to give correspond-
ing elements, and to give correspondinyg components, of the two net-
works, the same nunbers.) Furthermore, since each node, except the
base node, of u given component, will be enclcsed in a sing?gz%ésh)
of the new network, we see that the numnber of indeperdent meshes
of the new network will be equal tc the number of independeni nodes
of the given network (and it shall be convenient to arrange things
in such a way as to give a node of one network enclosed by a mesh
o, A leR, Gl Bt r g8 el Sl s otk e St et A
With the above we hQue gone a long way in the construction of =
the dual of a given network., Next we must consider the important
question of orientation of the elements and meshes of the two het-
works, in order to suatisfy the relations between the incidence
numbers of the two networks., Let us imagine that corresponding
elements of the two networks have the same numbers, and that a
node of one oj lae networks has the same number as that of the
corresponding mesh cf the other nstwork (as we mentioned above).
Then the relations between the ineidence numbers which we seek to
Fulfill can be exprassed thus: (k,n) =fk,n)*ond [k,m]= (k,m)* for
all k=1,2,;..,ne(=ﬁc), n:Z,E,...,né(:Nm), and m=1,2,.,q,nm(=Né)»

///”’;;f;mportant conseqguence of the above construction is that
elements in series in one of the networks will have corresponding
elements of the cther network connected between the same pair of
l nodes, and so they will be connected in parallel in the latter,
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In order to obtain these relations, it shall be convenient to use

a consistent and systematic scheme. This may be done by orienting
all the meshes of one of the networks in the counter-clochkwise di-
rection (say), and then orienting all the meshes of the other net-
work in the other (clockwise) direction. Then if a given typical
@ssential) element k on the mesh m of the first network is orient-
ed in the sense of the mesh m (so that [k,m]=+1), the correspond-
ing element k of the second network must be directed away from the
node m of this network (so that (k,m)*=+1); otherwise it should be
oriented towards the node m of this network (so that [k,m]=(k,m)*==-1);
thus in each case we will have: [5x,m]=(k,m)* for the mesh m. With
this we can also be sure that the incidence number of thé:gaement_ﬁ
with any other mesh m' of the first network will always be equal
to the incidence number of the element k with the corresponding
node m' of the second network; bz2cause both change sign together
when the meshm' is adjacent to the mesh m, and in every other case
they uanis@ togethero (See Fig. 2.) Moreouer; since we oriented

\ s .
R'l - F/j: 3.
all the meshes of the second network in the clockwise direction,

the relative orientations of the elements of the second network
with respect to its nodes and meshes wiil be the same as that of

correspond; . R .
theAelemeA?s of the first network relative to its nodes and meshes

(as shown in Fig. 3). Thus we will always hauve: [k,n]*= (k,n) also.
@bncerning a non-essenttial element of one of the networks, and the
corresponding element of the other network (which is closed upon
itself), we may mention that the corresponding tncidence numbers
do not appear in Kirchhoff's Laws, so that they are irreieuantJ

As a consequence of the above, we can be sure that Kirchhoff's
current laws for one of the networks are interchanged with Kirch-
hoff's voltage laws for the other network (and vice versa), in a
one to one manner, when the currents of one of the networks are
interchanged with the voltages of the other.

Finally, in order to determine the dual of the given planar
network completely, we must show how the types of elements of the



Ch. X, §2. 271.

new network can be chosen in such a way'that each of its elements
will have an equation relating the voltages and currents that will
become interchanged with the corresponding equation cf the corre-
sponding element of the given network, when all the dual quantities
(of the table given above) are interchanged. But this is very easy.
If the elements of the given network were chosen to be of the gen-
eral series type, those of the other network must be of the general
parallel (shunt) type, and vice versa; a voltage source passing over
into a current source, and vice versa, while a passive element pass-
es over into a passive element of the same type (a resistance pass-
ing over into a conductance, an elastance into a capacitance, and
an inductance into an invertance (whether self or mutual), and vice
versa). Any series branch in one of the networks will then pass
over into a parallel (or shunt) branch in the other, with current
and voltage sources becoming interchanged, but with passive elements
becoming interchanged with passive eiements of the same kind.

With this, ail the equations of cne of the networks pass over,
in a one to one manner, into the corresponding equations ¢f the
other network, when the dual quantities are interchanged, and so
they will be dual networks.

Previously we had already shown that a network with a dual
was necessarily planar; and what we have now Jjust shown (s that
it is sufficient for a network to be planar in order that it have
a dual (with respect to the table of dual quantities given in the
introduction to this chapter). Actually we have shown more than
this, since we have also given explicit instruction to construct
the dual of a given planar network.

Example. Consider the network shown in Fig. 4 as a network
of elements of the general series type. Then the number of ele-
ments is ne=7, the number of nodes is nn=4, the number of compo-
nents is nc=2, the number of independent nodes tis né=nn—nc=2, and
the number of independent meshes is nm=ne-né=5. Let us number and
orient the elements and meshes as shown in the figure (with all
the meshes oriented in the counter-clockwise sense). The graph of
this network (of elements of the general series type) is shown in
solid lines in Fig. 5. And the graph of the dual network (=the
dual graph) is shown in the same fig. 5, but in broken (dashed)
lines; and the corresponding network of elements of the general

parallel (shunt) type is shown in Fig. 6. This network has Ne=7
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elements of the shunt type, Nn=7 nodes, NC=2 components, Nﬁan'Nc=5
independent nodes, and Nm=Ne-Né=2 independent meshes. The elements,
nodes, and meshes have been numbered and oriented according to the
scheme explained above, all the meshes being oriented clockwisely.
Q
L I

U FARE
Fig.4

11‘%’
Fig. 6. .

By writing down the complete systems of independent equations for the

netwcrks shown in Figs. 4 & &, it can easily be checked that they be-
come interchanged when all the dual quantities are interchanged.

Problem. Considering the network of Fig. # as a netwcrk of
(nine) elements of the general parallel type, show that its dual,
considered as a network of elements of the general series type
(of course), is (also) the same network of Fig. 6.

$3. THE SPECIAL DUALITY PRINCIPLE.

In the preceding section we have seen that any given network
has a dual with respect to the dual quantities of the tcble given
in the introduction to this chapter if and only if it is planar,
and we hauve given explicit rules for the construction of the dualy
and thus the question of duality in this sense iz completely set-
tled. Tne principle embodying these results may be called the

(general) duality principle, to distinguish it from another (spe-

ctal) form of dwality, whith we will consider in this section.

This special form of duality is limited to (planar) networks
with no (non-zero) mutucli-inductances; and we will call the cor-
resgonding principle the special duality principle. With all we es-

tablished in the preceding section its i;e%ément will be very sim-
ple indeed; beccuse most of the contents, ts of a combinctorial
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nature which does not depend on the types of elements of the networks.

Thus given any planar network with no (non-zerc) mutual-in-
ductances, simply because it is planar we know that there exists
a corresponding network such that both networks have the same num-
ber of elements (of corresponding kinds), the same number of com-
ponents, and each has a number of independent nodes equal to the
number of independent meshes of the other, which can then be put
in a one to one correspondence and numbered and oriented in such
a way that corresponding elements have the same numbers, correspond-
ind nodes and meshes have the same numbers, and the incidence num-
bers of corresponding elements with corresponding nodes and meshes.
are equal. Thus the equations expressing Kirchhoff's current laws
for the independent nodes of one of the networks pass over into the
equations expressing Kirchhoff's voltage laws for the independent
meshes of the other network (and vice versa) when all the corre-
sponding currents and voltages are interchanged, just because the
given network (and its dual) is planar.

Now when the networks have no (non-zero) mutual-inductances,
besides, it can easiiy be recognized that the first of egs. (1) of §1
{with L, ;=0 for k# 1) become interchanged with the first of eqs. (%)
of 81 (with I}Z=O for k# 1) when the corresponding quantities (in
Juxtaposition) in the following table are interchanged:

series | shunt series | shunt series | shunt
Vk Ik Rk , Gk XL BC
Ty Vi Sy= c, I=1/L Xc B
Ey “Tes, Ly Cr Xy By
Dy “Tus 2y "
J U z y
m m mn mn

where the

unn have been added ir anticipation of later resuits.

last entries

in the first column and the whole i{ast col-

This table

differs from that given in the introduction to this chapter in two
important aspects. First, the entries iw & 1/iw anrd d()/dt &.k)dt
of that table are missing in this one; and second, coils and con-
densers are interchanged according to this table (as is indicated
by the interchange of Lk with Cyps> instead of Lk with Ik and S
with C, as in that other table).

Consequently,

k

the systems of equations of two planar networks
without mutual-inductances, one considered as a network of elements
of the general series type and the other as a network of elements
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of the general parallel (shunt) type, whose elements and independ-
ent nodes and meshes can be numbered and oriented and put into a
one to one correspondence as mentioned abouve, will interchange in
a one to one manner when corresponding quantities in the above ta-
ble are interchanged. Such a pair of networks are called (special)
dual networks with respect to the spectal correspondence given in

the above table (of this section); and corresponding quantities in
this table are called dual guantities in the special sense. We

wiil calil the above result the special duality principlec.

The rules to construct the duail of a given planar network
without mutual-inductances are the same as in $§2, with independ-
ent nodes and meshes interchanging, with series branches being
interchanged with parailel (shunt) branches, with current and voli-
age sources interchanged, with resisiors passing over into resistors,
jgacept that now coils and condenser are interchanged.

As before, quantities defined by functions of the original
duc! quantities which are interchenged by the interchange of the
original dual quantities are also called dual buantitiess but now
in the special sense of the correspondence between the origindi
guantities given in the above table. If is easy to show that the

_ of the Flrst colimn
corresponding quantities in the last ro%, and itn the whoile last
column, of the above table are dual qguuantiiies In the special sense;

and accordingly they were included irn the Zaobie¢ in anticipation.

Example. Consider the network witncutr mutual-induciances,
shown in Fig. 1, as a network of elements of the general series
type. The number of 2lements 1is r..=7s the number of ncdes is nnzé,
the number of components is nc=1 and so the number of independent

(8]

ncdes is né:nn-nczjﬁ and the number of independent meshes is n,=
ne~n5=4. (In networks without mutual-inductances, there is no point

in considering more than one component, since each perjforms inde-
pendently of the others and so euch may be considered sepGrately.)

Let the elements, nodes and meshes, be numbered and crienied as

shown in the figure (with all the meshes oriented counter-clockwisely).

—_

Fig 1.

“6_:_..___..—4’
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The graph of the given network is shown in solid lines, and the
graph of its dual is shown in broken lines, in Fig. 2. The dual
network (of elements of the general parallel, or shunt, type) is
shown in Fig. 3, the elements, nodes, and meshes of which were
numbered and oriented as explained in 82, while the elements
themselves were constructed according to the table given above in
this section, as explained above (the resistor, coil, and uvs. in
series in the element 1 of the given network, passing over into a
resistor, condenser, and ¢s., respectively, in paraiiel in the cor-
responding element 1 of the dual network; the resistor, condenser,
and ¢s. itn series in eiement 2 of the given nfgﬁork, passing cver

) , , . paralle \

into a resistor, coil, and ys., resp., Lqﬂetement;g of the dual, etc.)
If the equations of either of these dual networks are established,

the equations for the other may be obtaired directly by subsiitution

of all the dual gquantities in accordance with the table of this

section. £
" =
" ED €S J é) 2
T 5 L
1 < == > 4 = 2
| \é) ] Fi2.3.
< _

Probiem 1. Considering the network of Fig. 1 as a network of
(fourteen) elements of the general parallel type, show that its
dual, considered as a network of elements of the general series
type (of course), is still the same network of Fig. 3.

(%/9.4)
Problem 2. Find the duals of the following network%, first

according to the correspondence given by the table in the intro-
duction to this chapter, then according io the correspondence given
by the table of this section, and then compare the resulis. (For
illustrative purposes, consider all the heavy dots shown as the
nodes, and assign the numbers and orientations arbitrarily.)

. [
5;] | | Fiz.4

Problem 3. Find the duals of the following networks, accord-
ing to the table of the introduction (since they have none accord-
ing to the table of this section). (Fig. &)
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Fig.5.

Problem 4. Assuming that the mutual-inductances are absent
in the networks of Fig. 5, find the duaie in the special sense of
this section.

Probiem 5. Find the dual graphs of the follcowing graphs (of

mathod and
Fig. 6), according to th’eArules given in §2.

f77.6.

84. INVERSE (OR RECIPROCAL) PASSIVE TWQ-TERMINAL STRUCTURES.

By the inverse with respect to g finite resistance R0 (and
conductance G=1/R) of ¢ puassive, two~terminal structure (or box)

with mutuclly accessible terminais, and with an admittance_[ (and
redance Z=1/Y), we mecn a two-terminal kox with an impedance Z'
{and adnittance Y'=1/Z') such tha: jor all frequencies we have:
22'= R° and YY'= G° and herce: 2Z'= R°Y and Y'= G°Z. (.
An imporiant application of the special duality principie is
concerned with the constructicn of such irverses for passive planar
two~igrminal structures wiihout mutual-induciances. To show how
this can be done, cconsider a given planur two-termirnal passive box
witnout mutual-inductances (which may be considered, without locss

L ogenerality, to be a single conrnected part:componenf, since no

==

T

nogretic couplliags are now allowed), and consider #rhe neiworid joiic-

)

y connecting G Sinusoida

cituge source (of an Jfoftrary an-

¥
0
or
i

( -

guiar freguency co) aoross its terminals (as shcwn in Fig. 1). WNeow.
twnri in the special zenze of

tet us coastruct thz dual of tnis net

be 5 .
3. This dual will clearly eernesasi~esd o pilanar two-terminct pas-—
ve Lo with i awtusi-induciances, with a curreni gource con-

nected Letween (ts terminuls (ae snown in Fig., & in sclid iines,

whercas Tie originuel network Ls repeated in broken lines).
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/:/ti; -i . cs

Now if the given box (s considered as a netwerk c¢f I eiements
of tae generai series type with (given) parameters R, L >
1,2,...,N), and its dual is considered as a network of N elements
of the general paraliel type with parameters Gk’ Ck’ Ik (k=1,...,N),
and if the latter are chosen such that:

G, =GR, , ¢, =G°L, , 5=G%s, , (2)

then the equations cf the dual network (of Fig. 2), considering the
current source to be sinusoidal of the same anguiar frequency w;
yiil not orly be of the same form «s those o5f the givern netwerk (of

[

-t

fig. 1), with currznis and voltages interchanged, but they wiil als

have identical coefjicients (as funciionz ¢f tw) 1) the comnon

o ~ )

>
factors G in all the admittances of the dual networkare attcched

. . fachod o
the voltages. JConseguenily, upon sclulng the comnliex eqguaticons aof
the ylven networik jor the ratio of the cumplex current to the com-
plex voltage drop through the veltage source, and sciviag the com-

H = E - F T S s
work For the ratio of the compiex

§ A P _— \ P I P U S S S Ia .
age drop (multipiied by G°) to the wcimplew currsnt through the
t

current source, we chtain exactlily the same ~oiichnl Junctions of

R the ., ~ . ] o s

7)) 43,ralios., Rut the former s precissciy the adnittance r(iw)

of the given becx, and the latter is the impedance Z2'(idw)), say, of
~

the dual box (mutiplied by G°), ui the arbitrary anguiar jreguency
7

-
WwW. Thus we will have for all veiues ¢ € ulgr frequency w
Y=G%Z' and hence Z=R°-Y',and so: Y'=G°Z & Z'=RSY.  (3)
When in the abouve we take R=1 & =1, we speak simply of ihe

inverse box of the given Lox; waich will in effect have an imped-

ance equal to the admittunce of the gi Aigiﬁcgga an admittance
equal to the impedance of the giuen boHA\numesza ly, of course).
Problem 1. If A is the ilnverse bcx with respecit to R=1/G of
Qa two-terminal planar pussive box B without mutual-inductances, show
that the structures of Fig. 3 have ccnstant resistance R (and hence
constant conductance @) at all frequencies.
T s 2] (2
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§5. QGENERALIZATIONS OF THE DUALITY PRINCIPLE.
All the preceding results of this chapter may be immediately

generalized to networks of passive box-source elements of the kind
considered in Ch. VIII, $3 and $4. This can be recognized by con-
sidering the eqgs. (1&2) of Ch. VIII, §3, of a network of elements:

of the type shown in Fig. 1of Ch. VIII, $ 3, &rd aeﬂe t}:g‘ eqgs. (1&2) of
Ch. VIII, §4, of a hetwork of elements of the type shown in Fig. 1

of Ch. VIII, &4, in place (resp.) of the egs. (1), and (2), of &1,

in the preceding sections. Of course, it will be sufficient to con-
sider that the graphs of the networks of these generalized box-source
elements (in which the generalized elements are considered as units
replaced by line segments) are .plandr, and to consider the impedances
and admittances of the boxes as indeterminrctes; and it shall not be
recessary that the boxes in themseluves be plarar structures. And
Sfor the corresoor}dubg results on duality in the special sense, it
will be suffz,"tent that all the mutual-impedances between the boxes
be zero. IVaturally, if all the boxes are planar toc, each box will
have a dual box also, and then all the results can be extended to
the interiors of the boxes in all their detailss; irn which case we
woeuld obtain the same results which we would obtain in the usual way.

In the same way, all our results on duclity may be generalized
to the case of networks of active two-terminal structures, by con-
sidering the corresponding egs. (12), and (15}, of Ch. VIII, $5.

ALl the results on duality may alsc be geacralized to networks
in general, by considering the original integro-differential egua-
tions (3,4, &5057 §1, and 4, 5, & 60f 92) given in Ch, III; for this
reascn, the derivative- and integral-pairs were included in the
izble of the introduction to this chapier.

The resulits are alsc wvalid for netwcorks in which all the cur-
rents and voltages are exponentially moduluted sinuscids. This can
Be seen by conatidering the complex (transformed) equations obtained
Ly osubstituting exponentially modulated sinusoids for all the cur-
rents and voltages tn the originail integro-differential eguuations
and then making use of the isomorphism between exponentially modu-
luited sinusolds and complex numbers giuen in Ch. IV, §6, in the

FLe used in Problem 4 of Ch. IV, 86. It may be observed that we

need ly substitute the general complex frequency p=0+ W for iw

tit -f:l».’,i tm results of the preceding sections in order to obtain the

corresaponding results for these networks; and for this reason, the

_.-.;a:.;.;z"s; p & 1/p, were included in the table of the introduction to
11s chapter.
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CHAPTER XI: NETWORK VECTOR DIAGRAMS.

Essentially a vector diagram of a network in the sinusoidal

state (or in which all the currents and voltages are exponentially
modulated sinusoids) is a diagram exhibiting all the complex num-
bers corresponding to the currents and voltages through the elements
of the network as directed line segments or vectors. One (rough)
way of doing this consists simply in drawing all the complex numbers
corresponding to the currents and voltages as vectors on a plane in
which a system of rectangular cartesian coordinate axes have arbi-
trarily bteen chosen, (.e., In a Gauss-Argand diagram. Usually it

i3 Feond convenient to draw the currents vectors and the veltage
necsiors to different scales; and in order to distinguish beiween

thege tun classes of vectors, two types of arrowheads may be used.

It is cormnon practice to use golid {or ¢closed) arrowheads for com-

nlex currente and ordinary (or open) grrowhecds for cemplex volt-

s > 3 . P 1 [ 3
oges (us shown in Fig. 1). Another thing fthat may be done s to

z, v Y gplit the diagram in two: one for

7

current vectors (=complex currents)
% and the ather jor voltage vectors
(=complex voitages); but this is
seldomly dcne.
J;A/ v The angle which a particular

vector of the dzagram(rake% with

. . R abscissa (or rea
Fig 4. the + side of the X-axis is the
phiase andgle of the correspcnding sine function, and since all the

A}

.

rors of the diagram correspond to sine functions of the same
frequency, ail theilr phase angles may be changed (augmented or di-
minishes) uniformly by a common amount by making a suitable change
of time origin. This means that the relative positions of the
vectors itn the diagram do not depend on the time origin, and that

it i3 only their positions with respect to the coordinate axes

-
4

Ly 2

&
¢

that does so; and that the axes may be thrown into any position
whatsoever by a suiltable choice of the time origin. But in alter-
nating currents (which is essentially a theory of steady states)
the origin of the time is irrelevant. Consequently the coordinate

dxes ore usually omitted; it being understood that anyone wishing
+ - -y y

tc be specific can place the system of axes anywhere and be sure
thot

Jer a suttable time origin they are in the proper place.
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§1. VECTOR DIAGRAMS OF KIRCHHOFF'S LAWS.

A better way of giuing a vector diagram of a network consists
rnot in drawing all the vectors representing the complex currents
and voltages at the origin but, instead, in drawing them in such
a way that Kirchhoff's complex current and voltage laws for the
nodes and meshes of the network are exhibited explicitly. Since
these laws express that certain algebraic sums of complex numbers
vanish, they_?ill be ezﬁﬁbi&fg’gzgfgﬁgally by geometric additions
of dirgcted line segmgntgqforming closed polygons.

Thus for a netwcrk with a graph as shown in Fig. 1, the vector
dicgram could be given as shown in Fig. 2, in which Kirchhoff's
icws for all the meshes. and nodes are clearly exhibited. Thus

f 4
z =
/\1 31/ é/\
4 7
9
/CVEz:i,

Xirchhoff's voltage law for the mesh 125674 is clearly exhibited
by the closed polygon formed by the vectors Vl’ V2, V5, -V6, -V7, 4
and Kirchbnff's current law for the node at which elements 1,4,& 9
meet, is clearly exhibited by the closed polygon formed by the vec-
tors Il’ 19, -14.

In general, the vector diagram of a network with n. independ-
ent meshes and né independent nodes can be obtained by drawing n.
closea polygons with the complex voltage drops (one for each inde-
pendent mesh, with the complex voltage drops through the elements
of the corresponding mesh drawn in the proper order) and né closed
polygons with the complex currents (one for each independent node,
with the complex currents through the elements meeting at the cor-
responding node drawn in the proper order). The closed polygon
corresponding to Kirchhoff's law for any other mesh or node will
then be traceable on this diagram, since it is implied by Kirch-
hoff's laws for the independent meshes and nodes.

If a certain mesh has only two elements, or if only s=¥&F two
elements meet at a certain node, then the closed polygons of the

49
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corresponding Kirchhoff's laws shall be degenerated polygons. In
such cases it is convenient to draw only one of the two vectors

and to make an allusion to the corresponding Kirchhoff's law by
denoting the single vector drawn with the two symbols it repre-
sents. Thus for meshes as shown in Fig. 33, the corresponding parts
of the vector diagram are shown in Fig. 3b); and for nodes as shown
in Fig. 409, the corresponding parts of thg vector diagram are shown

il’l F‘iga 4&7).

N

A
S

=

@ , @
) F/703. Ca)

$2. VECTOR DIAGRAMS OF THE VOLTAGE EQUATIONS.

For an arbitrary network, besides the eguations expressing
Firchhoff's current and voltage laws, we have the equations con-
rarting the voltages with the currents tihrough the elements of the
rifuork,  For many purposes it will also be convenlent to include

o ire wector diagran of the networi all the wvectors corresponding

termas in thagze eguations In such a way that the equations

zre exhikbited graphically by closed polygons. Thus for a network
oF n_ general sertes elenents in the sinuscidal state, the equations
connecting the complex vyliages V, (k=1,2,.=.,ne) with the complex

purrents I, through the elements are the fcllowing (cf. egs. 16 of

She ¥ g i |T‘§$~?fs’!1@%§$/ h
A Vi +Ep+Dy = Z Z,,1, (k=1,2,0..,n). (1)

e
1=/
ALl the vectors corresponding to the terms of these equations may

be arranged in closed polygons (one for each equation) restiing on

:\-n

&

2 veclors Vk which already appear Iin the vector diagram itn con-
wection with Kirchhoff's voltage laws. To the terminus (or head)
S Foeacs Vk we may add the corresponding Ek and Dk on one hand; and
on the wther, we may start from the origin (or tail) of Vk and
Jorm the corresponding sum Zkl 1+"°+zkn¢Ineof all the ZI-drops
through the typical element k. This must close the polygon; be-

5
Al

Al
¢

ause gecording to egs. (1), these two sums must have the same
¢sultants, as shown in Fig. 1. In this way the details of the
vuitage drops through the elements of the network are shown graph-
teally, and so are the voltage equations (1). (Of course, when a
diagram gets tco tnvolved, all this may be dcne on separate diagrams.)
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Fig .

The details of each term ZklIZ may also be exhibited graphical-
ly in the diagram. Thus, if Zkl=Rkl+iXkl’ where Rkl and Xkl are
real, we will have: zklIZ = RklIl + iXklIl , Wwhere RkZIl is a vec-
tor parallel to IZ (or zero if RM=O), and ixklIl is a vector at
a right angle to (or in quadrature with) the current vector Il
(S0° counter-clockwisely ahead of=Il if Xkl>o’ and 90° lagging Il
if Xkl< 0). Consequently, each partial ZI-drop can be expressed
g the sum of two vectors, one along the corresponding current
vector and the other in quadrature with it, as shown in dashed
lines in Fig. 1. Another way of considering this follows by put-
ting Z,, =/Zkz/[&;, where /Zkll and %, are real. We will thenhave:
Zp Iy =120 1,0 , where 2,11, is a vector along I, which is [Z,]

times as large, while the unit vector Z.éiz rotates it by an angle
19‘@ (counter-clockwisely if #,> 0, and clockwisely if 1§, <0).

In the preceding paragraph we have allowed each (self- and
mutual-)impedance zkl to be any complex number (with real part not
necessarily zero) in order to cover the case of networks with arbi-
trary boxes. But when the impedances are“ﬁmple RLS~-series branch-

A
es (=resistor, coil, & condenser, in series), all the mutual-imped-

ances Zkl (k£1) are purely imaginary of the form ikal; and so
each mutual-ZI~drop ZklIl = ikaZIl will be a vector in quadrature
with the corresponding current vector Il causing it (90° ahead of
I, tf L,,>0, and 90° lagging I, if L, ,<0, for w>0). This would
leave a single term of the general form in the sum of the ZI-drops
for any given k, namely, the self-ZI-drop: Zka=Rka+ ia)Lka .

The above graphical repregsentation of the voltage equations
also holds for networks with,exponentially modulated sinusoidal
currents and voltages, of course; but in this case instead of the
pure imaginary iw we have the general complex frequency p=0 + LW.
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$3. VECTOR DIAGRAMS OF THE CURRENT EQUATIONS.

In the case of a network of N, general parallel elements, the
equations connecting the complex (terminal) currents with the com-
plex voltage drops through the elements of the network are the fol-
lowing (cf. egs. 6 of Ch. V, §2, for example, or eqs. 1, Ch. VI, §4):

Ik=ICSk+Iusk+ ViV (k:l,?,...,ne). (1)
{

The detailed structure of each complex (terminal) current (which
already appears in the vector diagram of the network in connection
with Kirchhoff's current laws for its nodes) can be exhibited graph-
ically on the vector diagram by constructing (in accordance with
eqs. 1) the corresponding closed polygon upon each current vector
taken as one side, in the manner shown in Fig. 1 for the typical
element K.

In terms of the conductances le and theg susceptances Bkl we
nave for the admittances ykl = le + inl ; and since the le and
8., are real, we see that the contribution of V, to the (terminal)

AL

complex current tarough the element 1, namely, Yszkasz* inlVZ

can be expressed as the sum of two vectors: one along the corre-

. (and Geg Bimes as large) @nd ,tﬁ!rsnshqv)
sponding voltage drop vector,, and the other in quadrature wit th
as shown in dotted lines in Fig. 1. If we put: }’kl=/};(l/Lﬂ;(, where
[YMI and B, are real, we will also have: }’lel=/)‘;{Z/VZL_7_9;, which
shows that we can also obtain Yklvl by first constructing the vec-
tor /ykllvl along Vl (/Ykll times as large as Vl) and then rotating
the result by an angle ﬁkl (counter-clockwisely if ﬂkZ>O, and
clockwisely 1f 29k1<0).

In the preceding paragraph we have allowed the admittances to
be any complex numbers in order to cover the case of networks with
arbitrary boxes. But when the admittances are those of simple GCI-

perallel branches (=resistor, coil, & condenser, in parallel), all
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the mutual-admittances Yi1 (k#1) are purely imaginary of the é?rm
l/lah and so each mutual-YV-current Ylel -i(In AU)V wLZZAbe a
vector in quadrature with the corresponding voltage drop vector VZ
(90° ahead of v, if I';tl<0, and 90° lagging V, if l"]'(l>O, for w>=>0),
leaving a single term of the general form in the sum of the YV-cur-
rents, for any given k, namely, the self-YV-current: Yka Gka+lBka
Of course, the above graphical representation of the current
equations alsc holds for networks in which all the currents and
voltages are exponentially modulated sinusoids; but in this case we
have the general complex frequency p=0+ iw instead of simply (W .

$4. THE VECTOR DIAGRAMS OF THE CHARGES AND FLUXES.

Sometimes it Is also convenient to itnclude in the vector dia-
ram of a network the complex charges on the condensers, and the
mplex fluxes through the coils, of the network.

’ (o “apac'fa”ci ﬂ” d/ﬂstdrte S‘)

The complex charge Qk on the condenser of the element K,

through which there is a complex current I, and a complex voliage
u

drop Ve (sav), is (c¢f. Ch. V, 81, Prob.l#)@
K

o
X
Co

Q, = I. /iw =C V. = V. /5, . (1)
k Ck k uk bk k
Thus: /QK/=/-’C /o - Ck/VC  and: ang @y = angIp ~90° = ung Ve .

From this we see that the charge vector (=dircted line secgment re-
nresenting the complex charge) Qk lags the current vector IC by
90° (rorw>0) and it is w times smaller; and also that Qk is a vec~
tor along the voltage-drop vector-VC s but-Ck times larger (or Sk
=J/Ck times smaller). This is illustrated in Fig. 1.

I
Z

f;?JL
{idealized)
Now let us consider a (magnetically closed) system of npcoils,
with the self and mutual-inductances Lkl’ the reactances Xkl.=cuLkl,
and the turns N, (for k&l=1,2,...,n), through which there are com-
plex currents IL and complex voltage drops VL (all referred to
assigned reference directions). The complex flux-linkages 2 , and
the complex fluxes ¢k, through the coils (in the associated reference

’ §’w=¢¢¢=u
l$—r——9—>l
%=1 Fig.3.
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directions) will be gtiven by (cf Ch. V, §1 Prob. 15):

n
Vi = N8y =V, 1 ZLle ZXRZL =§wkz’ (2)

where the Z&kl'bklIL is the contrtbutton of the complex current
through the coil 1 to the complex flux-linkages &alassociated with
the coil k. From this we see that each flux-linkage vector Zﬁ;is
along the flux vector ¢k (but Nk times larger) and lagging the cor-
responding voltage-drop vector VL by 90° (and w times smaller than
it). We also see that each flux-linkage vector Qﬂk is the sum or
resultant of all the partial flux-linkage vectors &al (for 1=1,2,...
.e.yn), each of which (in turn) is a vector along the correspond-

ing complex current IL producing the contribution. This is il-
lustrated in Fig. 2. Of course, when n=1 we have the case of a
single (magnetically isolated) coil, the corresponding vector dia-
gram of which is shown in Fig. 3.

§5. EXAMPLES.
Example 1. The vector diagrams of the following simple net-
works are adjoined. (They should now be understood without explana-

tion.)
£1(ws) v - > L= V=Rl
, o Ik L
@) F1g. 1. @)
l E= vﬂmlz;wwyﬁﬂwh¢
EN=LT =iNI
v I=I.=I
/:y.z. E "L [b)

I=L, =L =iw@

b3
EJ__ - .i_ == X
(a) r/q.3. Q=CV=1/iw )
= i E= \f& +y, =(Rriwl)r=71
% ER




Ch. XI, &5. 286.

Example 2. Consider the network shown in Fig. 7(a), with three
elements of the ggneral series type. Kirchhoff's current law for

- - Ny
Cc) Zs= m\LJI,wAng:;,;IJ v

(=) () F7?'7.
2ither of the two nodes of the network is exhibited by the closed
polygon formed by the three current vectors in (b). The voltage
caw applied to the meshes (1,2) and (2,3) are indicated in (c) by
the equalities V1=-V2 and V2=V3, respectively. The voltage equa-
tions: Vlzszl—E, or equivalently: V1+E==ZJIJ, for the element 1
is exhibitgd by the closed polygon formed by the vectors: E, VJ,
and 2,1, (the details of the latter being exhibited in dotted lines)
in (c). The voltage equations: V2=R2I2+(52/iu01:, and V32R3I3+iwL5I3
for the elements 2 and 3, respectively, are exhibited in (c) by the
(zlosed) triangles abouve and below the vector V2=V3. The complex
charge on the condenser of element 2, and the complex fluxes lini-
ing the coills of elements 1 and 3, are shown in (b); The complex
clarge Q2 on the condenser is lagging the corresponding complex
current I2 by 90°; but the complex fluxes ¢1 and ¢3 are in phase
with the corresponding complex currents IJ and 13, respectively.
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Example 3. The vector diagram of the network shown in Fig. 8@
is given in Fig. 8(b). The diagram was drawn according to the ex-

planations given above.

(a)

Example 4. Consider the network shown in Fig. 9(a). Assume
that all the complex currents and voltages through the elements of
the retwork h%pe been found. A“ssuming that M>0, the vectors of the

b,
vactor diagramk%f the network were drawn in the following order: K,
I;=ss Ip==I,, Z,1,=iX;I +R)I1,, i@WNI,, V==V, Z3I3=R;Is+iX;Iq,

22 2—Fe‘,,I2+1){2I2, szIl Z4I4-R4I4+1X4I4 =R I4+1(X X ’))\Im— and I/2=IZ
” ' At |
~

M
E G’i‘t &24$
_] 1
@) 'F:@L g.

Problem 1. Draw the vector diagram for the networks shown
if Fig. 10.

{} i} AN — I}
Cos ——— - v ] b v

@)

FED SR

Problem 2. FEstablish the vector diagrams for the networks shown
on pp. 381 & 398 of M. I.T.'s Electric Circuits (Wiley, 1943).

0005
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Problem 3. FEstablish the vector diagrams for the networks
shown in Fig. 11.

}:{«# A
T

-0 - g 1 -

L - L
Fig 41, . =
i

Problem 4. Two elements with impedances 10+5i and 5+10( (resp.)

——er e e e e e

H
A

A
“WVV

are connected in parallel across a common source. If the effective
current (=its moaulus) through the first of these is 25 amp., what
s the effective current through tre source. Draw the vector diagram.

-,

Prcolem 5. Two impedances 10+51 and 5-15i are connected in
parailel across a common source through which there is a complex
currert 60/0° amp. What are the complex currents through the two

impedances. (ﬁint: Draw the vector diagram to scale.)

Problem 6. A resistance, an inductance, and an elastance are
connected in series across a source through which there is a com-
glex current -5+5i and a complex voltage rise (referred to the same
reference direction) of 50+100i. If the effective voltage across
the condenser (s 200 volts, compute the resistance, inductance, and
elastance, as well as the complex voltage drops across each of them.

Dirwur the vector diagram to scale.

Problem 7. Two practical coils of impedances 1+21 and 2+l are
conngcted in series across a voltage source of electro-motive force
220 sin 100nt. What are the sinusoidal voltage drops across eachcolil
and the sinusoidal currents through them. (Hint: First find the
complex currents and voltages from the corresponding vector diagram
drawn t¢ scale; but in the treatment never mix the time functions
with the corresponding complex numbers.)
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Problem 8. Consider two sinusoids and the corresponding com-
plex numbers (with A>0 & B>0):

E*= 4 sin(wt+a)<—>5=$& I*<Bsin(wt+b) =—— I=B/b .

Let I be expressed as a sum: I=I_+ I, , where I_ is parallel to (or

in phase with) E,and I, is at a right angle (or in guadrature) with

E. By re-transforming this equation back into sinusolids, show that:

Bsin(wt +b) = Bcos(b-a) sin(wt+a) + Bsin(b-a) sin(wt+a+90°),
which, of course, can easily be obtained (or checked) analytically.
The vector I_ is called the in-phase component, and I; is called

the guadrature componen%? of I with respect to £E; and the corre-

sponding sine function%fﬁ?gl%alled the in-phase and guadrature (com-
ponent) sinusoids of I* with respect to E*. Show that: LL=iI"tan(b—a).

Problem 9. A voltage source of 220 volts effective value is
applied to three impedances in pcrallel. The first of these takes
an ejfective current of 30 amps. at a lagging angle of 30° with re-
spect to the applied voltage. The second takes 15 amps. at a lagging
argle oj 45°. The third takes a current in quadrature with the ap-
nlied voliage such that the current through the source lags the ap-
plied voltage by 5°. Draw a vector diagram to scale of the network
arid compute the complex currents through the third element & source.

roblem 10. Consider the networkh shown in Fig. 12, the vector

fu

{agram of which is shown in Fig. 13 (in solid lines). Now assume
that <« condenser is shunted across Z as shown in dotted lines. The
vector diagram of this new network is shown in dotted lines in Fig.13.
The effect of the condenser is to turn the vector of the current
through the voltage source in the counter-clockwise direction. As-
suning £, r+ix, and R+iX, to be given, by geometrical considerations
of the vector diagram,find the capacitance C of the condenser so

that tne current vector I' through the voltage source in the new
network is in phase with its electromotive force vector E.

Z=r+xi A 4

\
, RL "\ /
(assuming x>0£X>0) N ,AXE

N Frg./8.
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Problem 11. Consider a system of n practical coils in the
stnusotidal state at the angular frequency «w. Let Vk and Ik (for
k=1,2,...,n) be the complex voltage drop and current through the
coil k, and let R, be its resistance and L., the mutual-inductance
of the coil k with the coil 1, fgr given reference directions. We

=R, I, + z'wLMIZ. (1)

will have: %

=/

Show that the corresponding vector diagram for the typi?al element
L , . e .
& is of the form shown in Fig. 14, where we haue assume%: Lk1>O,

L, <0,

oooooo

Lkn>0,

z, wl, I,  @>0.

F/y. 14.

$6. VECTOR DIAGRANS OF THE CANONICAL MESH EQUATIONS.

The general complex caronical mesh eguations of an arbitrary
network were given in Ch. VIII, €3. FEach of these equations can
be exhibited graphically on the vector diagram of the network by a
closed polygon. Thus thg typical equation:

Ik =Z[k’”JJm (k-=1y 2)'°°’ne): (-Z)

m=/
expressing the complex current Ik throcugh the generic element k in

terms of the compléx mesh currents Jm can be represented by con-
structing on the current vector Ik taken as one sgide a polygon with
the vectors [k,m]Jm, as shown in Fig. I.

Siﬁilarly, the typical equaiion:

;,szn =;ﬁt,m].’5‘k + d[k,m]z)k (m=1,2, ..., n_), (2)
expressing that the total complex uoltage drop through the passive
parts of the generic meahlg_(due to the complex mesh currents) is
equal to the total complex voltage rise through the (current and
voltage) sources in this mesh m, can be represented by a closed
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polygon of the form shown in Fig. 2.

$7. VECTOR DIAGRAMS OF THE CANONICAL NODAL EQUATIONS.

The general coniplex canonical nodal equations of an arbitrary
retwork were given in Ch., VIII, §4. FEach of these equations can
also be exhibited on the vector diagram of the network by a closed

polygen. Thus the ty?ical equations

V= L (k,n)U, (k=1,2,...,n'), (1)

expressing the ccmplex voltage drop Vk across the generic element k
in terms of the complex nodal potential Un can be represented as a
clcsed polygon constructed on the voltage-drop vector Vk taken as
cne side with the vectors (k,n)Un=_tUn (or O),’as shown in Fig. 1.

Qr 7 7 % (=i i)
SN e ~

v\\

It TN - — — o — — N A

In the same way, the typical equation:

»n
- - - = e @ !
- ynmU.rn = - (k,n)ICSk 1:4(k’n)IvSk (n=1,2,. ,nn), (2)

expressing that the total complex current leaving the generic node n
through the passive elements (due to the complex nodal potentials)
is equal to the total complex current arriving to the node n through
the (current and voltage sources, can be represented by a closed

polygon of the form shown in Fig. 2.

Note: When a specific tncidence number (k,n)=0, the correspond-
ing null vectors in Figs. 1 &2 should be considered as absent, of course;
and similar remarks hold for &6.
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CHAPTER XII: MEAN VALUES AND POWER.

In this chapter we will present the concepts of average or
mean values of various orders which are fundamental for the cor-
rect understanding and interpretation of measuring instruments, ratings,
and specifications so frequently met with in practice. We will
alsoc present the artificially constructed (but very useful) con-
cept of complex (or vector) power and the fundamental theorems
on which its use is based.

$1. MEAN VALUES.

The average or (arithmetic) mean value of n numbers AryeoerQ,
is defined as a number ZQTQJ,...,an), frequently denoted simply by
a, such that: a1+...+an=rr5. If m denotes the smallest of these n

numbers, usually denoted by: min(al,...,an), and M denotes the great-
est, usually denoted by: max(al,...,an), then nwz§01+.oo+an§rrﬁ;
hence: m$a@ =M, so that @ is indeed a value in between the smallest
and greatest of the given numbers a;, Gs,--«, énO%C”eﬁkyan'mmD’

Now let us consider an arbitrary real function f of the real
vartable t, defined in an interval: a<t<b. If this interval is
divided into n parts of equal sizes: At =(b-a)/n, the mean value
of the n values f(tk) of the function f at the mid-division points
tk=a+(k—1/2)At (k=1,2,...,n) is:

n n
1 1 1
= t = t,)° At = 7= t,)At,
- ;.f( W= wm LAt = gha 2 r(ty)

which converges to: B%E :f(t)dt (as n» o) if f(t) has a (proper)
integral in the ir*erual (a,b). We will call this limit, usually
denoted by F(fJ or 2f(t), the mean value of f(t) in the given in-
terval (a,b); and we will define in general:

b
Mect) - g | 7() at (1)

(Lirst order)
to be the,mean vglue of f(t) in the given interval (a,b) when the

integral exists in any given sense. And to complete the defini-
tion, when a=b we take the mean value to be 0, and when a>b we
take the mean value to be the same as that in (b,a).

Geometrically, the mean value of f(t) in the interval (a,b)
can be visualized as the height of a rectangle of base (b-a) with
an area equal to the 'het area below the curve y=f(t)", the area be-
low the t-axis being counted as negative, of course.
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The mean value of a given function may depend on the interval
in which it is taken, so that the mean value in the interval (a,b)
could more properly be denoted with %ﬁg; but when the interval (s
clear from the context we will take the liberty of simply using Y/

Given f(t) in (a,b), and t=g(u) in (a',b'), such that: a= gla’)
and b=g(b'), we will have: f(t) = f[g(mﬂ F(u), say, for all t= g(u)
in (a,b). However, since aff unzform dzvzszon of the Lnterualéga b)
in equal parts shall not necessarily correspond to aw uniform,divi-
siun of the interval (a',b'), the mean value of f(t) in (a,b) shall
not necessarily be the same as the mean value of F(uw) in (a’,b').
The latter of these may be called the mean value of f(t) with re-
spect to u; and on account of the above, one should distinguish
(with a suitable notation) between mean values of equal functions
tuaken with respect to distinct variables. Fortunately, here we
wlil be concerned only with mean values taken with respect to a
given argument (time), so that the distinction need not be stressed.

Prcblem 1. If f(t) ts a constant A (say) throughout the inter-
val (a,b), show that: MrF(t) =A. In particular: 0 =0.
Probiem 2. Iy f(t) isiconstant A in the left (or right) half
cf the interval (a,b) and zerc in the other half, show that:??f(t):ép
Problem 3. If mSF(t)EM in (a,b), show that: mS W F(t) $H.
Problem 4. If f(t) and g(t) have mean values in (a,b) and 4 &B
zre constants, show that: -m[h'f(*) +B'g(t)_]= A'mf'(t) + B M g(t).
Then, by complete induction on n, show that if fk(t) (k=1,2,¢.0,0)
have mean values Ln the same interval (a,b), and the Ak are constant:

Z ', WTr(t) -iA YN eI (2)
Problem 5. IF F(e) has a mean value in the interval (a,b) and
a<e<b, show that:

b
W () = EIMErce) + B0 (). (3)
Thon -~ 5 . o = =
i k} by bompLefZ zng¢ct15n on n, show that if a—q3<a1<:q2<...<an-b,
we haguves - ,
rave Wi r(t) =) "g — Om-1 ?””Za f(t). (3
mi=|

FProblem 6. Show that i{f the interval (a,b) is divided inte n
sub-intervals of sizes z:tk (not necessarily egqual), and a value tk
ts grbitrarily chosen in the corresponding sub-interval, and if each
value f(tk) is taken a number of times proportional %”the size zﬁt
¢f the corresponding interval, their mean value shallyconverge to

Fb F{t)dt/(b~-a), as the greatest Lﬂthlm#ho. (See E. B. Mﬁlson, Ad-
vanced Calculus, @ 333.)
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The gecond order mean vaglue, or root-mean-square (abbreviated
rms) value, of n real numbers: Qys Aoy Qp, is defined as a num-
ber My(a,,...,a,), frequently denoted simply by T, or N(a;,...,q,),
such that: n&2%= a;+ *a; . This second order mean value is also
called (by electrical engineers) the effective value of the given n
numbers. In the case of a real function f(t) defined in a given in-
terval a<t<b, with a square integrable in this interval, the second
order mean value, rogt-mean square (rms-) value, or effective value,
of f(t) in (a,b) will be defined to be the quantity:

D
Mrce) = Nirce) =;/b—i-a-fa feefat /v (4)

the positive sguare root being taken. This quantity may be consid-

¢red as the limit of the second order mean, rms-, or effective,

value of n valv2s of the fun.ctionl at the mid-division points of

a homogeneous sub-division of the given interval into I parts of

equal sizes, as n—=>00 . This quantity is also denoted f_m some-

times. Of course, it depends (in general) on the interval (a,b) in

wrich it is takeny so -that it could be denoted more properly by

using 722 in case it is relevant to mention the ‘interwval explicitly.
The i order mean value of f(t) in a<t<b is defined (whenr #0)

to be the quantity:

b
M.rce) =y Mce)" = \'/ o _fa [t T at, (5)

when these expressions make sense; but we shall not have the op-

portunity of using other than the first and second order means, here.

Problem 7. Show that the rms-value of a constant 4 is the ab-
solute value of this constant: 7{,4 =/A/. In particular: o= o.

Problem 8. Show. that: PL-rt) =M r(t), if A is a constant.
Problem 9. If [f(t)]S ¥ (a fixed number), show that: 0% f(t) SH.

2
Problem 10. Show that: [7'Z(f+ g)]= ()2 + (W) +2 Mirg) 20,
and so: M(7g) § 5N+ KW = 4 M5 + 4 M~

§2. THE CASE OF SINE FUNCTIONS OF THE SAME FREQUENCY.

Consider a sine function Asin(wt+a) of angular frequency w>0
and pertod T=2m/@W . Its mean value in the interval a<t<b is:

b
Mh sin(awt +af)]= b]?a Ia“ sin(@t+o) dt =W-B‘fwcos(a)t+ )

“@(b-a) 1;4-'-a [cos(aw+0() - cos(bw+a)]=wf‘%rs,bﬁ;zm,s;”(a+bka+2a‘

2 1),
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From this we see that:
/W@-sin(&ut +a')]l§ ifa — 0 as (b-a)— 00. (2)

Hence, as the size (b-a) of the interval (a,b) increases. indefinite-
ly, the mean value of an arbitrary sine function of angular frequen-
cy w>0 tends to the limit O; which, incidentally, is also the mean
value of the sine function for any interval with a size equal to an

integral multiple of periods: b-a=nT=2nn/w , since then: sin(b—‘fyzo

Problem 1. Using: A cos(a)t +ox) = Asin(ewt+&+90°), show that:
. . (b=a)W (c+b)w + 2ex
‘7’]‘([4 os(a)t+0()J (b= b Zo(b=ay Sin > cos =S . (3)

Now let us consider the mean value of the product of two sine
functions of the same angular frequency cw>0, for the interval
a<t<b. We haue:

Asin(wt+x). B szn(a)t+ls) cos(a-/ﬁ) - cos(2wt+o(+p2]

Hence (by eq. 2 of @ 1):
7/[[14 sin(wt+o). Bstn(a)t+le)] Mcos(or- /6) - Mcos(?u)t+o<+,6)] c4)
—?cos(a—ﬁ) Tb—[’%»sm(b—a)w cos[(a+b)w+0(+15] —_— cos@r-,e)

as (b-a) —» oo (by the results of Prob. 1, $1, and Prob. 1 above).
From this we see that as the size (b-a) of the interval (a,b)
increases indefinitely, the mean value of the product of two sine
functions of the same angular frequency >0 tends tc the half of
the product of their amplitudes multiplied by the cosine of the
angle between them, as- limit; which is also the mean value of the
product taken in any interval with a size of any integral multiple
of half-periods: b-a=nT/2=nm/; since then sin(b-a)W =sinnm= 0,
and so the second term in (4) is 0O, which leaves only the first
term, namely: (AB/Z)cos(O(—le), for the mean value. /%f'ce ienttﬁ/ é’)””f’:’
In particular, when the two sine functions are the same, we
have for the mean value of their square in the interval a<i<b:

2 2
m[A‘?sing(a)Haf)]: /21 '2?13/-6:1)) sin(b-a)a)vcos[(a+b)w+2od 5
which tends to A%/2,as limit, as (b-a) —o00; this ‘s also the mean

value taken for any integral multiple of half-periods. The posi-
tive square roots of these quantities are the corresponding second

order mean, rms-, or effective, values of the sine functzon hence:
W[A sm(a)t+0()J =(4/2) {1 - sin(b-a)w- cos[(a+b)a)+ Za(léu(b a)} — JAIN2. %)

Thus as the size (b-a) of the interval (a,b) increases indefi-

nitely, the rms-value, or effective value, of a sine function tends
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to its amplitude divided by VY2 as limit, independent of its phase
angle and frequency; and this quantity is also the rms- (or effec-
tive) value of the sine function taken for any integral multiple
of half-periods (as can be seen by eq. 5). It is recalled that
this was the reason why we took the isomorphism between sine func-
tions of a given frequency and complex numbers in the form:
Asin(wt+x) <> %Lk_ , (6)

in order that the modulus of the complex number corresponding to
a sine function would be equal to this rms- (or effective) value.
(See the note in Ch. IV, §5, p. 104.)

Now when the mouving part of the indicating mechanism of an
a-c instrument has any substantial inertia (and a natural frequen-
cy substantially smaller than that of the sinusoidal currents and
voltages operating it) the mouving part of the instrument shall not
be able to follow the fluctuating torque acting on it, and it shall
then settle down in quosition éorresponding to the mean value of
the torque taken in a large interval of time (meaning a few seconds
in practice, for the usual frequencies, which is just about the time
it takes to look at the instrument after connecting it). As a con-
sequence;, if an instrument of this kind were made to have a driving
torque on its moving part proportional to the current or voltage
actingdon it (as in a d-c ammeter or voltmeter), it would always set-
tie angero deflection for sinusoldal currents and voltages; but if
the instrument is made to hawe a driving torque on its moving part
proportional to the ,square of the applied curren; or voltage, it
shall settle at aAdeflectzon proportional to thg4mgan value of the
square (= the square of the effective value) of the sinusoidal cur-
rent or voltage; however, the scales on these instruments are usual-
ly marked off proportionally to the square roots of the deflections,
so that the effective (or rms-) values may be read off directly.
Likewise, an instrument made to have a driving torque on its moving
part proportional to the product of a current and a voltage acting
on it (which then requires two sets gf terminals of course, as in
a wattmeter) shall settle down at queflectlon proportional to the
limiting mean value (4) of their product, in the case of sinusoidal
currents and voltages; and the scales on these instruments are usual-
ly marked so as to give this reading directly.

For further reading on the subject of electrical measuring in-
struments, we recommend the following books: Erickson & Bryant,
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Electrical Engineering, (Wiley, 1952), Ch. 10; Page & Adams, Prin-
ciples of Electricity (van Nostrand, 1931), 115 (& 64).

Problem 2. Show that the error in taking the limit %?cos@x—ﬁ)
for the mean value mb@ sin(wt+o). Bstn(o)t+,6)] in the interval (a,b)
is less than IABI/#ﬂ:n<IABl/12n (in absolute value), where n is the (larg-
est) number of periods T=2mmw in the interval (a,b). From this show
that the percentage error £ 1/2nncos@x-ﬁ),relative to the limit mean
value. Thus for a cos¢x75)=o.8 (say), this shall be less than 1%
after 20 periods, which is just a third of a second for 60 cycles/sec.

Problem 3. Show that the error in taking lAIN2 for the effec-
tive value of Asin(awit+x) in the mterual (a,b) is less than:

W Vi"' w(b-a) "1]5 %‘i‘ﬂi* Lorn "i] 4{51m§17n y
in aosolute value, where n has the same meaning as in Prob. 2; thus
(relative to JA|/\Z) we have approximately: |% error\S1/4mn<1/12n.

& 3. MEAN POWER.

(=rate at which energy Is)
We have seen in Ch. I, §7, that the power/\absorbed by (or de-

livered to) a two-terminal element with a voltage drop V*(t) in the
reference direction for the current I*(t) through it is:
W(t) = Ve(t) I*(t). (1)
If instead of the voltage drop, the voltage rise E*(t) in the ref-
egrence direction for the current is used, then the result: E*(t)-I*(t)
(=rate at which energy i6
will be the power,supplied (or delivered) by the element.

Now in a network in the sinusoidal state, all the voltages and
currents will be sine functions of the same frequency. Consider a
two-terminal element of such a network with a voltage drop V*(t) =
Asin(wt+x) and a current I*(t) = Bsin.(wt+/3) through it. Let
V=(AN2)/x and I=(B//‘_5)_{é be the corresponding complex (voltage
and current) numbers. An ideal voltmeter (causing no disturbance
in the behavior of the network when) connected across the element
would measure IAV2 =Vl which is the modulus (or absolute value) of
the complex voltage, and also the rms-, or effectiue) value of the
sinusoidal voltage taken for an infinite interval or for any in-
tegral number of periods. In the future we will refer to this sim-

ply as the effective voltage, without any explicit interval being

mentioned. Likewise, an ideal ammeter (causing no disturbance when)
inserted in (series with) the element would measure /B//f5=/I/ which
is the modulus (or absolute value) of the complex current, and also
the rms-, or effective,value of the sinusoidal current taken for an
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infinite interval (or for any integral number of periods). We will
refer to this simply as the effective current, without any interval

being explicitly mentioned, in the future.

The power absorbed by the element will be given (at each instant)
by eq. (42) of &2 . This instantaneous power is no longer a sine func-
tion, unless the constant term in the second member is zero; and even
then it wauld not be a sine function of the same frequency as that
of the voltage and current (but of double their frequency). Hence
the fundamental isomorphism between sine functions of a given fre-
quency and complex numbers cannot be used to obtain the instantaneous
power, since the latter is not even a member of the class of sine
functions of the given frequency. However, the instantaneous power
is not the concept of most interest (in practice), but its mean val-
ue taken in a large (strictly infinite) interval (which is the same
as that taken for any integral number of periods). This quantity,
given by eq. (4) of §2, namely: WT?T:(AB/Z) cos(o<—'8), would be that
measured by an ideal wattmeter properly connected to the element
(whose insertion is assumed to have no effects on the currents and
voltages of the network). In the future we wili refer to this quan-
tity simply as the megan power {(and in practice, simply as the power)
absorbed by the element, without any explicit mention of an interval.

Denoting it simply by W, we will then have:
=—cos@r /B) cos(o(-/e) =[vMIlcos(ox- /3) /V//I/cos?, (2)

where we have put: ¥ = O(—ﬁAfor the angle between the current and the
voltage, assuming that 420 & B20 (or AB_?O), which can always be done.
In a d-c network, in which all the currents and voltages are
(considered) constant, the power taken by an element is equal to
the product of the current and voltage drop through it; thus the
reading of a wattmeter would be equal to the product of the read-
ings of an ammeter cnd a voltmeter properly connected to the ele-
ment. In the light of this, a long time ago (but not now), it was
considered rather incomprehensive that in a network in the sinusoid-
al state, the reading of a wattmeter (=mean power) was not neces-
sarily equal to the product of the reading of an ammeter (=effective
current) by the reading of a voltmeter (=effective voltage) when
these instruments were properly connﬁﬁted to an element of the net-
work {(as a fact of experience). Tthfactor by which the product of
the (effective) current and voltage had to be multiplied to give the
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(mean) power was then introduced and called the power factor of the
element (and it was a fact of experience that it was never greater
than 1, in absolute value). Of course, all this is now explained
by eq. (2), according to which the power factor of an element is
the cosine of the angle ¢P between the current and voltage drop
through it, which is never greater than 1 (in absolute value) since
the angle ¢ is always real.

The power factor of an element is frequently denoted by_pi‘_.,
or PF., so that eq. (2) for the mean power W taken by the element
may be written in the following form:

w=1vIlpf., or pf.=w/vil. (3)
When pf.>0, the element consumes energy on the average, since the
mean power absorbed by the element is positive; and when pf.<0, it
supplies energy on the average, since then the mean power absorbed
by the element is negative, which means that the mean power supplied
by the element is positive; assum.i'ng that W #£0, of course.

Problem 1. If V*= Asin(wt+ox) and I*=Bsin(wt+/9), and AB<O,
show that §0=a'-,31180°, and: pf.= cosf= cos(cx-,ei-_180°) =-cos(0£-/6).
[Hint: IF 4<0, then V*=4sin(wt+a) = [Alsin(cwt+ox+180°), etc.]

Problem 2. If V=(A/N2)/x =a+a'l and I= (B//?)éé:b +b'i,
show that: W=(AB/2) cos(x —p):ab+a'b'. This is the ordinary scalar
product VoI (say) of the vectors V and I in the complex plane, and
s0 the mean power absorbed by an element is given by the scalar prod-

uct of the complex voltage drop and complex current through it.

The scalar product is known to be commutative and distributive;

therefore we will have: Vol = IoV and Vo(I +1I')=Vel+Vel', and so:
(V1+.,..+Vm)0(I1+...+In) = Vpli+...4 Vel +...+ %0I1+...+l{noIn. (4)

We do not wish to insist on this here, because it will be treated

in a better way in the next section. [lie: If risreal wealsofave: (rV)eI=Vo(rI)=r VoI ]

$4. COMPLEX (OR VECTOR) POWER.

Let V=[V//x and I=/I/4é_ be the complex voltage drop and cur-
rent through an element of a network in the sinusoidal state. Of
the four products: VI, VI, VI, V1, that can be formed with V and I
and their conjugates, the only really useful ones are the second
and third. Thus, e.g., the complex number given by the product:

P=TI =/V/&./I/4é =/V/-/I/4§—Oc =/V/'ﬁ/~cos(/3—0() + 1 /V/‘/I/'sin(,@-a), (1)
has the property that its real part is precisely the mean power
taken by the element; and the same is true of the product WVI.
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Thus we can expect that these rather artificially constructed com-
plex numbers may be somewhat useful. Since VI is the product used
more in the literature for the matters to be developed in this
section, we will also choose it here.

Accordingly, we will define P=VI to be the complex power (also
called the vector power) absorbed by an element with the complex
voltage drop ¥ and the complex current I through it (when ¥ and I
are both referred to the same reference direction); and if E=-V,

EI i{s defined as the complex power supplied by the element. The
modulus ﬂ#=h%h’of the complex power li commonly known as the ap-

S a narne, .
parent power, orAthe volt-amperesA breviated VA. or gg.L of the

element; the kllovolt—ampeﬁ%%i%%bbreuiated KVA or kva) is also used

(as a name). We have already mentioned above that the_real part W=

P =P (VI) =[VHI| cos® (where we have put: ¥=8-x -a:zn?ng- angV=-%)

of the complex power is the mean power (also called the active power)

taken by the element. Likewise, the imaginary part JZP c[(VI)

Wlil sin® of the complex power is called the reactive power (and also

the wattless power) taken by the element. We then have: P=F+i¥'. (1)
In the HMKSC-system of units (cf. Ch. I, §8) the unit of voltage

is the polt, and the unit of current is the ampére; hence the unit

of power, mean power, apparent power, and reactive power, should be
the voltxampére =watt. However, the watt is usuclly reserved for
power and mean (or ctive) power, and apparent power is usually giv-
en in volt-ampéres, which (although the same as. the watt) is used
even if only to itndicate (without an explicit statement to the ef-
fect) that one is referring to apparent power and nci to mean power.
Likewise, reactive power is usually given in reactive volt-ampéres
(abbreviated var) even if only to indicate that one is referring

to reactive power (but reactive watt =rw. would do as well). Com-
plex (or vector) power may be (and is) conventionally measured in
units of power (watt), or in units of apparent power (volt-ampére);
but rather unnecessarily a vector watt and a vector volt-ampeére

are commonly used in the literature. (Larger unzts”f?igx;gtézmgged
are: KV=hv=kilovolt for voltages, kw-éggkllowatt for power and mean
power (and complex power), kvars= KVAR/{lZouolt-amperes for reactive
power, and KVA=kva=kilovolt-ampeéres for apparent and complex power;
we recall that kilo=1000. For small powers, the mw.=milliwatt =
thousandth of a watt is frequently used. Concerning currents, the
ma.=milliampére=thousandth of an ampére is used for small currents.)
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Concerning mean power (W=VoI=RVI), eq. (4)of §3 may be
proved easily as follows:
(V1+...+Vm)o(I1+...+In) = %[([_/Ih.,.+Vm)(I1+”.,+In)]

- %[71I1+., AT IIRRE L A0 P .+VmIn]

m 1
=RV Ipe v RV Ie o+ RV Ip...+ RV I,
= V10I1+,..+VloIn+...+[;n01’1+,,.+l¢noIn . (2)

In order to obtain an interpretation of the various cocncepts
given abouve, let us again consider the sinusoidal voltage drop V*(t)
=A stn(wt+ox) and the sinusoidal current I*(t) =B sin(wt+,a) referred
to the same reference direction through a given two~terminal element.
The (instantaneous) power absorbed by the element is (see eq. 49, §2):

Ww(t) = V*(t)I*(t) =Asin(wi+ex) B sin(wt+/6)

=‘g,-—Bco.s(0(-/8) - A;cos(2cot+oc+p)u (3)

From this we see that the apparent power of the element, namely: /Pl=
l25,2|=|AlNZ.18I/f2 = |VIMIl, is precisely the amplitude of the sinusoidal
part of the (instantaneous) power absorbed by the element, which is

the muximwn deviaticn of the instantaneous power W (t) from its mean
value W(t) = (AB/&)cos(x-PB). It (the apparent power) is then also
the maximum rate at which the element can absorb energy in excess of
{over) the mean rate at which it can do so. Of course, it is pos-
sible to say all this, because the terms in (3) are determinec
uniquely on account of their linear independence (cf. Ch. IV, 87).
Now let us express I*(t) as the sum of an in-phase component I*

and a guadrature component I} respect tc V*(t) as follows (cf. Ch. XI,

85, Prob. 8, p. 289): I*(t) =Bsin(wt+/6) =Bsin(wt+a+/6—oc) =
=I2(t) +If(t)=Bcos(B-&) sin(wt+a) +Bsin(B-x) cos(ewt +&). (4,
Then we will also have for the (instantaneous) power absorbed by the

element:

W(t)=V*(t) I*(t) = ABJcos(B-a0) sinTwt+og) +sin(B-0) sin(ewt+e)cos (ot +
= “E—Bcosgé-ct)[l - cos 2(wt+o<)3 + ‘%Bisinga—q) sin 2@t +0) . (5.

The first term in this expression (5) is the power absorbed by
the element due to the in-phase component of the current. It never
changes sign and thus represents (algebraically speaking) power ab-
sorbed irreversibly by the element; and the mean rate at which it
absorbs energy is the mean power, the maximum rate being twice the
mean power. The second term in (5) is the power absorbed by the
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element due to the quadrature component of the current. It repre-
sents a to-and-fro-flow of energy to the elpment (with no net trans-
fer), the energy being stored in the (electromagnetic field asso=
ciated with the) e t"gr{'ﬁ"'?'f'z’ér‘z"}""é‘%"a?ﬂ'rfé5”};‘2?‘5’3&'%?3%f;\d o pers) .
ficient (AB/2)sinQB—09 of this term is precisely the reactive pow-
er taken by the element; and its amplitude, i.e., the absolute value
of the reactive power, is equal to the maximum rate at which energy

can be stored in the (electromagnetic field of the element.

Problem 1. By putting I=1I_+1I, (cf. Ch. XI, 5, Prob. 8),
where I_ is parallel to V. and I, is at a right angle to V, show that:
P=W+iW'=VI=V(I_+1,)=VI_+VI, =AML |+ ilvif,I. (6)
Thus the active power taken by the element is W=+ [V[/[[_| and the re-
active power is W'=«+|[VMI[,|. From this we again see that the active
power is due only to I_, which is ther(fA?alled the active component
of the complex current I; and the reactive power is due only to I,

which is then called the reactive component of I, also. We may add

12

(sometimes) .
that,the reactive power W'=+WVMI, | is also called guadrature power.

Problem 2. Show that if P=|[P|/D , then W=[Plcos®, W'=[Plsin,
[Pl= +VWE @2 Then show that: W'= Wtan® = + ypfZ-1.W , where
the sign to be taken is that of = angP.

Problem 3. Show that: [P/=|w/pf.[=lW'/yT-pf2|. The quantity
V'l_——ﬁﬁ is sometimes called the reactive power factor.

Problem 4. Show that: P= (W/pf.) /2cosf. =yW3+W'? [stari (WY/W).

Problem 5. If V= a+a'i and I= b+b'il, by performing the
product: P=VI=(a-a'i)(b+b'i), show that we have for the active
and reactive powers, respectively: W=ab+a'b', and W' =ab'-a’b.

Problem 6. If V and I are the complex voltage drop and current
through a passive magnetically isolated box of impedance Z and ad-
mittance Y=1/Z, show that the complex power absorbed by the box is:

P=VI=ZIIf=r[Vf?, (7)
so that: 1Pl = [vHI| = IzHII* IvHl?,
and: ¥=angP=anglI- angV=angZ=-angZ = ang Y.

fAence, if R and X are the equivalent resistance and reactance, and
‘(_}_andii' are the eguivalent conductance and susceptance, of the box,
show that we have for the active and reactive power absorbed by the
box: w=RIII*= av* (8)
w' = -x/11% BIvi:
Show also that: 7%= angP = tan"‘(—X/R) = tan™! (B/G),
and: pf. = cos B = cos(P=-3) = R/|2| = G/ |Y|; @Cg'w
W,

but notice that: GR-BX=1 & GX+BR=0 (so that perhaps R#¥ 1/G, etc.,
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Problem 7. Show that the complex power_P taken by n two-terminal
(active or passive) boxes connected in series is equal to the sum
of the complex powers P, taken by the boxes k(=1,2,...,n). (Hint:
P=VI= (V1+°°‘+Vn)I =V1I+...+7nI=P1+=..+Pn.)

Problem 8. Show that the complex power_P taken by a system of n
(active or passive) boxes connected in parallel is equal to the sum
of the complex powers P, taken by the boxes k(=1,2,...,n). (Hint:
P=V(I teeetl, ) =TVIgteestVI =P tesitP L)

Note I: As a consequence of the results of the preceding prob-
lems 7 & 8, we infer that the complex power taken by any series-
parallel combination of (act. or pas. two-ter.) boxes is equal to the
sum of the complex powers taken by the individual boxes of the com-
bination. This result is only a particular case of a general prin-
ciple to be presented in the next section, however.

Problem 9. Show that a magnetically isolated passive box of
impedance Z=R+iX and admittance'}’j_-_-l/Z-=G+iB, a.bsorbing- the complex
power B is inductive (i.e., X>0 and B<O; ¢f. Ch. VIII, §1, p. 217)
if and only if W'=(¢P<O and $=ang P =ang I -~ang V =ang ¥ =~ang Z < 0.
Also show that the box is capacitive (B>0 & X<0) if and only if
W’:JP)O and ¥ =ang P =ang I -ang V =ang Y =~ang Z >0. Thus, if a
magnetically isolated passive box is inductive, the current lags
the voltage drop through the box (in a given reference direction),
and this is (conventionally) indicated by saying that the box has
a lagging power factor; and if the box is capacitive, the current

leads the voltage drop, and we say that the box has a leading power
factor. To indicate that a power factor is leading (ang I>ang V),
or lagging (ang I<ang V), we conventionally use a positive, or nega-

tive, sign (respectively) as a sutscript in the power factor (thus:
pf:+ and pf:_). Of course, these signs used as subscripts have noth-
ing to do with the sign of the power factor as a quantity, and in
fact, both pf, and pf are positive if -90% $<+90°, whether or not
8>0, and this shall happen when the equivalent resistance R>0, in
which case the absorbed mean power is positive, so that the box is
in effect a sink of energy on the average; and both pj;_ and pf are
negative when |B|>90° (assuming [8|€180°), whether or not #>0, and
this shall happen when the absorbed mean power is negative (as if
the equivalent resistence of the box were negative), i.e., when the
supplied mean power is positive, meaning that the box i{s in effect
a source of energy on the average.
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Note 2: Since complex powers are complex numbers, they can be
represented graphically as vectors in a Gauss-Argand diagram. The
complex (or vector) power diagram of a network swould exhibit all the
complex powers taken by its individual elements. But, since the vec-
tors of this diagram do not belong to sine functions or rotating
vectors, they should not be interpreted as such; and the coordinate

axes are essential in these diagrams, since they can not be omitted
In complex power diagrams, operations with
complex powers can be performed graphically.

Problem I0. Show that for a resistance, P=W+iW'=R/I/2.,°. W= RII/Z---Ez
& W'=0; for a condenser: P=W+iW'=i|[|%/@wC = iwCW? .. #=0 & W'=awClV[*%
/I/g/wc; and for a magnetically isolated coil: P=W+ill'=—iwL[I/*<IV}%iwL
oo W=D & W'= L /I/2= =‘/V/2/(0L . The volt-ampere capacity of a re-

nor placed arbitrarily.

#@ sistance is: R[If%= W%R; that of a condenser is:
ndenser IFl=we [v/3-= /I/2/wC’; and that of a magnetically
—_ isolated coll i's.'l’FwL /I/2= IVI’/wL . The complex
g’ﬁlstor ncwers absorbed by a resistance, a condenser and
4'%;! F/'j- 4. a magnetically isolated coil are shown in Fig. 1.

woample 1. Consider twe loads (=impedance boxes), one taking

At ou lugging power faetor of 0.8 and the other taiking 20 ku,
2t 2 lzading powcr jactor of 0.7, suuplied by the same scurce. The
proslem (s to find the total kva. (=apparent power) aad the power
fuactor by which it is supplied by the source. l

We know that the total complex power P supplied by the source
is equal to the sum of the complex powers P,=50+iW; and P2=5O+iWé (kw,)
absorbed by the loads (whether they are connected in series or in
parallel). Now (cf. Prob. 2,above): W}:-/’c':','é’-tix50=-37,5 (kvar)
is the reactive power itaken by the first load, and: Wé:y"o_.mx}C):
30.56 (kvar) is the reactive power taken by the second load. Hence:
P=P1 +P, = (50-27.51) + (30+30.6i) =80~-6.91i =80.3/-4°56"'. Hence
the total Ava is: [P[= 80.3, and the power factor is: cos(=4°56')=
0.995  (i.e., @ lagging power factor of 0.9%6 = 99.6%).

Of course, P1 and P2 can be found directly from the mean nowers
and power factors (cof. prob. 4, above). Thus: P1=(5O/Oa8)/—-cos”1 0.8
=62.5 /= 36°52"', and P2= (30/0.7) /+cos_1 0.7 = 42.86 £/ 45°34'. Thence
P=62.5/-36°52" +42.86/45°34"' = 80.3/-4°56" (as shogn in Fig. 2).

N
I
¥
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If the loads in this example are connected in series, they will
have a common current through them and the (ordinary) vector diagram
will be of the form shown in Fig. 3 (with the current taken as refer-
ence). The total voltage drop will be divided between the two loads
in such a way that ecch load absorbs the corresponding power at the
corresponding power factor, with the same current through them.

On the other hand, if the loads are connected in parallel, they
will have the same voltage drop across them,and the total current
will divide between them in such a way that each load absorbs the
corresponding power at the corresponding power factor (as shown in
Fig. 4, with the common voltage drop through them taken as reference).

Problem 11. Three loads are connected in parallel acrcss a

sinusoidal voltage source with an effective voltage of 220 volts,

at 50n. The first takes 100 kw at a lagging power factor of 0.85

(i.e., pfi=0.85_); the second takes an active power of 75 kw. and

a reactive power of 25 kuvar.; and the third takes a current of 100 amp.

in phase with the voltage of the source. Find the total complex powé

er supplied to these loads, the total kva. (apparent power), the to-

tal effective current, the resulting power factor (of the combination)

the total complex current, the total active and reactive powers,

and the total sinusoidal current. (Take the angle of the voltage =0.)
Example 2. In a certain factory there is an induction motor

(= an inductive two- terminal box, for our purposes) taking 100 kw.

at a pfi=0.7_. Another motor, to take 10 kw., is to be added to the

factory for some other purpose, and it is desired to take the oppor-

tunity to increase the resulting power factor to unity. For this,

Cover-excited)

a synchronous motor to be operated,at a leading power factor (and

to be considered as %afapacitive two-terminal box for our purposes)

ts chosen to take thgﬂlo kw. load. The problem is to find the kva.

o . eadin:
capactity which the synchronous motor must have and tééibégér factor

at which it must be operated (by over-excitation).

Let P1==W1+ iW} denote the complex power taken by the induction
motor, and P2==W2+-iWé that to be taken by the synchronous motor.
Then we have: W =100 kw. and W =- Y0.7"%3- 1x100 = -102 kvar. Also:
W,=10 kw., and we must have gIpr - J(P1+P2) = W, +#,=0, in order
that angP =0 and so pfi= cos0O=1. Thus we must have: Wé:-h’l':
102 kvar., so that Pé==10-+102i-=102.5£84°24'. Therefore the
kva. capacity of the synchronous motor must be 102.5 kva. and it

must be operated at a leading power factor of cos 84°24' =0.097=9.7%.
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Example 3. Let us assume that in the preceding problem only a
resulting power factor of 0.9_ were asked for. Then we would pro-
ceed as follows. Let ©==cos®0.9=~25°50". Then: (Wi+W5)/(W+W,) =
(-102+W‘£,)/(100+10) = tan (- 25°50') = ~0.484. Hence: Wé = =0.484x110+102
=48.7 kvar. Therefore: P2=10+48 71=49.8/78°25', and so the kva.
capacity of the synchronous motor would onl. have to be /P [ =49. 86th
and it would only haue to be operated at p?f).nos 78°25"% = O 202+

Problem 12. Show that if two loads absorb comulex powers Pzﬂﬁz;—

= W+ iW; and P=ll,+ LW} = paéﬁg, respectively, and the total power
supplied to them is P=W+iW'=p /B , then we have: W= W_Z"'Wé” w'= Wi/Wé,
p2=(W1+ W2)2+(W1'+Wé)2, tan.19=(W1 W"/(//I .72),. p_z,/sinﬁ%-ﬁ) =

pg/sin(ﬂ- 6}) = p/sin(l%_ ---1%). (Hint: Drew the complex power diagram.)

Problem 13. If an induction motor tares 50 kw. at a pfz =0.8_
(lagging), and a synchronous motor connected to the same source is
operated at a pf.,=0.4, (leading), what should the kva. capacity of
the latter be in or der that the resulting pf. of the combination be
0.9, (leading)? What should its kva. capacity be in order that the
kua. (:zpparent power) of the combhination be a minimum? If the synchro-~

nous motor were operated at 20 AKva. what should its power factor be
in order that the hva. of the combination be the same as that of
the induction motor alone, namely, 50/0.8 = 62.5 kva.?

Problem 14. From Waldo V. Lyon's book: Problems in Electrical
Engineering, Alternating Currents (McGraw-Hill Book Co., 1631, 2nd
edition) do the following problems: Cf chapter I, problems number
160, 161, 198, 244, 316, 318, 319, 320, 326, 333, 338, 342, 344,
350, 351, 352, 353; and of chapter II, problems number 209, 210,
211, 212, 213, 216, 217, 218. [yggg: In Lyon's book, voltages

(and potentials) and currents mean effective values of voltages and
currents, respectively. A "constant alternating e.m.f." means a
sinusoidal emf. "with a constant amplitude” (?); and "constant-po-
tential 60-cycle (per second) mains" means a voltage source with
a sinusoidal value (=emf.) and a 60 cycles per second frequency.
Motors are to be taken cs impedance boxes (=loads). (Power) stations
and generators are to be taken as sources. An "impedance coil' means
a practical coil with resistance and inductance, so that in our
terminology it means a resistor in series with an idealized cotil.

" , )
The complex expression of a current or voltage' means the complex

, "
current or voltage. A "condenser with a pfe #0 means a leaky conden-
ser (with some conductance), or a resistor in series with a condenser;'
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&5. THE CONSERVATION OF COMPLEX POWER PRINCIPLE.

Consider an arbitrary sinusoidal current network of n, two-
terminal (active or passive) elements of any kind whatsoever (to
be considered as units) oriented and numbered consei;%;%séy from
1 to n, in any way. Let Vk and Ik denote the comple{Avoltage drop
and current through the element k in the assigned reference direc-
tions. Assume the elements to be connected into o nodes 1in n,
components (=separate parts). The number of independent nodes will
be n,-n =nn, and the number of independent meshes will be ne—nr'l=nm°
Omiiting exactly one node in each compcnent, let wus number the rest

of the nodes consecutively from 1 to n' Also, chovosinyg a complete

n@
independent set of n, meshes in the usucl way, let us arbitrarily
orient and number them consecutively from 1 to n.e

The complete set of eqguations expressing Kirchhcff's laews for

the independent nodes n and meshes Jm of the network will then be:
(k, n)I.=(D (n=1,2, ...,n'). Z @.m]V =0 (n- IRRRY ), (1)
k=1 =1

where (k,n) is the incidence number of the whole unit k @onszdered
as an elemenﬂ.ulth the node n, and Eunﬂ is the incidence number of
the element k with the mesh m. The equations relating-the complex
currents and voltages through the elemenis will be irrelevant here.
Now let us express the complex currents.I, (k=1,2,..,,ne)
through the units in terms of the complex circulating currents Jm
(m:l,?,oo,,nm) round the meshes, as follows (¢f. Ch. VI, Intro.):
I, = Z[k m]J (h=1,2,¢..,n,). (e)

m=4
We know that the first of eqs. (1) are then satisfied identically.

Moreover, by taking the complex conjugates in the other egs. (2),
we have: [k mV, =0 (m=1,2,...n). (3)

Hence (uszng eqs., 2)

§P Z i zﬁ,m].f igj[k m]V ;O"’m:O’ (4)

by egs. (3). That zs, the algebralc sum of the bomplor powers ab-

sorbed (or supplied, if all the terms of eq. 4% are multiplied by -1)

by the totality of the elements of the network is zero; and this

le precisely the principle of the conservation of complex power.
Protlem 1. Show that the above principle holds for each com-

ponent a (=1,2, R N ) separately, i.e., 2;:Fk-0 (a=1 32500050, ) (5)

where ; denotes a summation over the elements of component a_ only
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Problem 2. Instead of using eqs. (2), prove the principle of
the conservation of complex power by expressing the complex voltage
drops Vk (k=1,2,°.,ne) in terms of the complex nodal potentials Un
(n=1,2,...,né) as follows (ef. Ch. VII, Intro.):

4

P (k, n)U (k=1, 2500050, ). (6)

Problem 3. Prove that principles of conservation of each of
the products: Pk"Vka’ Fk..Vka, k"Vka also hold, i.e.,

iqp'-o Z_TP;:O Z_afm 0. (7)
k=

k=1 k=1
(The summations may be limted to the elements of a given component.)

Pr0ulpn 4. Prove the rinciple of conseruvation of mean (or ac-
P

Or : :W "O (a 1 2’ooo,n ) (8)
. kea
This, however, is an easy conseqiuence of the principle of conseruva-

tion of energy of classical physics; because the latter implies the

tive) power, namely:
E W =0,

canservation of instantaneous power and so, by-integration, it im-
plies the conservation of mean power. (Hingv\Wk=(Fk-+Pé)/2,)

Problem 5. Prouve the principle of conservation of reactive (or
wattleSS) power’ namely: éW}Q:O, Or p];:O (a=1j0009rlc)° (’9/\‘

eQ
(Hint: Add h%:_ (P - P)/D (V wk Vkaj,_, ¢cf. Prob. 3, above.)

The above principle may be put into various alternative forms.
In the first place, let us suppose that all the elements of the net-
work (or of a given component) are grouped in two classes: K'= the
class of active elements, and K"= the class of passive elements (of
the network or of the given component). Then the sum of the complex
powers absorbed by the elements of the network (or of the given com-
ponent) may be split in two: ZPk =Z’}3{+ ' B (=0,by the principle
of cornservation of complex power), where the first sum is taken over
the class K' of active elements and the zecond is taken over the
class K" of passive elements. Hence:z'(#ic):z"@(o Now, for k in

@fv--V I -Eka is the complex power supplied by the aciiuve
element_ﬂ_(E being the complex voltage rise through itf, in the giv-
en reference direction). Consequently, we haue that the sum of the
complex powers supplied by the active elements of the network {(or of
the given component) is equal to the swn cf the complex powers ab-
sorbed by the passive elements of the network (or of the given com-
ponent). In particular, since resistors absorb no reactiiuve power,
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and condensers and magnetically isolated (ideal) coils absorb no
active power (c¢f. Prob. 10, §4), we infer that all the active power
supplied by the (current and voltage) scurces of a network (or of
a given component) is absorbed entirely by the resistors and mag-
avticzlly coupled coils of the network (or component), and all the
reacilive pouwer suppllied by the sources Us absorbed entirely by the
rondsasers and colls of the network (or component). In the next
section we will show that the comuolete (or any closed) system of
(ideal) coils of a network absorb no (=zero) active power. Hence
they only pass the actiive power around from one to the other, as
if it were so much water; and, in the end, all the active power
supplied by the sources of a network is absorbed exclusively by
its resistors; but this is not true for a single component in any
network. This means thait the condensers and the complete system
of coils of a network cbsorb no eshergy on the average; cll they do
is store tne energy they receive at times and then return it.
Another imporiant form of the principle of conservation of
complex power s obtained as follows. Suppose that the network can
be ceonsidered as formed by two parts 4 & B connected together by
various (impedanceless) conductors as shown in Fig. 1. Of course,
these parts A & B may also be coupled together magnetically and
each may kave various c-.c:»'mponentso Then we have: EA 13{ +Z:B};{= o,
where tre first sum is taken cver all the elements in part 4, and
the second is taken over all the zlements in part B. Consequently:

Fiz. 2.

Fig.1.
ZA (-131) =Z‘Ba( s that is, the (algebraig) sum of all the complex
powers supplied by the elements in part A (=the net complex power
supplied by the part 4) is equal to the (algebraic) sum of the com-
plex powers absorbed by the elements in part B (=the net complex
power absorbed by the part B). Considering that the (net) complex
(or abserbed) -
power suppliedln by a component of a network is zero (¢y. Prob. 1),
the above well-defined quantity may be considered as the flow of
complex power out from part A into part B through the conductors
connecting them together.

An expression for the complex power flowing from a part 4 of
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a non-singular network to a part B through N conductors (without im-
pedance) connecting them together can be obtained easily in terms

of the complex currents through, and the complex voltages between,

these conductors. Without loss of generality we may assume that the
parts .4 & B forn a single component. Let one of the conductors join-
ing 4 to_@ he taken as a base node 0, and lei the othars be numbered
congwoutively from 1 to N-1. Let ik (K=1,850.0,0~1) denote the com-

plex current through the conductor Kk (,,f"r"o;n_A 10, i")‘ iegd Lot VA" de2ncte
the complex voltaye drop from conductor k to the buase raodce_(,u Now
if (we imugine that) all the conductors jolning 4 (o B ase¢ cut in
between A and B, and at the same time, for euvh k=1l,2, ,N-1, a

palir of voltage sources of complex emfs. Vk arg tnserfied (ono to

the left and the other to the right of tke cut) from the two halnes
of the base node O to the two halves of the conductor k (as shown

in Fig. 2) while the magnetic couplings between the parts 4 & B (if
any) are not disturbed, then (assuming that the network remains
non-singular) it is easily proved by the gless and check method
(with the help of the existence and uniqueness theorems) that the
voltages and currents in parts 4 and 8 are unaffected (cf. Ch. IX).
As a consequence;, the complex powers supplied by the elements of the
part A, and those absorbed by the elements of the part B, remain un-
altered; and hence so do the net complex powers supplied and ahsorb-
ed by parts A & B. But by the principle of conservation of complex
power applied to the left and right poriions of the diuvided network
shown in Fig. 2, respectively, we infer that the complex power sup-
plied by part A is equal to the complex power absorbed by the sources
connected (on the left of the cut) to part A, and that the complex
power absorbed by part B is the same as the complex power supplied
by the sources connected (on the .right of the cut) to part B; both

of which are equal to: Nt

P45 (say) =2'l7kIK s (10)

which is the expression sought for the ?%ow of complex power from
part A to part B through the conductors joining them.

It is easy to see that the quantity P,p given by eq. (10) does
not depend on the particular conductor O chosen as the reference
conductor. For, in the first place, by Ch. II, §3, Cor. 1, we know
)

the complex currents through the N conductors (from A to B) is zero;

(¢

that the sum of (the instantaneous, and so the sinusoidal, and
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N.

that is Ik O; and in the second place, if Vkl denotes the com-
%=0
plex uoltage drop from the conductor k (=0,1,...,N-1) to any other

conductor l, we have +-V and S0

ﬁ, Vi1 Ik = 26(1’ 'V)I fleIk VkIF

By taking real parts in eq. (JO), we hauve jul tdu Jw.lbe (=mein)
power W, . (say) flowing from part A to part B:

Wep=HPyp= i’&a "ﬁ Vi ln (1.2)
=

If the current elements of N-=1 wattmeters are inserted in the H-I
conductors 1; 2,...; N=1 and the corresponding voltuge alemgnts of the
wattmeters are connected across from the conductors f, 2,.... 81 L0
the reference conductor O, the mattmeter inserted in the conductor
Kk will measure Vk Py and eq. (11) tells us that ths zlzebraiz sum
of the readings of the N-1 wattmetiers is the mean power Flowliy from
part A to part B. This is callea the (N- 1)~ﬂ}Lfm0¥pﬁ mathod of meas

uring the active (=mean) power absorbed by the pact_3. Of wouras,
ithe N-=1 wattmeters could be incorporated into a2 siagls mulii-wafimeter

which would effect this sum internally and gilue the roselt (0 2
gle reading on 2 single scule.

§6, THE DISTRIBUTION OF COMPLEX PCKER IN A SYSTEN 0P BUXRY.

Consider a (closed system of N passive two-terminal roxss in
the sinusoidal state, oriented and numbered arbitrarily from 1 to N,
with the self and mutual-impedances 4y and admittances th (K & 1=
1,2,...,N) with respect to the assigned orientations {=roference di=-

rections). The complex voliage drop VA across the Lbox te ryiuvan

A
in

in terms of the complex (terminal) currents Ik throigh ¢ boxes 1

(=1,2,...,/) in the assigned reference directions by the following
equation (cf. Ch. VIII, §2):

1, 3 uy . - i
Vk = 2 :/Zilfl ‘\‘1‘-":33—"’;"-‘ e ‘s-?/'

1=
The conjugates of these are:
V. =2, %,,T )
R e TR B G
and so the complex power absorbed by thz box Ak is:

=V Z.. 0, T ‘k=1.2,....0) {20
Py = 7,1, 0 Zo, 0,0y o (k=1,2,000000 ()
In terms'ff’the admittances we have (cf. Th. VIII, Q)
= ‘ =V, 7, = v, (k= 1.2,... Yo {3)
I, Z YV PV, I, VeV Vys (Bsi,2, W), {3)



Ch. XII, §6. 312.

The distribution of the complex powers Pk amongst the boxes of
the system can be found from eqs. (2), when their impedances Zy, and
terminal complex currigis'fk are known, and from eqs. (3), when the
admittances Ykl and thiﬂuoltage drops Vk across the boxes are known.

The total complex power absorbed by the system of boxes, that
is, the sum of the complex powers taken by the boxes of the system,

is then:

F= A_,P ZZ;ZKZIKII ﬁ;ﬁ"m/k"z (4)
k=4 =4

Since the impedances and admtttances are symmeiric (cf. Ch. VI,

g2, Prob. 2, p. 224), that is: zM 1k & Y=Yy (K& L=1,2,..0,0),

have: <o
we have ZZZRZ 1,7, Zg ZkZIlI}c 222': gI T +I REVR

=4 [=4
and similarly for the expression in terms of Y and the Vk Thus

l-

we have for the total complex power abcorb°d J the system of boxes:

N N
7 - - =
P = i”f ?ZZZ.kL(IkIz* L4) = Z ki RIIY
ket k=4 1=4 =4 1% ()J

1 v (T _
=3 Ykz(VV"VV)‘ZA_A;]‘i;,:u?Q(kL
In particular, for a (closed) system of N (ideal) coils in the

stnusoidal state at the angular frequency w , with the self- and
mutual-inductances Lkl (k&l1=1,2,...,N) referred to assigned ori-
entations, we have: Z,,=iwL, =2,, and Ykl=I21/i“)= Yy+ Therefore

the total complex power taken by the system of coils is:

N
, - 1 R
~itw g‘i ; L, W1, T - m;_l 2-4]}‘1 R, 7). (6)

These expressions are pure imaginaries, because all the quantities
within the double summations are real. Thus the system of (ideal)
coils absorbs only reactive power; and the active (=mean) power tak-
en by the whole system of (ideal) coils is zero (as we said in &5).

Problem 1. Consider a (closed) system of N active two-terminal
boxes in the stnuscidal state, arbitrarily oriented and numbered from
1 to N. Let Z,, and Y., be the passified (self- and mutual-) imped-
ances and admittances (resp.) of the boxes, and let Eg be the open-~
circuit complex EMF., and I; the short-circuit complex current, of
the box k (cf. Ch. VIII, §5, pp. 240-1), Show that the complex pow-
er absorbed by the box k(=1,2,...,N) is:

kh‘ zklIkIl EKIR-IIY vy,-v,I1? , (7)

and ence t at the total complex power absorbed by the system is:
- E :Eo = z : ; : _g V., I°
ka Ylele Vka . (8)
k=4 =7 1=1 =1
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Problem 2. By com?arzng the expresstons (4) and (5), show that:

- Zkl Z:MMIRIZ) &g:m k'K 123; k1 KTV

In parttcular, show that for a (closed) system of (ideal) coils the
following expressions are always real:

;;; Ly Tedy and i;ffcz"k"z

ﬁ%zs can be checked by showing that they are equal to their conJugates]

Problem 3. By expressing the (self- and mutual-) impedances
Zkl R +1Xkl and admittances Ykl'le+lBkl in terms of the equivalent
reststances Ryq= ‘??Zkl and equivalent reactances X, = JZZ s and the
equivalent conductances Gy ,= Yi; and susceptances By ;=Y (resp.),
show (12) that the following quantities are real:

N _ N N
;/‘;sz :; RiaTily o 2a@ Xkl izzixklfkfl
and similarly for leVle & Z : Blele, system
and (22) that the total actlve and reactive powers absorbed by the,

of boxes are:

; ;iRKZIKIl Gr1Vi" (9)
we o_ o
W - E—l. W - E 'Z_ X LT

B, .V, V,. - (10)
{Notice that: GMJZQ[Z:osz/det(zkl)],

Let us again consider .egs. (1) and (2) for the complex voltage
drop across, and the complex power absorbed by, the box k. The typ-
ical term ZklIZ of the sum (1) is the contribution of the complex
current IZ through the box 1 to the complex voltage drop across the
box k. Therefore, the typical term zkl X lof the sum (2) will then
be the contribution of the complex current IZ through the box_l to

the complex power absorbed by the box_k from the network. This com-
plex power is then sent to the thermic weees and clectromagnetic
Sfields associated with the mutual-impedance th; and the negative

of this quantity, namely: éklIkﬁ’ may be considered as the flow of
complex power from those fields to the box k (algebraically speaking),
and from there to the network. £Eq. (2), after multiplying throughout
by -1, would then sitate that the ccemplex power supplied by the box k
to the network is equal to the sum of all the flows of complex power
from the thermic M¥www 1nd clecironagnetic filelds associated with all
the self- and mutual-impedances of the box k with the other boxes of
the system and with ttself. Of course, similar remarks can be made
with the help of egs. (3).
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When an arbitrary network in the sinusoidal state at the angu-
lar frequency w s considered as a network of n, elements of the
general series type (shown in F‘igo 1), for which we have (cf. Ch. V,

§1): Vi =R I +65‘k/1w)lkg wly, I, = By, =Dy (k=l,...,n,) (11)

the prtnczple of conservatzon of complex power (eq. 4, §5) gives:

_4 k K = E (Rka+lS IkAu) E tewl, Il"Ek—Dk)Ik =0,

which may be wrttten as follows:

A,
;;EKIK g; i k/I /+ zgs /Ikl /w - ié wLMIkIl (12)

The left-hand member in tﬁ}semguatlon ;s the total complex power
supplied by all the source§4of the network, while the right-hand
member is the total complex power absorbed by all the passive ele-
ments of the network; and so we have here another proof of the sec-

ond form of the principle of conservation of complex power giuven in

T_: W = wlb!ae Arop)
fﬁ(: 'seiﬁu;s‘
N\‘é G * <
DI
7 G Fig.2.
7 M P

The first term in the left member of eq. (12) is the total com-
plex power supplied by the voltage sources of the network, and the
second term is that supplied by all the current sourcesq:EThe first
term in the right member of eg. (12) is the total complex power ab-
sorbed by all the resistors of the network, and this is all mean or
active power (since it is real), all of which is transformed irre-
versibly into heat of the thermic field of the network. If IR de-
notes the sinusoidal current through the elementﬁﬁ{:l,?,o.,,ne), we
know that the instantaneous rate at which the resistor k transforms
the energy it absorbs from the network into heat is Rklge, the mean
value of which is Rk/Ikr% Hence:

R 1% = Wy (say) (13)
is the mean value of the total power dissipated into heat by the
(resistors of the) network. o

The second term in the right member of eq. (12) is the total

complex power absorbed by all the condensers of the network, and
this is all due to reactive power (since it is a pure imaginary).
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If QE denotes the sinusoidal charge on the condenser of element Kk,

we know (c¢f. Ch. I, §7, Prob. 2) that #(II-SKQ;;z) is the rate at which
the condenser k absorbs energy from the network; so that Ska/2 is
the instantaneous value of the energy stored by the condenser in its
electric field. Denoting the complex charge on the condenser Kk by
Qk’ the mean value of this stored energy tis: SRIQKI2/2=Sk/inK12/2w"‘
= Sk/Ik/‘?/é’wzo Tl}'erefore we will have:

éSk/I,k/z/w = 2wﬁE (say) (14)

where ﬁE is the mean value of the total energy stored in the conden-
sers of the network in the associated electric field.

The third term in the right member cf eq. (12) is the total
complex power absorbed by the system of coils of the network, and
this is all due to reactive power, since it is a pure imaginary (cf.
Prob. 2). Now we know (cf. Ch. I, §7, eg. 5') that the instantane-
ous rate at wnhich the system of coils absorbs energy from the net-
work to store it in jits_magnetic field is given by the derivative
of the quantity: % ] Ly ifI3 = Uy (say). This Uy is then the total
instantaneous value of the energy stored i(n the magnetic field as-
sociated with the system of coils, the mean value of which is:

1 7, / / h, n T -ann _
1] =~Z:;L Zlr s(ang L - I,) = L 7?(1 =z§ L.LL
M 2](:1 - Kl ;J/ l’ cos(ang L, - ang /; ég Kl kl) L 1l “_;5(/5)

according to FProb. 2. Therefore, the coefficient of i in the third
term in the right member of eq. (12) is precisely -2&0'[7’[.,
Substiiuting the above expressions found for the three terms
in the second member of eq. (12), we obtain for the total complex
power P (say) supplied by the sources of the network and absorbed
by [ts passive @%gments:
P=) (B, +D)I, = Wy+2iw(Ty-T,). (16)
The real pé?t of this is the total active or mean power W=1W,,
and the imaginary part is the total reactive power F'= 2aKT%-_M),
It is to be notliced that the quantities W,, ﬁE, UH’ are never nega-
tive. In fact, when all the elements have non-vanishing resistance,
elastance, and inductance, these quantities are always positive un-
less all the I, and Q, are zero(ﬂﬁfﬁ?ﬂﬁz"&” :dﬁﬂmzmﬁgw%;m)’
- If the network has a single source,; connected between the points
a &b of the network, through which there is a complex current I and
a complex ENF. E, the total complex power supplied by the source(s)
of the network reduces to: EI::WQ{+2iaU(ﬁE=-_M), where the quantities
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in this equation are now those of this network. The so-called driv-
ing-point impedance Z and admittance Y of the network between the

points a & b will then be given by:
Z = B/ = ET/|1)*= [W, + 2 tw (T, - T )]/ 111* = 177, (17)

1/E = E1/ |8*= [W, + 2iaxT,-T,0]/ lEF = 1/2. (18)

It can be observed that the network as viewed from the driving points
a & b will be inductive or capacitive according to whether ﬁM>or<'(7 ,
{.e., according to whether the mean energy stored in the magnetic
field associated with the coils of the network is greater or smaller
than the mean energy stored in the electric field associated with

Y

the condensers of the network, respectively.

Problem 4. By expressing egs. (11) in terms of the impedances

s

Z,, of the elements (cf. Ch. V, §1, eqs. 15), namely:

= - - =1.2 .
Vk = - ZKZIZ Ek Dk (h_l,g,bc»,ne), (19)
show that the total compggx qgwer supplied by the sources is:
L ]
=7 4= kl k71

Thern, replacing the complex currents Ik through the elements K(=1,2,
on.,ne) in terms of the complex circulating currents Jﬂ (cf. Ch. VI)
round the meshes m(=1,2,haa,nm) cf the network, show that:

P - § g s JT (21)
e~ G=f “mnmn

where the z are the mesh impedances (of. Ch. VI, &2)., Finally,

mn = j
by expressing the mesh impedances in terms of the mesh recistunces T
mesh elastances s, , n (¢f. Ch. VI, §2, Prob. 2),
shoi :
show that (22)
(23)
(24)

These quadratic forms (=homogeneouﬁmfolynomials of the 2”d degree)
, real a . .
in the complex mesh currents arg1never negative (bg their very na-

tura; in fact, if all the meshes have some resistance, elastance,
and tnductance, these forms are always positive unless all the Jm
vanish simultaneously. For this reason they are called positive

. . . complex
definite quadratic forms in thg«mesh currents Jmo

Problem 5. If a network in the sinusoidal state at the angular
Jrequency @ is considered as a network of n, elements of the general
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parallel type (shown in Fig. 2, above), for which we have (cf. Ch. V,
§2):

Ik=Icsk+I k+Gka+szk£§( kl v,/ iw (k=1, .a,ne)g @9
show that the total complex power supplied by the sources is:

‘g:( T (Tes )'; /‘”““’;" Z:;klkl
:Z k.l i: mn IT n_ = WH+2lw(U - M)» (26)

where the ykl are the element admittances (c¢f. Ch. V, $2, egs. 5),
the y_ - are the nodal admittances (cf. Ch. VII, §2), while WH is
the total mean power dissipated into heat by the (resistors of the)
network, ﬁE is the total mean energy stored in the eleciric field
associated with (the condensers of) the network, and LM is the total
mean energy stored in the magnetic field associated with (tke colils
of) the network. Finally, in terms of the nodal conductances

gmn’

the nodal capacitances Cun? and the nodal invertances (c¢f. Ch.

vir, §2, Prob. 3), show that we haue

WH ;j V , Z Z; Imn m ’ (27)
i c, v |?= ¢ T U (28)
E k Uk mrnm o’ b
1 <, me Z N n!
-UM =2w32 17{11{‘{‘/1 =2w22 ;;_l,?;rn% Un
= =1 h=

These quadratic forms in the complex potenfLals v, (r-h‘,.?,“,,n,()

yﬂll‘l

Aolt &
Nl

N

are real and never negative (by their very natdre), not considering
negative conductances, capacitances, or self-invertances, of course,
which would be equivalent to sources, in a sense. Actually, if all
the self-nodal parameters are non-vanishing, these quadratic forms
will always be positive unless all the nodal poctential vanish simul-
taneously; i.e., they ar%?ggsitive definite quadratic forms.

§7. THE CASE OF EXPONENTIALLY KODULATED SINUSOIDS.

If the one-to-one correspondence between exponentially modulated

sinusoids and complex numbers, namely (c¢f. Ch. IV, $6):
4% sin(wtro) €«—> KA /[, (1)

(for fixed o, W#£0, and K#0) is used instead of the usual corre-
spondence between sinusoids and complex numbers, the transformed
equations of a network, assuming that all the currents and voltages
are now exponentially modulated sine functions (with the same o and
@), may be obtained from the usual ccmplex equations for the sinusoidal
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state of the network simply by substituting the complex (or general-
lzed angular) frequency p=0+ W for the usual iw, and of course,
interpreting the complex currents and voltages as the complex num-
bers corresponding to the exponentially modulated sinusoidal currents
and voltages in acc?rdance with relatzondfl)l'lNaturally, these trans-
Sformed equation§4can”gfs e o té%%ég“d?rgg?fzay?om the original in-
tegro-differential equations (c¢f. Ch. III) of the network by replac-
ing differentiation by multiplication by P, and integration by di-
vision by _P, and all exponentially modulated sinusoidal currents and
voltages by the corresponding complex numbers according to (1).

In this way we get the following system of equations:

VksRI +S Ik/p+ kalIl—E'k—Dk (k=1,2,.°.,n.e),

k'K
= (2)
(k n')Ik-O (n—-z 2,0.0,".')’ Eﬂ,’ﬂ]y =O (m=1,2,...,nm),
=q
for an arbitrary network of n, general serles elements in the ex-
mpdlbnmanle)

ponentially modulated stnusoidék«state, tnterconnected into n, nodes
in n, components, with nn=nn-nc independent nodes, and nm=ne-né in-
dependent meshes. (The rest of the notation should be clear by now.)

As done above in §5 for the sinusoidal state, we also obtain
here: 7.

W =0, and also: g :Vka 0, (3)

and the summattons may be limited to the elements of any given com-
poneni (=maximal separate part) of the network.
From the second of eqs. (3) we obtain:

2(5 I, +0,T,) ={: N ; L +pg:LklIkIl (4)

The following notation, borrowed from classical mechanics, is

now quite standard: ES: 2
oF = Rk/Ik/ s (5)
Na
1 e _ 1 o =
V=2—IFI’ Silhl® = 3 2]( 1;%/%' (Ix=pQy) (&)

5 (7)

these are called the dlSSLpatton, Qotentzal, and kinetic energy
euno tions, rj'spect lvellm MJusht as names\/'ﬂe ara functions of p since bﬁ'

9 e fzrst two hese 615” d%?%”?ﬁﬁg?%gggmofh?ﬁmd l ...,ne)
are clearly real and never negative, no matter what complex values
the I, may have (not considering, of course, negative resistances or
elastances, which in a sense would be equivalent to sources).




The same {s true of the third quadratic function (7), since it
is the same function as that of the corresponding network in the
sinusoidal state; for which it is true.

By substituting I,= Lk m]J, in terms of the complex mesh
quan.tztz.es In (m=1, Eyeeesny ), the above real non-negative energy

quadra«‘tlc forms become:

2F=$"2rmn']m‘,n’ V= 2 “Z:Z anm n’ ' - 1 Landmn 2 (8)

where (as usual) the mesh parameters r. are given by

mn’ n’ mn’

VI, §2):
ke, mIR, [k, n] g[k m S, kyn], 1= i;ﬂ;[k m] Ly, [l n]; )

and, acstually, all the quadrattc forms (8) will be positive for all
I (,un,;less all the J, vanish simultaneously) if all the r £0.

. mmSmm b mm
The complex (or generalized mmgmiss) frequencies of free oscil-

lat-tori, i.e., the natural complex frequencies of a network are the
possi'bile values that the complex frequency p may have in order that
the network have non-vanishing response quantities when all its
sources are nullified. Accordingly, by egs. (4), such natural com-
plex frequenc'ies_p must satisfy the following equation:

F(p) +5V(p)l + pT(p) = O, (10)
where F(p), V(p), and T(p) arej?‘eal non-negative values of the ener-
gy functions for the value of P 'n question.

and P=a-i
Putting p=0c+ lw,in eq. (10) we okttain:
F+o(V+T)=0 & w(T=-V) =0, (11)

from these we see that p cannot be reat and positive (p=0>0 & w=0)
unless (numerically) F=V=T=0 (a case of no practical importance).
Furthermore, p cannot be a pure imaginary (c=0 & p=iw ) unless F=0.
Finally, if FVT #0, then o= -F/(V+T)<0, so that the real part of
p will be negatiue' in this case.

Problem. Establish the equattons of an arbitrary networhk of
general parallel elements assuming that all the (exciting and re-
sponse) currents and voltages are exponentially modulated sinusoids
with the same time constant g= -1/0 and logarithmic decrement -2stc/w.

Note. In any actual network, cuvery element shall have some
resistance, -evern if only very small. This means that F shall never
vanish, unless all the currents vanish (not considering negative
resistances, of course); i.e., F is a positive definite quadratic
form. This implies that no natural complex frequency of any actual
network can be a pure imaginary, which means that the network can
have no real natural frequency. Vonsequentlu, the determinant of the
complex equations of an actual network in the sinusoidal state cannot
vanish; and this implies the existence and uniqueriess theorems for the
currents and voltages in any actual netwcrk in the sinusoidal state.
#hen negative resistances are considered, this is no longer valid,
since £ may then vanish for non-vanishing currents. In this case
(e.g., in networks with vacuum tubes) spontaneous oscillaticns of a
certain frequency may appear In the netwoirk, even i(f there are no
sources of this frequency in the network (as long as there is some
other source of energy to sustain the oscillations, of course).






